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NMPEANCITOBUE

ceM mpusBeT! MeHs 30ByT bopuc TpylIuH, U s

YUHTeJb MaTeMaTUKH. S IIpernojiarn MaTeMaTH-
Ky IIKOJIBbHUKAM, CTyAeHTaM U YUUTEIM yrKe 25 JIeT,
a IIoCJIefHHUe CeMb JIeT Be[y AOBOJIbHO IIOIIYJIAPHBIN
YouTube-kaHai «bopuc TpyIIKMH» 110 OKOJIOIIKOJILHON
MaTeMaTHKe.

HekoTopsle pasfgesbl W 3a4adyd W3 3TOM KHUTHU
MO’KHO HAaWTH B BUJle BUIEOPOJIMKOB Ha MOEM KaHaJIe.
Criena/IbHO I TeX, KOMY IIpOIlle BOC-
IpUHUMAaTbh UHGOPMAIIHIO Yepes BUJEO,
CcHabauI KHUTY QR-KOZaMH CO CChIIKAMU
Ha COOTBETCTBYHOII[HE POJIUKHU.

KHura paccuyrTaHa Ha ITUPOKUY KPYT UUTaTe e —
OT IIeCTUKJIACCHUKOB JI0 JIIOJIeH, TaBHO OKOHYHBIITHX
IIKOJTy. B Helt s1 cobpasl MHOTOJIETHUH OIBIT IIPero-
IaBaHUS TEOPHUM YHCesI IIKOJbHHKAM Ha YpOKax,
Kpy’)KKax U ¢akyJbTaTHBax. KHUTa I103BOJIIET IIO-
3HAKOMUTBCS C TeOpHEeN YHcesJ U OCBOUTH a3bl ITOTO
UHTEepPeCHOT0 pasjesia MaTeMaTUKH 0e3 KaKUX-TH60
IIpeJiBapUTeJIbHbBIX 3HAHUM.

B 9TOM KHUTe 1 [I0ITbITAJICS, Ha4yaB C 0a30BbIX [IPUH-
ITUIIOB pabOTHI C IIeJIbIMU YHCJIaMU, IPOUTH IIYTh /10
cojJlep>KaTeJIbHBIX TeopeM, II0 I0pOoTe OCBaWBas MHO-
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7KeCTBO METO/I0B pellleHud 3a/iad. A B KOHI[e BBl JarKe
y3HaeTe OTHO U3 Ba)KHBIX IIPUJIOKEHUH TeOPHUH YHUCe
K «peaJIbHOM YKU3HU».

[I;1aBHOE IIOTPY’KEeHME B TEOPUI0 UHCEJl HAYHETCH
C CaMbIX a30B: BBl Y3HaeTe, OTKy/la B3JIUCh CBOMCTBA
YMHOKeHUS U [I0UueMy paboTaeT aJITOPUTM [leJIeHUS B
CTOJIOMK. 3aTeM OCBOUTEe aJTOPUTM EBKIHNIA, OCHOB-
HYI0 TeopeMy apudMeTHUKH, JUHENHbIe N10QaHTOBHI
ypaBHEHU, apUPMETUKY 0CTATKOB U IIPU 9TOM Hay4dU-
TeCh pellaTh PasHOOOpasHble «OJIMMIINAIHbIE» 3afia-
yu!

HekoTophle pasjesbl 3TOM KHUTH MOTYT 0Kas3aTh-
cs JIUIsT Bac CIOKHBIMU. He paccTpauBaiTech, eCIM He
BCe JJ0Ka3aTeJbCTBA 6YAyT BaM IIOHSITHHI C IIEpPBOTO pa-
3a. HeKoTOpbIe CJI0’KHBIE PAacCY’K/IeHHUSI MOKHO ITPOIy-
CTUTH IIPpH IIePBOM IIPOUTEHHUH U BEPHYTHCS K HUM, KO-
rma 6yzeTe TOTOBBL. ITO HUKAK He IIOBJIMSIET Ha oblee
IIOHUMaHHe 0CTaJIbHOT0 TEKCTA.

A ecTu BBI y)Ke HEMHOTO 3HAKOMEI C TEOpHeH YH-
ceJl, TO HEKOTOphIE pasfiesibl MOXKeTe CMeJIO IIPOIyC-
KaTb, 0CTaHABJIMBAsICh JIUIIb Ha 33/Ia¥axX, KOTOPhIE BBI-
30BYT y Bac MHTepec. 3a7jad >ke Oy/eT MHOTO — Ha4H-
Hasl OT IIPOCTHIX YIIPa)KHeHUHN, 3aKaHYHUBAas CI0KHBI-
MH MHOTOXO/IOBBIMH 33/IaHUSIMH.

CTapaliTech CaMOCTOATEJIbHO pellaTh BCe IpeJJIo-
JKeHHBIe 371ech 3aaui. Ho He Ilepe’KUBaliTe, eClIU He
BCé cpasy mosydaeTcs. MOXKHO OTJIOKHUTH 3aZiady Ha
apy JHewH, a II0TOM II0AyMaTh Haf, Hel elllé. B jiro6oM
cy4dae, y Bac Bcerga 6yzeT BOSMOKHOCTD IIOCMOTPETh
oIpo6HOe pelieHHe, KOTOPOe MOYKHO HaWTH JIJISI Kak-
IIOU 3a/1au¥ B KOHIIE KHUTH.

Te, KTO pa36epéTcsi CO BCeMU U3JI0)KEHHBIMU 371eCh
daKTaMU 1 MeTO/IaMU, PEITUT KU XOTSI 6bI IOMMET pe-



ITPEAVICJIIOBHE

LIeHUs BCeX IIpeJIoKeHHBIX 3aja4, y>Ke Oy/eT [IOHU-
MaThb TEOPHIO YHCeJI Ha JOCTaTOYHO BBICOKOM YPOBHE.
KoMy-To m11 3TOTO OyZeT JOCTaTOYHO IIaphl Heflellb, a
Yy KOTO-TO MOKeT YUTH U I1apa JieT.

ITpusaTHOTO BaM UTeHUs!

Post scriptum. Xouy BEIpasUTh cJI0Ba 6J1arofjapHo-
CTH BCeM TeM, KTO YUYMJI MeHsq MaTeMaTHKe B IIIKoJIe U
B By3e. Bcé, 4To 1 yMero B MaTeMaTHKe U 3HaIO0 0 eé IIpe-
I10/laBaHUH, — BCE 6y1arofiapsi 3TUM JIFO/ISIM.

B mrepByI0 0uepenb 9TO MO oTell, TpyinuH BUKTOD
bopucoBuy, 6e3 KOTOPOIO 1 HUKOIZA OBl He y3HAI U He
OJIF06MII MaTeMaTUKYy, U IleTpoBuY AjtekcaHzap IOpbe-
BUY — MOU IIKOJIbHBIN yUUTeJIb ajlre6psl, KOTOPBIA 30
JIeT HasaJ, II03HaKOMMUJI MeHsI C TeOPHe JrceJl.

A Taxxke TepémuH [MUTpUN AJIeKCaHAPOBUY,
Kapacés Poman HukostaeBuy, ITogmurickuii Osier KoH-
cTaHTUHOBUY, UybapoB HUrops AHApeeBHudY, basanioB
MaxcuM BuxropoBuu, KypoukuH Cepreit Biaagumu-
poBuu, becoB Osier BiagumMupoBudY, II0JIOBUHKUH
EBrenuii CepreeBuUd U elllé Iapa JecaTKOB IIOTpsica-
IOIUX yYHUTeJIeH M IIpellofiaBareseil, y KOTOPLIX MHe
IIOCYaCTIMBUJIOCH KOIZIA-TO YUUThCA.

Crracu60 BaM, 6e3 Bac He OBLIIO ObI He TOJILKO 3TOM
KHUTH, HO U MeHs KaK yUuTeJsi MaTeMaTHUKHU!

KpoMe TOoro, MHe X04eTCs OTZeJbHO II00J1arofa-
puth KoHctaHTHHa KHoma u Tarupa BaseeBa 3a To,
4TO OHU B3SIMCH II€PBBIMU IIPOYUTATH 3Ty PYKOIIKCH
nepen nyb6aukanyed. WX IIpefyiosKeHUs U COBeTHI
TIOMOIJIH YJIYYIIIUTh HEKOTOPEIe paszesibl 9TOM KHUTH.

29 aneaps 2024 200a
Bopuc TpywuH
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€0pHUsl YKCesl — T0BOJIBbHO CIelTMPUUeCKUU pas-
JleJI MaTeMaTHUKU. BHayasie OH CMyIllaeT IIIKOJIb-
HUKOB U CTYZEHTOB TeM, UTO HY>KHO 3a0bITh IIPO CyIle-
CTBOBAaHUeE BCeX YUCeJI, KpOMe I1eJIbIX. B Teopuu uricesn
HeT 4uucia noamopa. TaM Ha BOIIpoc: «MOKHO JIU TpHU
s16J10Ka pasfie/IuTh IIOPOBHY HA JBOUX?» OTBETOM OY-
IeT: «Hesb3s, IIOTOMY UTO TPH He [eJIUTCA Ha IBa». B
9TOM CMBICJIe eJUHUITY JIyUllle BOCIPUHUMATEL He KakK
s16JI0K0, a KaK KaMeHb — YTO-TO aTOMapHOe, YTO /1aJIb-
I1e yoKe He JeJIUTCH.
Tak uTo, fia, 3a0yIbTEe Ha BpeMsI IIPO BCe UHCIIa, Kpo-
Me IesbIX. bostee TOTo, MBI JadKe 3a paMKHU HaTypaslb-
HBIX YU CeJI peIKO OyZieM BBIXOIUTb.

HaroMHIO, 9TO HAMypaAbHblMU Ha3bIBAKOTCSA! UHC-
JIa, KOTOphIe 06pa3yloTcs IIPHU CUETe:

1B psajle MaTeMaTHUeCKUX TUCIUILIHAH (0CO6EHHO TeX, KOTOPEIE
HaXOZATCS Ha CThIKe ¢ ”HOOPMATHUKOH U KOMIIbIOTEPHBIMU HayKa-
MH) 9ucJI0 0 TO>Ke CIUTAETCS HaTyPaIbHbBIM, HO MBI Gy/ieM IIpH/ep-
>KHUBAThCS KJIACCHYECKOTO OIIpe/eIeHIS.

11
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A ue/1bimMu Ha3bIBAaXOTCA BCe HATYpaJIbHBIE YK CJIa, YHC-
J10 0 ¥ BCce yHCIIa, IIPOTHUBOIIOJIO’KHBIE HATYPa/JIbHBIM:

-1, -2, -3, -4, -5,

[Ipexxze yeM IIepexOqUTh K CaMOMY Ba>KHOMY II0-
HATUIO TEOPUU UYHCeJI — NeJIMMOCTH, faBaluTe HauHEM
C a30B U BCIIOMHUM, YTO TaKOe YMHOKeHUe U KaKue y
Hero eCcTh CBOMCTBa.

KAK PABOTAET YMHO)>XEHUE

M3 HayaJIbHOM IIIKOJIBI MBI 3HaeM, KakK CKJIaJIbIBa-
0T 4HCJjla, U IIOHKMaeM, 4TO €CJIM HaM HY?>KHO C/JIO’KUTH
HEeCKOJIBKO OJMHAKOBBIX YK CeJI, TO KOMIIaKTHEE 3TO 3a-
ITMCBIBAETCA Yepe3 YMHOKEHHE!:

3+3+3+3+3=3-5.

To ecTh 3 - 5 — 3TO 6YKBAJILHO TPH, B3ATOE IISITH pas.

Tak BOT, y YMHOKeHUS eCTh PSJi Ba’)KHBIX CBOMCTB,
KOTOpBIe B IIIKOJIe Ha3bIBAKOTCSI NepemecmumeibHblM,
couemamenbHblM W  pacnpeoenumeibHblM 3aKOHa-
MH YMHO)XeHUs. /laBaliTe mompobyeM pas3obparhCes,
OTKY/]a OHH B3SUIUCH.

IlepeMecTHTE/JIbHBINH 3aKOH YMHOMKEHHS, HJIH,
Kak TOBOPSIT MaTeMaTHKH, KOMMYyMamueHOCMb, — 3TO
TO caMoe IIPaBHJIO, KOTOPOE BBl 3ayUHJIH B Haudallb-
HOM IIIKOJIE KaK «OT IIepeMeHBI MEeCT MHOXKUTeJeH
MIPOU3BEJIEHHE He MEHSIETCSI».

Ho He Bce 3aJyMBIBAIOTCSA O TOM, II04eMy 3TO IIpa-
BUJIO paboTaeT. IToueMy 3-5U 5 - 3 - 3TO OTHO U TO Ke?
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ITouemy 3 + 3+ 3 + 3 + 3 paBHO 5 + 5 + 5? IIOHATHO, UTO
MOKHO BBIYHC/IUTD Ka>K/AyI0 U3 CYMM, U 00a pasa I10JIy-
4UTE 15. Ho KaK 3apaHee IIOHATD, YTO II0JIy4aeTCs OJHO

U TO Ke, He BBIIIOJIHAA CII0KeHue?

JaBaiTe paccyxzgaThb. UTo Takoe 3 - 5? 3TO TpH, B3d-
TOe IIATh pas. 306pasuM aTo B BUJie IIITH HaO0OPOB U3

TPéX IIapoB:

000

LA K

e e

LA K

LA K

Ho xosinyecTBO IIOJIYYUBIINXCS IMIapOB MO’KHO
OBLIIO IOCUUTATh U II0-APYTOMY — CI'PYIIIIMPOBAB HUX II0

IIATH:

©
C
o
«
¢

©
©
C
C
C

C
«
©
«
©

A 3TO ¥ 03HAQYAET, YTO IIATh, B3ITOE TpH pasa, — 3TO TO

JKe CaMoOe, 4TO TpH, B34TOe ITATH pas.

CoueTaTe/IbHBIN 3aKOH YMHO>KE€HUs, UJIU accouu-
amueHoCmy, — 3TO IIPaBMJIO O TOM, YTO IIPpK YMHO>Xe-
HHUH Tpex MHOXKUTeJIeH IIOPA/I0OK YMHOKEHH He BJIN-

sleT Ha pe3yJIbTar.

13
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JlaBaiiTe II0MIMeM, HaIIpUMeD, II0YeMy
(3:5)-4=3-(5-4).

IIpenrctaBUM cebe HECKOJIBKO IIIApPOB, CI0KEeHHBIX B
BU/le TIPSIMOYTOJILHOTO TapaJulesellnile/la pasMepoM
3x5x4:

CKOJIBKO 371eCh 111apoB? C O{HOM CTOPOHBI, 3/1€Ch Ue-
TBIpe CJI04,

B Ka’K/I0M U3 KOTOPBIX 3 - 5 I1apoB. To ecTh 31ech BCero
(3-5) - 4 mapos.

Ho, ¢ IpyTo# CTOPOHBI, BCe IIapbl MOKHO pasbUTh
Ha TOPU30HTAIbLHBIE PAMBL.

cee

A psiioB TaKuX Bcero 5 - 4 mTyK. II0aToMy 06111e€e YK CI0
II1apoB — 3TO 5 - 4 pa3 10 TpH I1apa, To ecThb 3 - (5 - 4).

14
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B uTOre MBI IBYMST CIIOCOGAMHU ITOCYUTATH OTHO U
TO >Ke 0611Iee KOJTUUeCcTBO ITTapoB. 3HAUUT,

(3:-5)-4=3-(5-4).

PacnpenenuTeNbHBIN 3aKOH YMHOMKEHHS, WU
ducmpubymueHOCmMb, — 3TO TO, UTO IIKOJBHUKH Ha3bl-
BArOT IPaBUJIOM PACKPHITHS CKOOOK:

3-(5+2)=3-5+3-2.

JlaBaiiTe OIIATH C IIOMOIIBI0 IIIapOB II0MMeM, I104e-
My, Hanpumep, 3-7=3-5+3 - 2:

000
00
000
000
000
0o
0 e

009
L N
000
000
e @

000
OO

BmecTo TOro 4TO6RI Cpasy B3sATH CeMb pas II0 TPH 111apa,
MOJKHO B3STh IISITh pas II0 TPH, a II0TOM eIllé iBa pasa
10 TpH. BoT u Bcé!

OTHUX TpPEX CBOMCTB [OCTATOYHO, YTOOGBI yMETH
IieJIaTh BCe Te ITpeoOpa3oBaHUs BeIpa’KeHHUH, KOTOPhIE
BBI YUHJIHCH JIeJIaTh B HauaJILHOM IITKOJIE.

Hampumep, IpaBUJIO JJIs1 pacKPBITUS CKOOOK B BbI-
packeHusIX BUsia (a+b) - (c+d) — «<Hy>KHO Ka>K/Ioe cJIara-

15
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eMOoe U3 ITIepBOH CKOOKH YMHO>KUTD Ha KarK/j0e cjarae-
MO€e U3 BTOPOH U CJI0KUTH Pe3yIbTaThl ITUX IIPOU3Be-
IeHU» — cileflyeT U3 paclpe/ieITMTeIbHOTO U IlepeMe-
CTUTEJILHOTO 3aKOHOB:

(a+b)-(c+d)=(a+b)-c+(a+b)-d,
(pacripesiesiuTeILHBIN 3aKOH)
(a+b)-c+(a+b)-d=c-(a+b)+d-(a+b);
(mepeMecTUTeIbHBIN 3aK0H)
c-(a+b)+d-(a+b)=(c-a+c-b)+(d-a+d-b);
(pacripesiestTeILHBIN 3aKOH)

(c-a+c-b)+(d-a+d-b)=a-c+b-c+a-d+b-d.

(IepeMecTUTeIbHBIN 3aK0H)

Ho Korzia MBI yoke IIOHUMaeM, Kak paboTaeT yMHO-
’KeHHe U KaKHe Y Hero eCTb CBOMCTBA, TO MO>KHO Cpasy
IHcaTh

(a+b)-(c+d)=a-c+b-c+a-d+b-d.

BoJiee TOTO0, 0GBIYHO, /1T KPAaTKOCTH 3aIIKUCH, B GYKBEH-
HBIX BBIPQKEHHSIX 3HAK YMHOYKEHHST BOOOIIEe He ITH-
IITyT:

(a+b)(c+d)=ac+bc+ad+bd.

JlaBaiiTe IIOTUXOHBKY U K 3TOMY IIPUBHIKATh.

AECATUYHAA CNCTEMA CHNCNEHNA

ToT cI10c06 3aITHCH YHCEJT, K KOTOPOMY MBI BCe ITPH-
BBIKJIM C JTIETCTBA, Ha3bIBaeTCI 0eCAMUUHOl cucmemotl

16
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cHuc/eHus. B Helt 151 3alIUCH YU CJIa UCIIOIb3YeTCs Jie-
cATh 3HAaKOB: 0, 1, 2, 3,4, 5, 6, 7, 8, 9, KOTOphIe Ha3bIBa-
I0TCI apabcKkumu yugppamu.

CumnTaeTcs, YTO KOJIMUECTBO ITUQP CBSI3aHO C KOJIU-
YeCTBOM HaJIbIEB Ha pyKaX y uesoBeKa. JIFoAsIM ObLI0
yoo6HO CYUTATh HA HaJbIlaX AeCATKaMU: JOCUUTA [0
IeCSITH — OTJIOKIII KaMelIlleK, eIlfé pas [0CYUTaJ — OTJIO-
JKWJI eIl OUH, U TaK jajee. U ecsid B pe3yJsbTarTe MOJ-
cuéTa y Tebd, HAIpUMeED, IATh OTJIO’KEHHBIX KaMeIll-
KOB U CeMb 3aTHYTHIX I1aJIbI[€B, 3HAYUT, Thl JJOCUYUTAJL
IIo 57.

Korma KaMeIlIKoB CTAaHOBHTCS MHOTO, TO 3aMeHSIeM
JecsITh KaMEIIIKOB Ha G0JIBIION KaMeHb. Telreph Kak-
IBIT GOJTBIION KaMeHb CUMBOJIM3UPYET JeCSITh JIecsT-
KOB, TO eCTh COTHIO. U Tak jiasee.

Ho gecsTuyHas cucreMa He eJUHCTBeHHasi, KOTO-
PYIO HCIIOIB30BAJIO UeJI0BEYECTBO. Y MHOTHUX HapOJIOB
UMeJla XOXK/leHHe dgeHaduyamepuuHas cucmema. OHa
BO3HUKJIA, KOT/[A JIFO/IN CYUTAJIH IIpeIMeThHI He 3aTubast
MMaJIbITEL, @ YKa3bIBasi O0JILIINM ITaIblleM PYKH Ha ¢a-
JIAHTU OCTaJIbHBIX YETHIPEX ITaJIbIIEB TOH >Ke PYKH.

17



Bopuc TpywuH

18

HIMeHHO IT03TOMY BO MHOTHX SI3bIKaX COXPaHUJIOCh
¥ UCIIOJIB3YeTCs [0 CUX IIOp CIIeIMaIbHOEe CJIOBO «[I0-
JKUHa» — aHAJIOTUYHOE CJIOBY «eCSITOK» U3 IeCITeprUU-
HOM CHUCTEMBI.

Jlake elllé B [BafIlaTOM BeKe B AHIVIUM IIPUMEHS-
JlaChb [BeHaAllaTepuUyHas [eHe)KHas CHUCTeMa: OJUH
IIWJIJIMHT GBI paBeH [AI0)KUHe IIeHHW. Bosee TOTO,
IBeHaJllaTepUyHasl CUCTeMA JI0 CUX II0P UCIIOJIb3yeT-
Cs B aHIVIMUCKOM crcTeMe Mep. Tak, HallpuMep, OAUH
$yT paBeH [JHOKUHE TI0HUMOB.

He roBops y>ke 0 ToM, 4TO 1udepbsIaT 4acoB pasjie-
JIEH Ha 12 yacos, a ToJl — Ha 12 MecdIies.

CBOU OTIOJIOCKM B COBPEMEHHOM MHpe HMeeT U
OpuayMaHHas 06oJiee YeTHIPEX THICAY JIET Hasaj, IIy-
MepaMH WecmudecimepuyHass cucmemda CHUCAEHUS,
KOTOpasi, IO-BUAMMOMY, SBJISJIach Pe3yJabTaTOM Ha-
JIO>KEHHUS JIBYX 0oJiee IPeBHUX CUCTEM CUUCIEHUS —
IBeHaAIlaTeEpPUYHOU U IIATEPUUYHOM.

Taxk, HallpuMep, B OJHOM 4Yace LIeCTbIeCIT MUHYT,
a B OJHOU MUHYTe — IIeCThAecaT ceKyH/. bojiee ToroO,
JleJleHre Ha MUHYTBI U CeKYH/IbI IIPUHATO U IIPU U3Me-
peHUu yIjI0B — TaM TOKe B OJJHOM Ipafyce IIeCTbIeCsaT
MUHYT, a B OJHON MUHYTe IIeCcThecdaT CeKyH1. Harpu-
Mep, YToJI B OAWH pajiiaH paBeH IIpuMepHo 57°17'45" -
57 rpagycaM 17 MUHYTaM U 45 CeKyHIaM.

Ho nmaBaiiTe BepHEMCH K IPUBBIYHOM HaM Jecd-
TEPUYHOM CHUCTEMe CUUCIeHUSI. BOT ecThb, HaIIpuMep,
4HCII0

23 456.

3a 4TO oTBeuaeT Kakjas ero rudpa? B sToM uucie
mudpa 6 — 3TO KOJIMIeCTBO eIMHUILL, Tdpa 5 — Koaude-
CTBO JIECATKOB, T pa 4 — KOJIMUECTBO COTeH, Itudpa 3 —
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KOJIM4YeCTBO ThICAY, a LII/I(i)pa 2- OECATKOB ThICAY.

VHBIMHU CJI0BAMH,

23456 = 20 000 + 3000 + 400 + 50 + 6 =
=2.10000+3-1000+4-100+5-10+ 6 =
=2-10*+3-10%+4-10*+5-10 +6.

VIMeHHO TI03TOMY YHCJa, 3allUCAaHHEBIE B JeCsTe-
PUYHOM cHcTeMe, JIETKO YMHOYKaTh Ha J1eCsITh:

23456-10=(2-10*+3-10%+4-102+5-10+6) - 10 =
=2-10°+3-10*+4-10°+5-10>+6-10 =
= 234 560.

Biarozaps aToMy Ba>KHOMY CBOMCTBY U paclipefie-
JINTeJIbHOMY 3aKOHY YMHOJKeHHs paboTaeT XOPOIIIO
BaM 3HAKOMBIHM MeTO]] YMHOKeHHS B CTOJIOHK.

YMHOXXEHWE B CTOJIBUK

JlaBaliTe BCIIOMHHM MeTOJ, YMHOKeHUs B CTOJIOUK
U HaKOHeI] ITI0MMeM, I10ueMy OH paboTtaeT. IlycTh Ham
HYJKHO, HalIpuMep, YMHOXKUTE 1234 Ha 23 456:

1234 - 23456 =
=1234-(2-10*+3-10°+4-10*+5-10+6) =
=1234-6+1234-5-10+1234-4-10* +

+1234-3-10%+1234-2-10%

19
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A Kak IIocyuTaTh, YeMy paBHO, HaIlpuMep, IIPOUs3-
BeqeHue 1234 - 6? 3T0 Ke

(1-10°+2-10°+3-10+4) -6 =
=4-6+3-6-10+2-6-10*+1-6-10% =
=24 + 180 + 1200 + 6000 = 7404.

AHaJIOTUYHO IIoJjgy4aem, 4To

1234 -5-10 = 6170 - 10;
1234 - 4 - 10% = 4936 - 10%;
1234 - 3-10% = 3702 - 10%;
1234 - 2 - 10* = 2468 - 10%.

IToaTomy

1234 - 23456 =
= 7404 + 61700 + 493 600 + 3702 000 + 24 680 000.

YToOHb! OBLIO MPOINE CKJIAAbIBATHL 3THU UMCIA, UX
3aIIMCHIBAIOT TaK, YTOOHI COOTBETCTBYIOIIHE Pa3pPs/bl
OKa3aJIHCh APYT MO, APYTOM:

1234
23456
740 4
61700
493600
3702000
24680000
28944704

OﬂHaKO Hy/JIX B KOHIIE ITPOMEXYTOUYHBIX YHCeJI, IIO-
JIYYUBIITUECAd H3-3a CTelleHeln OEeCATKU, OOBIYHO He

20
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IUIIYT, @ 3alIUCHIBAIOT Pe3yIbTaThl YMHOXKEHUS ITUP
BTOPOTO YHCJIa Ha IIEpBOE YUCJIO «JIeCEHKOM»:

N
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4704

XOTs1 3TO JIOBOJILHO YAacTO IIPUBOAUT K OIIMOKaM Y
IIIKOJIbHUKOB.

BoT Tak paboTaeT XOpOIII0 BaM M3BECTHHIU CII0CO0
YMHOXeHUS B CTOJIOMK. II0 CyTH, 3TO MHOTOKPAaTHO
IIPUMeHEHHBIN paclpefieIuTebHbIN 3aKOH YMHOXe-
HUS.

AENNMOCTb UNCEN

BOT MBI, HAaKOHEII, ¥ I06paIkCh /10 TIOHSITUS JesIH-
MOCTH.

T'oBOPAIT, YTO IeJI0e YHCI0 a deaumcst Ha
HaTypaJIbHOe 4uCJiIo b, etk HaujeTcsd Ta-
Koe IIesioe 4ucio k, uto a = kb. Ilpu sTtoMm
TOBOPSIT, UYTO YUCJIO b IBJIsIeTCS deaumeiem
YuCIa a, a YUCJI0 a KpamHo Yuciy b.

Harpumep, fecdars LeJUTCA Ha ISATh, IOTOMY 4YTO
10 = 2 - 5. Ho fiecaTh He [eJIUTCA Ha TPH, IIOTOMY UTO

21
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3 -3 =9 emié MeHbIIIe 1ecaTH, a 4 - 3 = 12 y>Ke 60JIbIIIE
JIeCSITH.

KpaTKO Cl)aKT AEeJIMMOCTH d Ha b sanmHCBHIBAIOT TaK:

a ‘b (uuraercs «a geauTcs Ha b»)!. BaxkHo He myTaTh

3anucu a : b u a:b. llepBas U3 HUX — 3TO OIlepariig
IleJIeHUs IBYX UM CeJI, a BTOpasi — 3TO IIPOCTO yTBEP Ke-
HHe 0 TOM, YTO OfHO YHCJIO JIeJINTCI Ha J[Pyroe.

Ba’KHBIN 4aCTHBIN CIydal AeJIUMOCTH — 9TO JTeJIU-
MOCTB Ha 2.

YucJia, essIyecs Ha 2, Ha3bIBAIOTCS uém-
HbIMU, & He JIEJISIIITAECS — HeUEMHbLMU.

CBoiicTBa AeJIUMOCTH. V [IeJHMOCTH €eCTh He-
CKOJIBKO ZIOBOJIbHO OUeBUIHBIX CBOUCTB:

1.

2.

6.

Houtb estuTest Ha Jito60e HaTypajibHOe YHCJIIO.

JIro60e HaTypaIbHOE YK CJIO0 JeJTUTCSI Ha 1 | caMo
Ha cebs.

Ecou HaTypaJbHOE YHUCIO0 a JejJUTCI Ha HaTy-
pajibHOE YMCJIO b U IIPU 3TOM YUCJIO b renuTcs
Haa,Toa=h.

Ecmma, :buay:b,to (ay+ay):bu(a; —ay):b.

Ecou a : b, To 17151 13060T0 HATYPaIbHOTO YKCIa C

BEpPHO, YTO ac : b u ac : bc.

Ecmua: b, Tou (—a):b.

B aHT0A3BIIHOE TUTEpaType Jallle THUITYT Tak: b | a (auTaeTcs
«b menuTesb a»).

22



AEJIMMOCTD

JlokasaTesbCTBO. Kak[ioe 13 9TUX CBOUCTB JIETKO
JIoKaspIBaeTcs. /11 JoKa3aTeJbCTB OOJILIITMHCTBA U3
HUX JOCTATOYHO IIPEJCTaBJIATh cebe NeJIMMOCTh KaK
BO3MO>KHOCTb pa3bUTh HabOp IIapoB Ha Ky4YKH paB-
HBIX pasMepoB (KakK MBI 9TO JieJIaJIi B HadaJjle IJIaBhl).
Ho maBaiiTe yUUThCSI pacCy>KaaTh 60Jiee CTPOTro.

1. /s yir060T0 HATypaJbHOTO YHCIa b BEpHO pa-
BeHCTBO 0 = 0 - b. 3HAUYUT, HOJIb JeJTUTCS Ha b.

2. s yir060T0 HaTypasIbHOTO 4YMCja a BEPHBI pa-
BeHCTBaa = a-1ua=1-a.I1o03TOMy OHO JIeJIUTCA
Ha 1 1 caMo Ha ce0s.

3. IpeptosioxkumM, uto a # b. Torna, ecyiu a JeIuTcs
Habua+ b, Toa > b.Hoectub < a, To b He
MOJKeT JIeJIUTHCS Ha d. [[poTUBOpedHe.

4. Ecmu a; - bu ay : b, TO CyIlleCTBYIOT TaKHe IiesIble
ki u ky, uTo a; = k1b, a, = kob. Torma BepHBHI pa-
BeHCTBa:

a1+a2=k1b+kzb=(k1+k2)-b,
al—azzklb—kzbz(k1—k2)'b.

Ho cymMMa U pasHOCTH ITeJIBIX UHcesl — TOXe Ile-
JIble Umcia, moaTomy (ki +ky) u (ky — ky) — 11eJ1bIe,

a 3HauuT, (a; +az) :bu(a; —ay) : b.

5. Ecau a : b, TO cylllecTByeT TaKoe IieJIoe YHCJIO K,
uTo0 a = kb. Torga fj1 Jit060T0 HaTYyPaIbHOTO YHC-
Jla ¢ BepHO, 4To ac = kbc. Tak Kak k¢ —11ej10e 4uc-

jgo u ac = (kc) - b, To ac: b. Tak Kak k — 11eJi0e

yurcyo u ac = k - (bc), To ac : bc.

6. Ecoia a : b, TO cyIllecTByeT TaKoe I1ejIoe YHCJIOo K,
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uyto a = kb. Ho Torma (—a) = (—k) - b. 3HauwuT,
(-a):b.

NMPU3HAKW AENTNMOCTU

[Ipu pellleHUH PA3JIMYHBIX 3a7lad GbIBAET I10JIe3HO
IIOHATH IIPO KOHKPETHOe YHCJIO, JeJIUTCS JIU OHO Ha
KaKoe-TO Jpyroe KOHKpeTHOe 4Hcj0. OfHAKO YacTo
IIPOBEPUTH 3TO HEIIOCPE/ICTBEHHO ObIBaeT He 04YeHb
mmpocto. K cyacThbio, [jI1 HEKOTOPBIX JesuTesed ecThb
IOBOJILHO IIPOCTHIE NpusHaku deaumocmu. Ho cHadasta
IaBaliTe HEMHOTO IIOTOBOPUM O TOM, KaK 3alIChIBATh
Yucsa B [lecITepUYHON CUCTeMe B 0611leM BHJIE.

Ecyi, HampuMep, y 4eThIPEX3HAYHOTO YHCJIa a BCe-
TO Gy eJUHUIL, a; IeCSITKOB, Ay COTEH U a3 THICIY, TO

a=as-103+ay-10*> +a; - 10 + ay.
BoJjtee KOPOTKO 3TO 3aIIUChIBAETCS TaK:
a=dasazaiayp.
UepTy CBEPXY PUCYIOT [IJIA TOTO, YTOOBI OTJIUYUTD UHC-
JIO c udpaMHu as, dy, i, g OT IIPOU3BENEHUS A3y Ay.
To ecth, ecit a3 = 1, a; = 2, a1 = 3, ay = 4, TO
as3ap a1y — 3TO UUCao 1234, a asaza;ap — 3TO IIPOU3Be-

neHuvel-2-3-4=24.

[TeperifiéM Tellephb K IIpU3HaKaM [eJUMOCTHU. [Ipu-
3HAKHU JIeJINMOCTH Ha 2, 5 ¥ 10 0CHOBaHBI Ha TOM, YTO
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eCJIM U3 YMCJIa BHIYECTh €T0 II0CJIeTHIOI0 umbpyl, TO
0CTaHeTCd YuciIo0, KpaTHoe 10. /leMCTBUTENBHO, IIYCTh
eCThb YUCJIO d = Andy—1 - - - 1Ay, TOTAA

a=an-10"+a,_1-10" 1 +...+a;-10+ag =
=10 (ap-10" ' +a,1-10" 2+ ...+ @) +ap =

=10-a,a,_1...a1 + agp.
To ecTb

anQp_1...a109 — ap = 10 - aya,_1...a.

IIpusHak AestuMocTH Ha 10. Ecii uncI0 OKaHYH-
BaeTcsa nudpoii 0, To oHO fenutced Ha 10.

JlokasaTeJabCTBO. [IyCTh YUCI0 a = Apap—1...a1090
OKaHuuBaeTcd Ha 0, Torga

a=10-anan,_1...a; : 10.

IIpusHak e TMMOCTH Ha 2. EC/IU YU CJI0 OKAHYUBA-
eTcsa 4éTHOU 1udpotit (0, 2, 4, 6 uiu 8), TO OHO JAEJIUTCI
Ha 2.

JlokasaTeabCTBO. [IyCTh YUCI0 a = A,ap-1 ...aA109
u ay = 2k, Torma

a=10-anay_1...a1+ap=2-(5-apln_1...a; +k) : 2.

1ToBOpPUTE «BBIYECTE IHGPY» He 04eHb TPaBUILHO. [I0TOMY UTO
IUGPEI — 3TO IIPOCTO CUMBOJIBL, C IIOMOIIBI0 KOTOPBIX 3aIIMCHIBAIOT
4yuciIa. VX Heslb3s BBIUUTATh WIN IIPUOABJISATE. [IpaBUIbHEe TOBO-
PUTH «BBIUTEM OJHO3HAUHOE YHCJIO, 3aIIMCAHHOE 3TOM IUQPOIi».
Ho 3T0 04eHb I'POMO3JKO, II03TOMY [JI1 KPaTKOCTH OOBIYHO TaK He
Jles1aloT.
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IIpusHaK AeJIMMOCTH Ha 5. ECJIU YU CJI0 OKAaHYHBA-
eTcd nudpoii 0 miu nuppo 5, TO OHO AEeJIUTCI Ha 5.

JokasaTeabCTBO. [IyCTh YUCIIO0 a = Apdp—1 - . - A1dp.
Ecau ag = 0, TO

a=10-apan_1...a; =5-(2-apan_1...4ay) : 5.

Eciu ke ay = 5, TO

a=10-axa,_1...a;+5=5-(2-apan_1...a; +1):5.

Ecyiu pacripoCcTpaHUTh Ty »Ke HJel0 Ha [iBe I10C/Ie]-
HUe IUQPHI, TO II0Jy4aTCs IPU3HAKU JTeJIUMOCTH Ha
4, 20, 25, 50 1 100. [[e¥CTBUTEJIBHO, IIYCTh €CTh YUCJI0
a = dnQn-1 - - - @1 Qp, TOTAA

a=a, -10"+a,_1-10"1+...+a;-10+ag =
=100 (ap- 10" 2+ @p 1 - 10" 3+ ...+ ay) +

+ai-10+ag =

=100- a,a,_1...a; + a1ay

(ectu B II0C/IeAHEM PAaBEHCTBE a1 = 0, TO 104 ajap I10-
HHMaeTCsd OJHO3HaA4YHO€ YHCJI0 ap).

CoopmysrpyeM, HAaIIpUMep, IIPU3HAKU e IMMOCTH
Ha 100 1 Ha 4.

IIpusHak ge;tuMocTH Ha 100. Ecti umcio okaH4H-
BaeTcda nudppamu 00, To oHO festuTca Ha 100.

JlokasaTeJbCTBO. [IyCTh YUCI0 a = Apap-1...aA104p
okaHuuBaetcd Ha 00, Torma

a=100-a,an,_1...ay: 100.
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IIpusHak geauMocTH Ha 4. Eciu [Be IoCaegHUe
P UKCIa 06PasyIT YUCIO!, KpaTHOE YeTHIPEM, TO
U CaMO YUCJIO JIeJIUTCA Ha 4.

JokaszaTeabCTBO. [IycTh [Be mociaeqHUEe ITUPPHI
4ucia a = apQn-1 ... 0d109 00pasyroT YuciIo a1dap = 4Kk,
KpaTHOe YeThIPEM, TOT/A

a=100-a,an_1...ay +ajay =
=4-(25 - apan_1...a; +k) : 4.

3agaua 1. COopMyIUPYHTE U JOKAKUTe IIPU3HAKU Jie-
JIMMOCTH Ha 20, 25, 50.

JlyMaro, Telrephb IIOHATHO, KaK 3By4aT IIPU3HAKHU Jie-
JINMMOCTH Ha J[eJINTeJIH ThIcsTuH (8, 40, 125, 200, 250, 500,
1000). B aTHX IIpH3HaKaxX BCE 3aBUCUT OT TPEX II0C/Ie]-
HUX udp. [JaBaiiTe, HanpuMmep, CGOPMYJIUPYEM U JI0-
Ka’KeM IIpU3HaK JeJIMMOCTH Ha 8.

Ipu3HaK JeJTMMOCTH Ha 8. ECTHU TpH IMOC/IeTHUe
IIHQPHI YKCIa 06pa3y0T YHUCIO0, KpaTHOE BOCBMH, TO U
caMOo YHCJIO JeJTUTCS Ha 8.

JoxasaTeabCTBO. IIyCTh TpU IIOC/IefHMe IUQPHI
4MCIa a = Apdp-_1 - - - A10p 00PA3yIOT YUCJIO Ay a g = 8K,
KpaTHOe BOCbMHU, TOIJa

a=1000-anan_1...a3+ axaiag =

=8-(125-apan_1...as +k) : 8.

ITocste 9TOTO BBI JIETKO CaMOCTOSITEJIFHO CIIpaBH-
TeCh CO CJIeyIOLel 3aLavei.

1Ecmu uncimo sakaHumnBaeTcs Ha 00, 04 miu 08, TO MBI CUHTAEM,
4To /[Be IocaefHUe [TUPPHI YrcIa 06pasyroT COOTBETCTBEHHO UHC-
sma0,4u8.
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3agaua 2. CopMyIHpYIHTe U JOKaKHUTe IIPU3HAK Jie-
JIMMOCTH Ha 16.

IlepeiinéM K HoJiee CII0KHBIM IPHU3HA- E
KaM /{e/IMMOCTH — K TeM, B KOTOPBIX y4acT- I,
BYIOT BCe IUQPHI UMCIa, a HE TOJIBKO
HEeCKOJIBKO IT0CIeJHUX.

IIpusHak geaumocTy Ha 9. Eciiu cymMa 1iudp uuc-
Ja' menmTes Ha 9, TO M caMO YHCJIO e TUTCS Ha 9.

JoKa3aTeJabCTBO. [IyCTh YHCJIO0 A = Andp_1 - .. A10g
u

S=a,+ap_1+...+a1+ag
— cyMMa ero uop, Toraa
a-S=(a,-10"+...+a;-10+ay) —

—(ap+...+a;1+ay) =
=(10"-1)-ap+...+(10°=1) - az + (10 - 1) - a3.

3aMeTHuM, UTO

10-1=9:9,
102-1=100-1=99=11-9:9,

10 -1=1000-1=999 =111-9:9,

1Kak 51 y>ke TOBOPHJT paHee, IIH(GPHI — 3TO IIPOCTO CHMBOJIEL, C IT0-
MOIIBI0 KOTOPHIX 3aIIMCHIBAIOTCS YHC/IA. B 3TOM CMBIC/IE TOBOPUTH
IIpo CyMMYy ITH P HeKOPPeKTHO. IIpaBUIbHee TOBOPUTH KaK-TO TakK:
«CyMMa OJJHO3HAYHBIX YHCEJI, KOTOPHIe 3allMCBIBAIOTCS IdpaMu
4pciar. Ho comracuTech, YTO TaK 3BYYHUT MeHee IIOHATHO. [I03ToMy
BCe CMHUPHJIUCH C TeM, UTO MOKHO TOBOPUTD «CyMMa ITUQP», IOHHU-
Masi IO STUM CYMMY COOTBETCTBYIOIIUX OJHO3HAYUHBIX YHCEJL.
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U BOOOIIIE JI/Is1 JIFO0TO HATypaJIbHOTO m

10™-1=999...99=111...11-9:9.
—_—

M IeBITOK M eJUHUIL

IToaToMy pasHOCTh

a-S=9-(111...11-ap+...+11-ay + a1)
——
n eUHUIL]
Ienutcsa Ha 9. Ho 110 ycI0BHIO U S Te/IUTCA Ha 9, ciefo-
BaTeJbHO, U a = (a — S) + S To>Ke e IUTCS Ha 9.

IIpusnak gesaumocTu Ha 3. Ecoiu cymMmMa 1udp 4uc-
Jla IeJINTCS Ha 3, TO ¥ caMO YMCJIO AEeJIUTC Ha 3.

JlokasaTejbCTBO. MBI TOJILKO UTO J0Ka3aiu, YTo
pasHocCTE (a— S) Bcerfa /ieJIUTCsI Ha 9, HO TOT/a OHa Jie-
autcauHa 3. U S nenutcd Ha 3. 3HaUUT, u d = (a—S)+S
TOXKe JeJINTCA Ha 3.

IIpusHak geauMoctu Ha 11. Ecinu
PasHOCTb MeXKIy CYMMOU IUQP, CTOSIITUX
Ha YETHBIX MeCTaX, U CYMMOM ITUQP, CTOSI-
IIMX Ha HEYETHBIX MeCTaX 4Yuciia, JeJInuT-
cgHa 11, To ¥ caMO 4YUCJI0 gesured Ha 11.

JloKkasaTeasCcTBO. IIyCTh YHCIIO
a=ayan_1...a4109 = ag + 10a; + 100a, + ...+ 10"a,
uS =(ay+az+...)—(a; +az+...) =11k, Torma
a-S =11a; +99a, + 1001as + .. ..
CripaBa I10J1y4aroTcs Ko3GPUITHeHTHI BYX BHU/I0B:

100 -1 =99, 10000 — 1 =9999,
10+1 =11, 1000 +1 = 1001,
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Karkap1it 13 K03$PUIMEeHTOB II€pBOT0 BUA MOKHO
IIpeJiCTaBUThH TaK:

99 =9-11;
9999 =909 - 11,
999999 =90909 - 11;

3HaAYUT, KaXKIbIN U3 HUX JeJIUTCI Ha 11.

A KaKbIli U3 K03QQUITMEeHTOB BTOPOI'O BHU/IA MOXK-
HO IIpeJiCTaBUTh TaK:

1001 =990+11=90-11 +11;
100001 =99990 + 11 =9090 - 11 + 11,
10000001 =9999990 + 11 =909090 - 11 + 11;

3HAYUT, ¥ U3 HUX KaXKJIbIH feuTcs Ha 11.

JTO 03HAUAET, YTO PasHOCTh (a—S’) Bcerya JeIuTcs
Ha 11. Ho 1o ycstoButo U S’ mestutes Ha 11, ciegoBaTesib-
Ho,ua= (a—S")+S Toxe meutcs Ha 11.

3apaua 3. IIpaBja iy, 4YTO ecyId CymMMa Iudp yuca e-
JINTCA Ha 27, TO U caMO YHCJIO [eJIUTCA Ha 277

AENEHUE C OCTATKOM

Ecii MBI XOTHM, HaIIpUMeD, pasfeuThb yucao 100
Ha 3, TO Y HaC HUYero He II0JIy4YUTCA (BBl Ke IIOMHUTE,
4TO MBI CYUTaEM, YTO UMCiIa OBIBAIOT TOJILKO IiesIble).
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Ho M0>XHO HalTH GJIrpKarilee YUCsI0, He IIPeBOCXO/I-
miee 100, koTopoe mesuTcsa Ha 3 —4ucao 99 = 33 -3, u
CKasaThb, UTO CTO — 3T0 33 pasa 110 3 U ellé 1 ocTaHeT .

VHEBEIMH CZTOBaMH MBI CKasaJsId, YTO
100 =33 -3 +1.

ITpu saToM 33 HaA3BIBAETCA HENO/HLIM YACMHbLIM, a 1 —
ocmamkom 1ipu feseHuu 100 Ha 3.

JIeTKo HOHSTH, UTO BCe YHCJIA C OCTaTKOM 1 IIpH fie-
JIEHHH Ha 3 UAYT C IITaroM 3 Ha YHUCJIOBOH IIPSIMOM:

. 2 2 M
o 3 6 9
JleICTBUTEJILHO,
1=0-3+1;
4=1-3+1;
7=2-3+1;
10=3-3+1;

Oka3saJjioch, YTO 0UeHb YI00HO IIPOJJ0JKUTD 3TO Ha-
JIEBO OT HYJISI U CKa3aTh, 4To y uncesa (—2), (-5), (-8),
(=11), ... To>Kke ocTaTOK 1 IIpU /ieJIeHUHU Ha 3, IIOTOMY
4uTo

—2=(-1)-3+1;
—5=(=2)-3+1;
-8=(-3)-3+1;

—11=(-4)-3+1;

-11 -8 -5 -2 1 4 7 10
-12 -9 -6 -3 0 3 6 9
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B uTOre MBI JOGPAJIHCHL C BAMH JI0 CTPOTOTO MaTe-
MaTHYeCKOT0 OIpe/ieIeHHsI OCTaTKa.

Jly1 J1060T0 I1eJI0OTO YMCJIa a ¥ HaTypasb-
HOTO 4YHcJIa b cylllecTByeT Ipe/icTaBIeHHe
YucJIa a B BUJE:

a=kb+r,

r7ie k — HEKOTOPOE TIeJI0€e YHCJIO, a I' — ITeJI0e
yncsio oT 0 1o (b—1). [Ipu 3TOM UHCJIIO I Ha-
3BIBAETCSI 0CMAMKOM npu desieHUU a Ha b, a
k — Heno/tHbIM HacmHsiMm.

Ha IpakTHKe HEII0JHOe 4aCTHOe U OCTAaTOK Yallle
BCET0 HINYT METOJOM [leJIeHHs B CTOJIOHK. JlaBaii-
Te BCIIOMHHM, B UM OH 3aKJIIOUaeTcs M II0YeMy OH
pa6ortaer’.

Tax B uéM Ke, I10 CYTH, 3aK/Ir04aeTcsas MeTox? IIycTs,
HaIlpuMep, TpebyeTcs pasfeuTb yucyao 23456 Ha 12 ¢
0CTaTKOM. MEI IT0CIeloBaTeJILHO OTPhIBaeM OT 23 456
YacTH, KOTOPbIe TOYHO IeJIATCA Ha 12, IT0Ka He OCTaHeT-
Cs1 YMCJIO, KOTOPOe MeHblle 12:

23456 — 12000 = 11 456;
11456 — 10800 = 656;
656 — 600 = 56;
56 —48 = 8.

1Kak ToKaskIBaeT OMBIT MpeTolaBaHusl, Aa’ke /I CTYIEHTOB
NpoQMIBHBIX BY30B JejleHHEe B CTOJIOMK SIBJISIETCS dallle BCETo
TIPOCTO 3ay4eHHBIM aJIFOPUTMOM, HEKOTOPBIM CTPaHHBIM Ha60pOM
IeHCTBUM, KOTOPBIH IT0UeMy-TO IIPUBOAUT K OTBeTY. MaJo KTo U3
HUX 33yMbIBaeTCs, I0UeMy 9TOT MeTOJ; paboTaerT.
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B UTOTe MBI IIOJIYYUIIU CJIeIyIolllee ITpeicTaBJIeHHe
yucia 23456:

23456 = 12000+ 10800 + 600 + 48 + 8 =
=1000-12+900-12+50-12+4-12+8 =
=1954-12 +8.

IJTO 03HAUaeT, YTO HEII0JIHOe YaCTHOe IIPU [eJleHUU
yucsa 23456 Ha 12 paBHO 1954, a ocTaTOK paBeH 8.

OO6BIYHO IIPOIIECC JleJIEHUS B CTOJIOHK 3alIUChIBAIOT
CJIeyIOIUM 06pa3oMm:

2
1

—
(=3l [NSREVS)
AN N|oo
-hUIIOUl

6
8

8

Ecoiz BaM BCé eInié He IIOHSTHO, KaK OJTHO CBSI3aHO
C IPyTuM, TO [laBaiTe II0IIpobyeM paclucaThb I10Ipo6-
Hee.

Ms1 BUAUM, 4TO U3 yucaa 23456 MOXHO 3ab6paTh
1000 pas o 12, To ecth 12 000. CrrpaBa IMUIlIEM, CKOJIb-
KO pa3 110 12 MbI 3abupaeM, a cjeBa — TO, UYTO HY>KHO
3abpaTk:
23456 12
12000]1.000
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CumTaeM, CKOJIBKO OCTaJIOCh OT 23456 1mocie Toro,
Kak MEI 3abpasu 12 000:

(=1 |\
(=]

23
1]2
1)1

Lo [=2E

9,7 [=3V,}

(o)} (=Rl
—_—
[l )

Bupum, uyto u3 ynciaa 11456 MoxHO 3abpaThk 900
pas o 12, To ects 10 800:

23456 1(2
12000f1 000
11456

10800 900

CumMTaeM, CKOJIBKO ocTajsioch oT 11456 1mocie Toro,
Kak MbI 3abpasiu 10 800:

2/3/4|5\6 12
12000f1000
11456
10800 900
656

BuguM, uyTo U3 uynciaa 656 Mo)KHO 3abpath 50 pas
1o 12, To ecTs 600:

34

23456| 12
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600 50
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CumrTaeM, CKOJILKO 0CTAJIOCh OT 656 I1ocjIe TOro, Kak
MEI 3abpasu 600:

2(3/4|5/6] |12
12000J1000
11456
10800 900
656
600 50
56

Bupum, 4To M3 yHciaa 56 MOKHO 3abpaThk 4 pasa
110 12, TO ecTh 48:

2(3[4|5/6] [1]2
12000[1000
11456
10800 900
65 6
600 50
5 6
48 4

CumTaeM, CKOJIBKO OCTaJIOCh OT 56, IIOCJIe TOr0 KaK
MBI 3abpaiu 48:

23456 1 2
12000f1 000
11456
1 0800 900
6 56
600 50
56
4.8 4
- 8
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B utore MbI U3 uncia 23 456 3abpanu
1000 + 900 + 50 + 4 = 1954
pasa o 12, u ocTasock 8. 3HAYUT,

23456 =1954-12 + 8.

IIpocTo IIpU CTaHAAPTHOM 3aIIMCH JIeJIeHUS B CTOJI-
OUK He IIUITYT HEKOTOPbIe IIUPPBHIL:

23456 12
12 1
114 |
108 9
65 ‘
60 5
56
4 8 4
8

KoHeuHO0, 3T0 YCKOPSIET IIPOIIECC eIeHHUsI, HO YacTo
IIPUBOJIUT K OITHOKaM. I103TOMY, IT0Ka He ITPUBBIKIIH,
cTapaiiTech MaKCUMAaJIbHO TOAPOGHO JiesIaTh BCe IIa-
TH.

[JlaBaliTe Telepb IIOMMEM, KaK JieJIeHUE B CTOJIOUK
IIOMOTaeT HaUuTH 0CTAaTOK M HeIIOJTHOe YacTHOe IIPHU Jie-
JIEHUU OTPHULIATEIbHOTO YHUCJIA.

[TycTh, HanlpuMep, HY>KHO pasfeIUuTh OTpUIlaTe Ib-
Hoe uyucao (—23456) Ha 12 ¢ ocraTkoM. [ 3TOTO
paszesinuM IIpOTUBOIIOIOKHOE II0JI0XKUTEeTILHOE UHUCII0
23456 Ha 12 c ocraTKOM (HaM II0BE€3JI0, MBI 9TO yXKe
cpestann). [losrygyaem

23456 =1954-12 + 8.



AEJIMMOCTD

3HauuT,
—23456 = (—1954) - 12 - 8.

Ho 110 onpe/iesieHUI0 OCTaTOK He MOXKeT OBITh OTpPHUILa-
TeJbHBIM. [I03TOMY IIpeficTaBUM 8 Kak (12 — 4):

—23456 = (-1954) - 12 — (12— 4) =
=(-1954) - 12 - 12+4 =
= (-1955) - 12 + 4.

3HaAUYUT, OCTATOK IIpHU AejieHUuH ynucia (—23456) Ha 12
paBeH 4, a HeII0JIHOe YacTHoe paBHO (—1955).

[TepeiiféM, HaKOHeIl, K 3aadaM. IloTpeHUpyeMcsd
HUCKaTh OCTaTKU He TOJILKO HeIl0CpeJ[CTBEHHBIM JieJIe-
HUEM B CTOJIOHK, HO U UCITOJIb3YS APYIHe II0JIyYeHHEIe
HaMH 3HaHUS IIPO eJIUMOCTh YHCe.

3amaya 4. Haligure oCTaTOK IIpU JeJIeHUU 4YHCJIa
123456789 Ha 11.

ITlepBoe pereHue. MOKHO IIPOCTO TIO/[€JTUTH YHC-
J10 123456789 Ha 11 B CTOJIOUK:

123456789| 11
11 11223344

—_—
—_w

2 4
202
25
22
36
33
3|7
33
48
4.4
49
4.4
5

3HAUUT, 0CTaTOK PaBEH IISATH.
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Bropoe penrenue. ITorpo6yemM HalTH YUCJIO0 BHUA
12345678x, xoTopoe menutca Ha 11. BocmosbsyeMmcsa
IIPHU3HAKOM JeJMMOCTH Ha 11. MBI 3HaeM, UTO eCIHd
pasHOCTb

(x+7+5+3+1)—(8+6+4+2)=x—-4

IeauTcd Ha 11, To ¥ caMo uunciao 12345678x menutcd
Ha 11. 3HauuT, uncao 123456 784 pesurcd Ha 11, a

123456789 = 123456784 + 5.

ITosToMy ocTaTOK IIpHu fgeaeHuu 123456 789 Ha 11 pa-
BeH 5.

OTBerT. OCTaTOK paBeH 5.
3apmaua 5. Yucio coctouT u3 1001 equHUIBL. Kakon y
Hero OCTaTOoK IIpHU JesieHHWH Ha 117

Pemmrenue. 3aMeTHUM, UTO

1111...111 =1111...1110+1 =

1001 eguauna 1000 egmHUIY

=1111...111 - 10+ 1.
|

1000 eguHULY

V ugncia, cocroditero u3 1000 eguHuUIl, cymma uop,
CTOSAIIUX Ha YETHBIX MecTaX, paBHa 500 1 cymma 1iudp,
CTOAIIUX Ha HeUETHBIX MecTax, paBHa 500. 13 mpusHa-
Ka J1eJITMMOCTHU Ha 11 citefyeT, UTO TaKOe UHCJIO JIeJIUT-

caHa 11. 3gaumuTt, 1 1111...1110 genurcd Ha 11, moaTo-
——
1000 eguHULY

MY OCTaTOK IIpHU fesieHuH yncaa 1111...111 Ha 11 pa-
B

1001 eguHUIIA
BeH 1.

OTBert. OCcTaToK paBeH 1.
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3amaua 6. HaifguTe ocTaTok! IIPU [eJIeHUH YHCiia

101000 21000

+1
Ha 11.
Pemrenue. IlepBoe ciaraeMoe paBHO

101%%° = 10000...000 = 9999...999 +1.

1000 Hys1en 1000 meBATOK

V umcia 9999...999 cymma mudp, CTOSAIMIUX HA YET-
S e

1000 meBATOK
HBIX MecTaxX, paBHa 500 - 9 u cymma IUQp, CTOSITUX

Ha He4yéTHBIX MecTaX, paBHa 500 - 9. M3 mpusHaka
JleJTMMOCTH Ha 11 cirefyeT, YTO TaKOe UMCJIO JeJTUTCA
Ha 11. 3HAYWT, OCTATOK IIpH JAeseHuH umciaa 101000
Ha 11 paBeH 1.

Jlajstee 3aMeTHM, UYTO €CJIM iBa YMCJIA JAIOT OCTaT-
KU 1 1Ipu fesieHUM Ha 11, To UX IIpOU3BELeHUE TOXKe
IaeT oCTaToK 1. JleUCTBUTEJBHO, IIyCTh X = 11n + 1,
y =11k + 1, Torga

xy=(11n+1) - (11k+1) =121nk+11n+ 11k +1 =
=11-(11nk+n+k)+1,

TO eCTh JaéT 0CTaTOK 1 mpu feseHuH Ha 11.

Ho 12 = 11 + 1 maéT ocTaToK 1 mpu fesreHuy Ha 11,
moaToMy 122 = 12 - 12 #aéT ocTaToK 1 IpH e/ leHHH
Ha 11, a 3sHauuT 1 12° = 122 - 12 71aéT ocTaTOK 1, ¥ Tak
nasee. 3aumT, u 121°°° 6yner gaBaTh ocTaTOK 1 IIpH fle-
JleHUuH Ha 11.

ICeftuac MBI permmM 3Ty 3ajjauy «PyKaMH», FCIIOIb3Ys COBCEM
IIPOCTHIE PACCy K[ eHus, HO KOI7|a BBl JOUHUTaeTe 3Ty KHUTY 110 KOH-
113, BbI CMOYKeTe PellIUTh eé B OIHY CTPOUKY (CM. cTp. 178).
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B utore 1mmosygaem, 4To
10100 = 11m+1, 12190 =11¢+1.
3Ha4yUT, YHCJIO
101000 4 121000 — 19 . (m + £) + 2

JaéT 0CTaTOK 2 IIpHU [ejleHun Ha 11.
OTBerT. OCTaTOK paBeH 2.

A creqyromye mapy 3a/1ad IompoOyiTe peIruTh ca-
MOCTOSITETLHO.

3apmaua 7. HaiiiuTe Bce HaTypaJIbHbIe YHCJIa, KOTOPhIe
IIPU JieJIeHUH Ha 5 JaI0T 0CTAaTOK, PABHBIN HEIIOJTHOMY
YaCTHOMY.

3apmaua 8. HayinuTe Bce UeThIpEX3HAUHBIE UHCJIA, KO-
TOpbIe Ipu rejaeHUH Ha 100 maroT ocTaTok 24, a IIpHu
IeseHU!U Ha 101 maroT oCcTaToK 4.

KPUTEPUW AENTNMOCTU

PaHee MBI JoKa3aJu HECKOJIBKO IIPU3HAKOB [IeJIH-
MOCTU. 1 B TakKuX GOPMYJIHMPOBKAX 3TO UMEHHO IIpU-
3HAKU: «eCJIM cyMMa I p ducia [eJUTcsI Ha 9, TO U ca-
MO YHCJIO JeJUTCcs Ha 9». Ho yacTo 6bIBAal0T CUTYyaIUH,
KOIZia IIP0 YHCJIO HYKHO [aTh OTPUIlaTeIbHBIM OTBET:
«YUCJIO He TEJIUTCSI Ha 9I».

Ba’kHO IOHHMMAaTb, YTO U3 IIpU3HaKa [[eJUMOCTH
HaIIpSIMYIO He CJIe[yeT, UYTO «eCJIHd cymMMa [udp gucia
He JIeJIUTCS Ha 9, TO M caMO YMCJIO He JIeJIUTCS Ha 9».
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[IpU3HAK YTBEP>KAAET JIUIIE TO, YTO €CJIH CyMMa ITUOP
IeJIUTCS, TO JeJHUTCSI U caMo 4ucio. Ho B meHCTBH-
TeJTLHOCTH Ka>KIbIH U3 I0Ka3aHHBIX paHee IPHU3HAKOB
IeJIUMOCTH Ha CaMOM [iejle SIBJSIeTCS Kpumepuem
e TMMOCTH. /laBaiiTe 3TO OKa>KeM.

Kpurepuii gesmmmocTts Ha 10. Yucsro feurcsa Ha 10
TOIZLA U TOJIBKO TOI7a, KOIZla OHO OKaHYMBaeTcd Iud-
poii 0.

JdoxkasaTeabCTBO. IIyCTh YHUCJIO A = AnQn—1 - .. A1do
OKaHYMUBaeTCd Ha ITUOPY dg, TOTAA

a=10- apan_1...a; + ap.

To ecTh IIpu flesteHUH Ha 10 YUCJI0 a UMeeT OCTaTOK .
Ho guciio pesmred Ha 10 Torma U TOJIBKO TOTA, KOTIA
€ro OCTaTOK IIpu feseHUU Ha 10 paBeH HysIr0. IIoaTo-
My 4HCII0 gesnuTcd Ha 10 Torma M TOJIBLKO TOIZa, KOI-
Ia ag = 0.

Kpurepuii gesuMocTy Ha 2. YUCI0 AeIuTcs Ha 2
TOIZla ¥ TOJIBKO TOIZA, KOIZAa OHO OKaHYMBAaeTCsd YET-
HOU ITUQPOI.

JokasaTeabCTBO. IIyCTh YHCIO a4 = Andn—1 ... A1do
OKaHYMBaeTCd Ha IIUOPY dg, TOTAA

a=10-a,a,_1...a1 + aop.
[TepBoe citaraeMoe estuTcsa Ha 10, SHAUUT, OHO JIEJIUTCA

Ha 2. Torza, ecJiu ay IeJTUTCS Ha 2, TO ¥ YHUCJIO a JIeJTUTCS
Ha 2, KaK CyMMa /IBYX UuceJI, KpaTHBIX ABYM.

C Ipyroii CTOPOHHL,
ap=a—-10- apap_1...a;.
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[109TOMY, €CJIM YHCJIO a NeJIUTCS Ha 2, TO U g JAeJIUTCS
Ha 2, KaK Pa3sHOCTb JABYX YHCeJI, KpaTHBIX JIBYM.

B mTOre MBI JOKAa3aJIH, UTO YHCJIO TeJTUTCSI Ha 2 TO-
I7la ¥ TOJILKO TOT/Ia, KOIZlJa OHO OKaHUYHBaeTCs ITUPPOH,
KOTOpasi IeJIUTCS Ha 2.

AHaJIOTUYHO (QOPMYIHPYIOTCI U [[OKa3bIBAIOTCS
BCe KPUTEPHUHU JIeJMMOCTH, CBSI3aHHBIE C II0CJIeHU-
MH 1rudpamMu ynciaa. [[okakeM, Halpumep, KakK 3TO
pa6oTaeT Ha KpUTEPUHU JeJTMMOCTH Ha 8.

Kpurepuii getumoctH Ha 8. Yuciio fgesuTes Ha 8
TOTZA U TOJBKO TOITIa, KOIZa TpHU IIocjaefHre [TUGPHI
4quciia 06pasyroT YHUCI0, KpaTHOE BOCBMU.

JokasaTenbCTBO. IlyCTh TpU IIOCIefHMe ITUGPHI
umcaa d = QApQp—1...0a100 00PasyrT YHUCIO dzdqdp,
TOorza

a=1000- a,an_1...a3+ axa;ap.

IlepBoe ciaraemoe pmesnuTcd Ha 1000, 3SHaYUT, OHO Je-
auTces Ha 8. Torma, ecyIu ad; g AeJTUTCs Ha 8, TO U YHC-
JIO a IeJIUTCS Ha 8, KaK CyMMa [IBYX YHCeJ, KpaTHBIX
BOCHMH.

C Ipyro CTOPOHBIL,
aaiapg = a—1000 - apan_q ... as.

H03TOMy, €CJIK YHCJIO a OeJIUTCA Ha 8, To U a,a,ay ne-
JIUTCA Ha 8, KaK PasHOCTh ABYX YKCeJI, KPaTHBIX BOCh-
MH.

B mTOTE MBI IOKA3aJIH, YTO YHCJIO JIEJTUTCSI Ha 8 TO-
I7Ia ¥ TOJIBKO TOT/A, KOT/IAa TPU IIOCIeTHIE ITUPHI YHC-
Jia 06pa3yIoT YKCJI0, KpaTHOE BOCHbMH.
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JlaBaiiTe IIOKa)keM, UTO U IIPU3HAKU JeJIUMOCTH
Ha 3, Ha 9 1 Ha 11 Ha caMOM [ieJjie ABJISAIOTCI KpUTePHU-
SIMU.

Kpurepuii geaxumocty Ha 9. Yucio geaurcs Ha 9
TOIZla ¥ TOJIBKO TOIZA, KOIZA CyMMa ero [IUGp JeTUTCa
Ha 9.

JokasaTeabCTBO. I[IycTh S — cymMa 1udp yucia da.
PaHee, IIpu fJ0Ka3aTeIbCTBe IIPU3HAaKa e/ IMMOCTH Ha 9
(cM. cTp. 28), MBI JT0Ka3aJId, UTO Pa3sHOCTh (a — S) Bce-
rna penutcda Ha 9. [TosTomy, ecyiu S fetuTcd Ha 9, TO U
a = (a-S)+ S Toxe mesutcd Ha 9. I Hao60pOT, ecyiu a
nequTcaHa 9, TOU S = a — (a — S) ToKe JeyuTCs Ha 9.

TaxuM 06pasoM, MBI [OKa3aJIu, YTO YUCJIO AEeJIUTCS
Ha 9 Tora M TOJIBKO TOTIZA, KOT[a CyMMa ero Iudp fe-
JINTCS Ha 9.

Kpurepuii gesimmoctH Ha 3. Yuciio fesurTed Ha 3
TOT/IAa U TOJIBKO TOI7a, KOTA CyMMa ero up AeTUTCs
Ha 3.

Joka3aTeabCcTBO. Tak >Ke, KaK ¥ B IIPEJBIAYIIIEM
KpUTEepUH, MBI 3HaeM, UYTO Pa3HOCTh (a — S) Bceraa Je-
JIUTCS Ha 9, HO 3TO 03HAYAET, UTO OHA JIEJIUTCI U Ha 3.
IToaToMY, eC/iu S fieJIUTCI Ha 3, TOU a = (a—S) +S Toxke
neuTcs Ha 3. M Hao60pOT, eC/TH a AeTUTCI Ha 3, TO U
S =a- (a-S) Toxxe gesuTCSI Ha 3.

TaxkuM 06pa3oM, MBI J0Ka3aIx, YTO YHCJIO TeJTUTCS
Ha 3 Tora U TOJIBKO TOTZa, KOTAa CyMMa ero muodp fme-
JINTCS Ha 3.

Kpurepunii fetmmoct Ha 11. Ynicsio geautcsaiHa 11

TOTJIa ¥ TOJIBKO TOTZa, KOTZIa Pa3HOCTh MeXKIy CYMMOM
UQP, CTOSAIIUX Ha YETHBIX MecTaX, U CYMMOU ITUOP,
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CTOSIIIUX Ha HEUYETHBIX MecTaxX 3TOr0 YHCJIa, IeJTUTCS
Ha 11.

JlokasaTesbCTBO. IIyCTh YUCI0

a=apn_1...a14g = ag + 10a; + 100a;, ...+ 10"a,

S'=(ap+az+...)—(ar+az+...).

PaHee, IpU [0Ka3aTeJbCTBe IIPM3HAKa AeIUMOCTH
Ha 11 (cM. cTp. 29), MBI I0Ka3aJIH, YTO PasHOCTh (a—S’)
Bcerga geauTcs Ha 11. [TosToMy, ecsiut S mestutes Ha 11,
Toua=(a—_S)+S Toxe menutcs Ha 11. 1 Hao60poT,
eCJIV YUuCJyIo a fenutcaiHa 11, Tou S’ = a— (a—S’) Toxxe
JeauTcd Ha 11.

Takum 06pasoM, MbI J0Ka3aIH, UYTO YHCJIO JEeJIUT-
cs1Ha 11 Torma ¥ TOJIBKO TOITa, KOTZa pasHOCTb MeXIy
CYMMOM ITUQP, CTOAIINX Ha YETHBIX MeCTaX, 1 CYMMOM
udp, CTOSIINX Ha HEUETHBIX MeCTaX 3TOr0 YUCJIa, Je-
gurcd Ha 11.

3agaua 9. HarypasbHoe umciao B 123 pasa 6oJibiie
CyMMBI CBOUX IUdp. JOKakKuTe, 4TO OHO [eJIUTCI
Ha 27.

Pentenue. IlycTh cymma rudp yrcsia n paBHa S. Ilo
yCJI0BHIO n = 1238 = 3 - 418, cienoBaTesIbHO, N LeIUTCS
Ha 3. Torma U3 KpUTepUs AeJIMMOCTH Ha 3 CIelyeT, UTo
CcyMMa ero nudp Lo/DKHA JeJUThCA Ha 3.

Iycth S = 3k, T71e k — HaTypaJbHOe uncio. Torga
n=1238§=123-3k=9-41S

genurca Ha 9. [ToaToMy M3 KpUTepHUs LeJIMMOCTH Ha 9
CJIeflyeT, UTO CyMMa ero udp Ao/DKHA e IUThCA Ha 9.
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IIycTts S = 9¢, tHe £ — HaTypaabHOe yncso. Torma
n=1238 =123 -9¢ =27 -41¢

lestuTcsa Ha 27.

A co cieAyoIUMU 3afiadaMU IIOIPoOyHTe cIpa-
BUTBCS CAMOCTOSITEIBHO.

3agaua 10. [yig 3aliyicy TPUAIIATH3HAYHOTO YU CJIa UC-
nosb30BaHo 10 Hysteit, 10 equHUll 1 10 1BoeK. MokeT
JIY 3TO YMCJIO OBITH KBaZpaToOM HaTypaJbHOIO0 yucia?

3agauva 11. /[oKa>KuUTe, UTO HUKaKasl CTeIleHb TBOMKU
He MOXKeT OKAaHYUBAaThCA YeThIpbMS OJHWHaKOBBIMU

nuppamu.

ANNTOPUTM EBK/TNAA

B sToM paszesie MBI BCIIOMHHUM O TOM, UTO TaKoe
HaUOOJBIIUY OOIIHU [eJIUTeb IBYX YHCeJ, U 00Cy-
UM OJTUH U3 aJITOPUTMOB eT0 BeIunrcaeHus. Ho maBaii-
Te Ha4YHEM C OIIpeJieIeHUs.

Obwum deaumenem 4ucesl a 1 b HaswIBa-
€TCSI YHCJIO, Ha KOTOPOe JesisaTes 06a 3TUX
yucsa. Hauboaswuil o6wuili deaumens 060-
sHauvaetcst HO/I(a, b) num tipocto (a, b).

Harmpumep, y uricesn 105 1 126 eCcTb HeCKOJIBKO 06-
ITUX JIeJIUTeJIen:
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Haubosbiui U3 HUX — 3T0 21, I03TOMY

HOZ(105, 126) = 21.

Ho 6nIBarOT TaKHe YICIa, Y KOTOPBIX HET O6H_II/IX ae-
JINTeJIeH, OTJINYHBIX OT €IHHUITBI.

HaTypanbHble YyHc/ia a U b Ha3bIBAIOTCS
83aumHo npocmuimu, ecit HOZl(a, b) = 1.

Hampumep, HOZ(8, 9) = 1.

V Hau60JIbIIIEr0 06IIETO JIeJTUTEJIS €CTh HECKOJIBKO
Ba’KHBIX CBOMCTB.

VrBep:KaeHue. /Uisi Tr060T0 HaTypaTbHOTO YHCIa d
BEPHO CJIeIyIOIIee PAaBEHCTBO:
HO/(a, 0) = a.

Jloka3saTejabCcTBO. Hoslb JeIuTcs Ha JIF060€e YHCIIo,
a HauOOJILITUHY JTeJTUTeN b YKCa a — 3TO CaMO YHCJIO d.
[TosaToMy HaUOOJIBIITUY OOIITUU e TuTe b urcesa 0 1 a—
3TO a.

VTBepxaeHue. /{151 TI00BIX IBYX HATypaIbHBIX YH-
cesl a > b BepHO ciefiyIolliee PaBeHCTBO:

HOZ(a — b, b) = HO/(a, b).
JlokasaTesbCTBO. [1yCcTh
HOZ(a, b) = d4, HOZ(a - b, b) = d;.
Tak xak HO/l(a, b) = dy, To au b mesnstcs Ha dy. To-
rma u (a — b) genutcs Ha dq. To ecThb dq — OGIIIUNM JeJTH-

Tesb urcesi (a—b) u b. A dy — 3T0 HaUGOJIBITHY 00IITHH
IeJTUTeN b urces (a — b) u b. 3HauwuT, dy > d;.
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C npyToit cTOpoHEl, Tak Kak HO/[(a — b, b) = d,, TO
(a — b) u b menstca Ha dy. Torma uw a = (a — b) + b me-
JuTcs Ha dy. To ecTh dy — 001U e TUTeJIb Yrcesa a U b.
A dq — 3T0 HaHOOJILIITUM 0OIITHIM TeTUTEb YHCe a U b.
3HauuT, d; > d.

Hoecmud, > diudy > dy, To di = dy. UMeHHO 3TO
MBI ¥ I0JDKHBI GBLTH I0Ka3aTh.

HTak, MBI I0OKa3aJH, YTO eCJIu a > b, To
HO/Z(a - b, b) = HOA(a, b).

Ho ecsix Tak oKa>keTcsl, YTO a — b > b, TO MOKHO IIpH-
MEHUTBH 3TO CBOMCTBO elllé pas. To ecTb

HO/(a — 2b, b) = HOl(a — b, b) = HO/(a, b).

A ecJIM BHOBL OKayKeTcCsd, UTO a — 2b > b, TO MOKHO
CHOBA HKCII0JIL30BATh 3TO CBOMCTBO:

HOJ(a — 3b, b) = HOZ(a — 2b, b) = HO/(a, b).

A eciu... Hy BbI MOHSIH. MBI MOYKeM U3 YHCJIA 4 BHI-
4UTaTh YHUCJIO b 110 TeX II0p, II0Ka He 0CTaHeTC s YUCIIO,
MeHblIlee b. A 9TO 3TO 3a YHUCJIO, KOTOPOe OCTaéTCs OT
4JuciIa a, KOTjia MBI M3 Hero 3abpaid CTOJILKO pas duc-
JI0 b, CKOJIBKO BO3SMOKHO 3a6paTh? ITO »Ke IIPOCTO OCTa-
TOK IIPH JleJIeHWH YHCJIa a Ha YUCJIo b.

JeICTBUTEJILHO, I10 OIIpe/le/IeHHUI0 HeOTpUIlaTe Ib-
HO YHCJIO I' Ha3bIBAeTCsI 0CTAaTKOM IIPH JieJIeHUH a Ha b,
eCJI OHO MeHbIIle b, ¥ TP HEKOTOPOM I1eJI0M K CIIpa-
BeJIJINBO PAaBEHCTBO a = Kb + 1.

TakuM 06pa3oM, MBI [JOKa3ajdu CJIEAYIOIlee CBOH-
CTBO HAUOOJIBIIIETO OBIIETO JIeTUTEIIS.
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VTBepxaeHue. /151 TI00BIX IBYX HATypaIbHBIX UH-
cesl a > b BepHO ciefiyIoliee paBeHCTBO:

HO/(r, b) = HOA(a, b),

Te r — OCTaTOK IIPHU OeJIEHHHU a Ha b.

Ha sToMm yTBepsKIeHHUH OCHOBaH Ba)KHBIU CIIOCOO
BBIUHCJIEHHUS HAUOO0JIbIIIero 06IIIero JenTess — ajaro-
puT™M EBKIIHAA.

Ana HaxoxaeHust HO/l(a, b) Hy>KHO 3aMe-
HUTD OOJIBbIIIee U3 YKCes Ha 0CTaTOK OT Jie-
JIEHUSI eT0 Ha MeHbITIee U JJIST IT0JTyUeHHOH
napsl IIOBTOPSITH 3Ty MPOIEAYPY, IIOKa O1-
HO U3 YHCeJs He CTaHET paBHO Hyto0. Torma
BTOpOe 4ucyo 6y/eT paBHO HaUOO0IbIIEMY
06II[eMY /IeJTUTEJI0 UCXOHBIX UHUCEeL.

HOCMOTpI/IM, KaK pa60TaeT AJITOPUTM EBKJII/Iﬂa Ha
KOHKPETHBIX YHCJIaX.

3amaua 12. Hatigure HOZ (300, 135).

Pemenue. [IpuMeHuM aaroput™ EBkimmgal:

(300, 135) = (30, 135), Takkak 300 = 2 - 135 + 30;
(30, 135) = (30, 15), Takkak 135=4-30+15;
(30, 15) = (0, 15), TakkKak 30=2-15+0;

(0, 15) = 15.

OtBeT. HO/[(300, 135) = 15.

' HaroMHI0, uTO TIH OTIpeieIeHUH Hau60JIBIIIEr0 O6IIETro JeTH-
TeJs (CM. CTP. 45) MBI JOTOBOPHJIKCE, UTO €CTh JiBa paBHOIIPAaBHBIX
o6osHaueHus: HO/l(a, b) u (a, b).

IIpH [JIMHHBIX IPeo6pa3oBaHUAX HAUOO0JIBIIIET0 0611ero fAe/IuTe-
JIsL MBI 4allle 6yfileM HCII0Ib30BaTh BTOPOe 0603HaUeHHe.
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IIOHSITHO, UTO eCJIM YHCJIa JOBOJIbHO GOJIBIINE, TO
IIPOIfecC IIOMCKA HAaWOOJIBbIIEro JeUTeJss IIPHA II0MO-
U aJropuT™Ma EBK/IMZA MOYKeT OBITH OUeHb JI0JITHUM,
HO YHUBEPCAJIbHOCTD 3TOTO aJTOPUTMa II03BOJISIET pe-
II1aTh JJOBOJILHO CJIO’KHBIE 3a/Jau.

A mHorga 6BIBaeT JOCTATOYHO /IaXKe He CaMoro aJjl-
ropuTMa EBK/IH/IA, a yTBEP>KIEHUS 0 TOM, UTO

HOJ(a — b, b) = HOJ(a, b).

[TocMoTpUM, KakK 3TO paboTaeT Ha IIpUMepe CIenylo-
IIeH 3a/1auu.

3agaua 13. [oka)KuTe, YTO IIPU JII0OOM HaTypasb-

HOM 1 po6b 6yZeT HeCOKpaTUMOM.

n
15n+1
Pemenmne. Eciiv IlepebupaTh KOHKPETHBIE MaJleHb-
KHe 3HaYeHU 1, TO JeVCTBUTEIHHO II0Iy4atoTCsl Heco-
KpaTUMBbIe Ipo6u:

7 13 19 25 31 37
16> 31" 46" 61" 76" 91’
Ho kak ioka3aThb, YTO TaK 6yeT Bcerma? /lesio B TOM,
UTO P06GH MOKHO COKPATUTh, TOJIBKO €CJIH YHUCTUTEh
¥ 3HaMeHaTeJb UMeIOT OGIUH JIeTUTeNb, OTTHYHBIA

0T eqUHUIIBL. [TompobyeM HalTH HAUOOJIBIITUY 001NN
IeJIuTeNb urces (6n+ 1) u (15n + 1):

(6n+1,15n+1) =(6n+1, (15n+1)—-2-(6n+1)) =

=(6n+1,3n-1) =
=(6n+1-2-(3n-1),3n-1) =
=(3,3n-1) =
=3,3n-1)-(n-1)-3) =
=(3,2) =1
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TakuM 06pa30M, MBI IIOJIYYHJIH, UTO HU ITPU KaKOM
HaTypaJbHOM n 'y umcena (6n+1) u (15n + 1) Het ob111€-
TO JIeJIUTEJIS], OTJIMYHOTO OT eIHHUITLL. A 3HAYUT, IIPHU

JII060M HaTypaJbHOM N APo6b SIBJISIETCSI HECO-

n+
. 15n+1
KpaTUMOM.

IToBTOPHTE CAMOCTOATEIBHO 3TH PACCYKAEHUA I
pellleHNd caeyIole 3afayun.

3agauva 14. JoKa)kuTe, uTo urciaa (27n+4) u (18n+3)
B3aMMHO IIPOCTHI TP JTF060M HaTypaIbHOM n.

COOTHOLUEHWE BE3Y

[JlaBaliTe BHHMATeJIbHO IIpOCIeUM, KaK B 3a/a-
ye 12 y3 yucest 300 ¥ 135 I10JIy4uIoCh YucyIo 15.

Mpb1 XoTesru Hait HO/I(300, 135). [jig 3TOTO MBI
IBasKIbl BEIWIN M3 urciia 300 urciio 135 ¥ ckasaJjiu, 4To
HO/ (30, 135) = HO/Z(300, 135). 3HaUMT,

30=300-2-135.

ITocJsie 3TOTO HaM HY»KHO 65110 HatiTit HO/[(30, 135).
M&yI yeTBIpesKabl BEIUIN U3 yrcia 135 uucio 30 U cka-
3astu, uto HO/I(30, 15) = HO/(30, 135). 3HauuT,

15=135-4-30=135-4-(300-2-135) =
=3-135-4-300.
ITocste aToro, 110 CyTH, MBI 3aMeTHJIH, YTO 30 JeIUT-

cs Ha 15, moaTomy 15 — 3TO ¥ eCTh HCKOMBIM Hanub0JIb-
IIUH 001U IeJIUTEb.
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B uTOTE MBI IIOJIyYHIH, UTO
HO/(300, 135) =3 -135 -4 - 300.

To ecth, HO/[(300, 135) M0O>KHO IIpe/iICTaBUThL B BUE
JIMHeMHOM KoM6uHamuu! urces 300 1 135 ¢ IeJIbIMU
KoadpUITHeHTaMU.

JTo U HaskIBaeTCs cooTHolIeHUueM be3y. /laBaiiTe
4ETKO cHOPMYIUPYeM U JOKaKeM OOIITHM QaKT.

CootHomenue Besy’. /I M06bIX HaTypaJlbHBIX
4yuces a ¥ b HaWIyTCa TaKKe [eJIble YKCaIa m 1 n, 4To

HO/(a, b) = ma + nb.

JoKa3aTeJabCTBO. [JOKa)KEM, UTO eCTH HEKOTOPHIe
yucia ¢ ¥ d MOKHO IIPe/ICTaBUTh B BUJle JTUHEWHBIX
KOMOMHAITUM YHCes a ¥ b, TO ¥ pa3sHOCTH (¢ —d) MOKHO
IpeACcTaBUTh B TaKOM BH/le. To eCTh, eCJIU IIPH HEKOTO-
PBIX IeJBIX My, Ny, My, Ny BEPHBI paBEHCTBA

c=mya+nib, d = mya+ nyb,
TO HAHUYTCS TaKUe IieJible YKcja Mg U N3, UTO
¢ —d = msa+ nsb.
JleiCTBUTEJILHO,

c—d = (mya+nib) — (mya+ nyb) =

=(my-my)-a+(n;—ny)-b.

Joxkasasu!

1Tunetinoii koMGUHayuell YuceT a ¥ b Ha3bIBAeTCs BRIPAYKEHIe
Buza (ma+ nb).

2]l;19 B3aFIMHO HPOCTHIX UHCE STOT $paKT OMyGIHKOBAT Kiox
Tacriap bamre e Mesupuak B 1624 rogy. A B 1766 rogy 3TheH Besy
B cBOéM «Kypce MaTeMaTHKH» 060061 TeOpeMy, PaCIIPpOCTPaHUB
eé Ha IIPOU3BOJIbHEIE ITaphl YHCeJL.
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A Temlephb faBaiTe BCIIOMHUM, KaK MbI BEIUYUCIISIEM
HO/(a, b) ipu mioMoriu anroputMma EBkimpa. Io cy-
TH, MBI IIPOCTO 3aMeHsieM 60JIbIIlee YHCJIO Ha PasHOCTh
OO0JIBIIIETO ¥ MEHBIIIETO.

3aMeTuM, 4TO " HCXOMHBIE YK C/Ia MOKHO IIpencTa-
BHUTE B BHUE

a=1-a+0-b, b=0-a+1-b.

IToaToMy Bce 4ucia, KOTOpble OYAYT HMOSBIATHCI IIPU
peanusanuu ajaroputMma EBkinna, 6yayT SBISThCS JIU-
HeMHBIMH KOMOMHAITUSIMH 4Yrcesa a U b. B ToMm unciie
U TI0CJIeTHEE YHCJI0. A TIOCJIeHee YHUCJI0 — 3TO B eCTh
HO/l(a, b). IlloaToMy HaHIyTCs TaKHe IeJible Yrciaa m
H N, 4TO

HO/(a, b) = ma + nb.

B masibHeMIIIeM dallie BCero HaM Oy/ieT HHTePeCcHO
He caMO COOTHoOIeHUe be3y, a ceqyoIui ero 4acT-
HBIU CIy4ai.

CirexcrBue u3 cooTrHoureHus besy. Eciu HaTy-
pasbHBIE YKCIa a ¥ b B3aMHO IIPOCTEHI, TO HANULyTCA
TaKHe ITeJIble YHCIa M U N, 4YTO

ma+nb =1.

JoKa3aTeJabCTBO. /(11 T0Ka3aTeJbCTBA J[OCTATOY-
HO BCIIOMHHTB, UTO B3aUMHO ITPOCTHIE UHCJIA — ITO YHC-
Ja, mis kotopeix HOMl(a, b) = 1, 1 mocje 3TOTO BOC-
II0JTb30BaThCSI COOTHOITIEHHEM Besy.
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3AAAYN HA AENTNMOCTDb

MBI TOJIBKO HayaJIu 3HAKOMCTBO C BOIIpOCaMH, CBsI-
3aHHBIMHU C JI€JIMMOCTBIO, HO 3TOro y>Ke J0CTAaTOYHO,
YTOOBI peniaThb JOBOJIBHO COAEpPKaTeJIbHBIE 3aJa4H.

3amada 15. Ha mocke BBIIIHMCAIN B IIOPSAAKe BO3pacTa-
HU BCe HaTypasJbHble uncaa oT 1 mo 10000, a moTroM
CTEpPJIN Te, KOTOPBIe He JlesIATCA HU Ha 4, HA Ha 5. Ka-
Koe 4MCJI0 HaxoauTcd Ha 1001-M MmecTe?

Perenue. PacCMOTPUM II€pBEIe ABaAIlaTh YKCeJI.
W3 HUX OCTaHEeTCd IIATh YUCeJI, TeJdIuXca Ha 4, 1 Je-
ThIpe YMCIIa, Aeainuxcsd Ha 5. Ho mpu aTom gucio 20
MBI VUJIH ABaKAbl. 3HAUUT, U3 IIePBLIX ABAIIaTU OCTa-
HeTCsI BOCEMb YHCeJI:

4, 5, 8 10, 12, 15, 16, 20.

AHAJIOTUYHO IIOJIYYUM, YTO U3 yuces oT 21 mo 40
OCTaHeTCd BOCeMb uHceJ1, U3 yuces oT 41 mo 60 ocra-
HeTCd BOCEMBb UmCeJI, U3 urces oT 61 1o 80 ocTaHeTcsa
BOCEMb UHCeJI M TaK Jajee.

To ecTh B KaXKJIOM 6./10Ke W3 ABaJIIaTH I10CIe/I0Ba-
TeJIbHBIX HaTypasJbHBIX YUCeJ OCTaHeTCsd II0 BOCeMb
yuces. YTOOLI IIOHATH, B KAKOM OJIOKEe OKa’KeTCs UHC-
J10 c HoMepoM 1001, paszgesnmMm 1001 Ha 8 ¢ ocTaTKOM:

1001 =125-8 +1.

[Tosatomy 1000-0e umcio 6ymeT MOCAeIHUM UYHCJIOM B
125-m 6J10Ke:

125 - 20 = 2500,
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a Ha 1001-M MecTe HAXOUTCA CIeLyIollee OCTaBIIeecs
qucJio — 2504.

OtBeT. Ha 1001-M MecTe HaxoguTCsA yurcao 2504.

3amaua 16. JlecaTb HaTypaJbHBIX UHCeJ BBIIIHMCAHBI
B p4p. IIpyr 9TOM Kakzoe YHC/I0, HAUMHas C TPeThero,
PaBHO CyMMe IBYX IIpeABIAYINUNX 4uces. Kakoe Hau-
OoJiblllee 3HaUeHHEe MOJKET OBITH Yy IIEPBOTO YHCIIA,
ecJIy rmocyegHee pasHo 30007

Penrenwue. IIycTh IepBEIe [Ba YMCIa PaBHBL X U Y
COOTBETCTBEHHO. Torma:

* TpeThe YHCJIO PaBHO (X + Y);
* YeTBEPTOE PaBHO (X + 2);

* IISITO€ PaBHO (2X + 3Yy);

* IIIeCTOE PaBHO (3X +5Y);

* ceflbMoe paBHO (5x + 8Y);

* BOCbMOE paBHO (8x +13y);

* neBsiTOe paBHO (13x + 21y);

* mecsiToe paBHO (21x + 34y).

3HauuTt, 21x+34y = 3000. UeM 60JIbIIIE X, TEM MEHB-
e y. MHpIMU CJIOBaMHU, HAM HY>KHO HAaTU HaUMeHb-
IIlee HaTypaJbHOe Yy, IPH KOTopoM uucyo (3000 — 34y)
JleJuTcd Ha 21.

IIycte y = 1, ToTHa
3000 — 34y = 3000 — 34 = 2966.

Ho 2966 = 141 - 21 4+ 5, 103TOMY OHO He JjeJIUTCcA Ha 21.
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ITycTte y = 2, TOIgA
3000 - 34y = 3000 — 68 = 2932.

Ho 2932 =139 - 21 + 13, 1103TOMY OHO He fesiuTcd Ha 21.
ITycte y = 3, Torma

3000 — 34y = 3000 — 102 = 2898.

ITpu sTom 2898 = 138 - 21, I03TOMY OHO JesIuTCA Ha 21.

3HaAUUT y = 3 — HAUMeHbITlee 3HaUeHHUe Y, TP KO-
TopoM urciio (3000 — 34y) mesuTcs Ha 21. U rIpu aTOM

2898
x=——=138.
21

IJTO O3HAUaeT, UTO eCJIU IIocaegHee yrcjao paBHo 3000,
TO HauboJIbIIIee 3HAUEHHe IIepBOro yucsa — 138.

OTBeT. Han6osbI11ee BO3MOKHO€E 3HaUEHUE IIEPBO-
ro uucia — 138.

3agadva 17. B 3sHaueHUU 4uCIIa
20! = 2432902008176 * 0000

IBe IMQpHl 3aMeHWJIN 3BE3[0YKaMU. BoccTaHOBHUTE
9TU NUOPHL

(HammomH®0, uTO0 20! = 1-2-...-20 —9T0 YUCJIO, paBHOE
IIPOU3BE/IEHUIO BCeX HATYPAJIbHBIX yuces oT 1 1o 20, 1
HasbIBaeTca hakmopuan.)

Peruenue. Yucso 20! TOUHO feauTcsa Ha 9 ¥ Ha 11.
0603HauYUM HeHU3BeCTHbIe ITUPPHI KaK X U Y:

2432902008176 xy 0000,
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U BOCIIOJIb3yeMCS KPUTEePUAMH e IMMOCTY YucjIa Ha 9
nHall.

Tax xak yucsio 20! geuTcsa Ha 9, TO CyMMa ero Iudp

§=2+44+3+2+9+0+24+0+0+8+
+1+7+6+x+y+0+0+0+0=
=44+x+y=45+(x+y-1)

IOJ/DKHA JTeJIUThCA Ha 9. 3HauuT, (X + y — 1) meauTcs
Ha 9. VUUTEIBas, 4TO X U y — IIUPPHI, MBI IIOHUMAEM,
470 (X + y — 1) MOYKeT IPpUHUMATh 3HaUeHUs OT (—1)
o 17. A B 3TOM [HaniasoHe TOJILKO yucaa 0 u 9 nesarcs
Ha 9.

C Ipyro# cTopoHsl, unciio 20! gesnurces Ha 11, 1103To-
My PasHOCTb MeXKAY CYMMOMU ITUOP, CTOSIINX Ha UET-
HBIX MeCTaX, U CYMMOU NP, CTOSAIINX Ha HEUETHBIX
MecTax 9TOro 4umcJia

S=(0+0+y+6+1+0+2+9+3+2) -
- (0+0+x+7+8+0+0+2+4) =
=(23+y)-(21+x)=2+y—-x

IOJDKHA IesuThed Ha 11. VUuUTHIBasL, 4To X U y — UG-
PBL, MBI IIOHUMaeM, 9TO (2 + y — X) MO>KeT IpUHUMAaTh
3HaueHUd oT (—7) mo 11. A B 3TOM Bamia3oHe ToJIbKO 0
u 11 nenarcda Ha 11.

PaCCMOTpI/IM YeThIpe cay4dad.

. . |x+y—-1=0;
IlepBoIN CcoIy4Uai:
2+y-x=0.
CoxuB 06a paBeHCTBa, IToaydyaeM, 4To 2y + 1 = 0. To
ecTb 2y = —1. Ho y — aTo iiudpa, a 3HAYUT, I1eJI0e HEOT-

pHUIIaTeJIbHOE YHCJIO. JTOT cnyqaﬁ HEBO3MOJKEH.
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. . |x+y-1=0;
BTropoii ciyyai:
2+y-x=11.
CiroxuB 06a paBeHCTBA, ItojaydaeM, 4yTo 2y +1 = 11. To
ecTb Yy = 5. HoTtorma x =1 — y = —4. 3TOT C/ly4yal ToXe
HEBO3MOJKEH.

. L |x+y—-1=09;
TpeTuii ciayvamn:
2+y—-x=0.
CitoxuB 06a paBeHCTBA, moaydaeM, uTo 2y + 1 = 9. To
ectb y = 4. Torga x = 10 — y = 6. TyT BCé XOpOIII0, HO

Ha BCAKUU CIy4Yal IIPOBEPUM YeTBEPTHIU CIy4ail.
X+y—-1=09;
2+y—-x=11.

CitoxuB 006a paBeHCTBA, IToJydaeM, 9To 2y + 1 = 20. To

ecTb 2y = 19. Ho y —sTo nudpa, a SHa4UT, [1eJI0e YUCJIO.
M aTOT ciryuaii HEBO3MOYKEH.

UeTBEPTHIN CIIy4dail: {

TaxkuM 06pas’oM, MBI IOJYYHJIH, YTO TOJIBKO IIPH
X =6Huy =44ucio

2432902008176 xy 0000

IeruTca M Ha 9 M Ha 11.
OtBert. 20! = 2432902 008 176 640 000.

A crIeqyrolye 3aJjauu IOMPOOYHTe PENIUTh CaMo-
CTOSITEJILHO.

3amaua 18. [Ipo mgTh HaTypaJIbHBIX YKCeJ U3BECTHO,
4TO CyMMa JIF0OBIX UeThIpEX U3 HUX fenuTcd Ha 3. [lo-
KayKUTe, YTO TOIMa KayK/[0e U3 YHceJI eJIMTCA Ha 3.

3azmaua 19. /lokakure, YTO YUCJIO

999999999 999 999 999 999 999 999

JleJIUTCS Ha 243.
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3amaua 20. Kakue 3HaueHHd MOXKeT NIPHHHUMATH
HOZ(5a + 3b, 13a + 8b), ecsit a U b — HaTypaJIbLHbIE
yucsaa u HOA(a, b) = 1001?

3agaua 21. IIyCTb a — IIPOU3BOJILHOE THICAUYE3HAUYHOE
4MCJI0, KpaTHOe ieBATH. IIyCTh YKCI0 b paBHO CyMMe
nudp 4mucaa a; YUcejIo ¢ paBHO cyMMe nubp uuciaa b;
4uCII0 d paBHO CyMMe TGP yucia ¢. HaliguTe Bce BO3-
MOJKHBIe 3HaUeHUs yrcia d.



MPOCTLIE

UNCNA
I'IAB







B IIpefbIyIe IJIaBe MbI IIOTOBOPIIIH IIPO JleJIH-
MOCTB U IIPO JeJIUTeNN. A celuac JaBaiTe I10-

pobyeM IIOHSITH, CKOJILKO ObIBAeT JlesIUTesiel y pas-
HBIX HaTypaIbHBIX UHCEeJL.

Beinuiiiem JJId HECKOJIBKHX ITEPBBIX HATYPaJJIbHBIX
YHCeJl BCe UX NeJTUTEeJIH:

YHCJIO | OeJIUTeIr

1|1
21,2
3113
411,2,4
5115
611,23,6
711,7
811,248
91139

10 | 1,2,5,10

11 | 1,11

12 1 1,2,3,4,6,12

13 | 1,13

14 |1 1,2,7,14
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151 1,3,5,15

16 | 1,2,4,8,16

17 | 1,17

18 11,2,3,6,9,18
19 | 1,19

20 | 1,2,4,5,10, 20

HOCMOTpEB Ha IIepBbI€ ABaAIlaTh 4YKCeEJI, MBI BH-

OHUM, 4TO Cpeiu HUX €CThb:

* TOJILKO OJTHO YMCJIO, Y KOTOPOI'O0 POBHO OLUH [ie-
JIUTEJIb — 3TO 1;

* MHOTO YHCeJI, Y KOTOPBIX POBHO /IBa JeJTUTEeJII —
9T0 2, 3,5,7,11,13,17 1 19;

* eCTh [IBa UHCJIA, Y KOTOPHIX POBHO TPH [IeJIUTE-
a1-419;

¢ a €CThb U TaKue, Yy KOTOPBIX YETHIPE, IIITh U [d’Ke
I1eCThb pas3/IMYHbIX ILEHHTQHEIZ.

MPOCTbIE N COCTABHbIE YHAC/IA

[IOHSITHO, YTO eJUHUIIA — eIUHCTBEeHHOe YUCJIO, Y

KOTOPOI0 eCTb POBHO OJMH JeJINTeJIb He TOJIBKO Cpe-
U IIepPBBIX ABaJALlaTH, HO U CpeiH BCeX HaTypaIbHBIX
4uceJI, I0TOMY YTO JIt060e HaTypaJbHOe YKCJIO JeJIUT-
Cd Ha eJUHHUILy U caMO Ha cebs. I g Toro, 4TO6BI y
4uciia ObLJI POBHO OJIMH Jle/IUTe b, HY>KHO, UTOOBI «Ca-
MO Ha ce0s1» ¥ e JUHHUIIA COBIIAJIM. A 3TO OBIBAET TOJIBKO
y umcia 1.

HaTypaJILHBIe qHucCja, UMEIOIKe POBHO /IBa HATYy-
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PIBHBIX AETUTENS, OTJIUMYAITCSI OT TEX, ¥ KOTOPBIX
ecThb GOJIbITIe JBYX [eJIUTesiel, TeM, UTO UX HeJb3s
MIPe/ICTaBUTh B BHJE IIPOU3BEIEHUS JBYX MEHBIIHUX
ymceJI, TOTOMY YTO OHU JIeJISITCS TOJIFKO Ha eIUHUITY U
caMo Ha ce6s1! 9To TaKHe «KUPITHYUKH», U3 KOTOPBIX B
KaKOM-TO CMBICJIE COCTOSIT OCTaJIbHEIE YHciIa. [I03ToMy
HUX BBIJIEJISIOT B OT/[€JIEHYIO TPYIIITY.

HaTypaJILHBIe qucjia, HMEIIre pOBHO ABa
JAeJINTeJIsd, Ha3bIBAXTCA NPOCMbIMU.

BoceMb 1epBBIX IIPOCTHIX Uncen-2, 3,5,7,11,13,17
U 19 — MBI HaIIUIH, pACCMOTPEB IIepBEIe ABaAIlaTh HATY-
PaIbHBIX UHCeJI.

A panbile KiaccHQUKAIlMS HaTypaJbHBIX YHCes
OCTaHaBJIMBAETCs, U OT/EJbHO He BBIIEJSIOT UUCIIA,
HUMeOIIe POBHO TPH JIeJIUTeJIs, POBHO YeThIpe, POBHO
II9Th U TaK j/lajee, a «CBAJIMBAIOT» UX BCe B OOGIIYIO

Ky4y.

Bce HaTypasJbHBIE YMCIa, KPOMe IIPOCTHIX
Y eIMHUIIBI, Ha3bIBAHOTCSI COCMABHBLMU.

JTO 03HauaeT, UTO COCTaBHBbIe YHCJA JeJATCS Ha
YTO-TO, KpOMe eJUHUII U caMoro cebs. IloaTomy
Jr060e cocTaBHOE YHCJI0 MOYKHO IIpe/ICTaBUTh B BHUJIE
IIPOM3Be/IeHUS IBYX HaTypaIbHBIX YHCeJ, OTIUYHBIX
OT eVHUIIHL.

3agaua 22. /loKaXKUTe, UTO y JIFDOOT0 COCTaBHOTO YHC-
Jla eCThb IIPOCTOMU JIeJIUTeb.

ITepBoe penteHue. Mbl 3HaeM, 4TO JIF060e COCTaB-
HOE YMCJIO a MO’KHO IIPEICTaBUTh B BHUJIE IPOU3BeE]IE-
HUSa=b-c,tnel <b < a.
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Ecix 4mciio b ABJIsIeTCS IIPOCTHIM, TO MBI HAlllJIU
IIPOCTOH JIeJIUTENb YUCIIA d.

Ecu sxe yncyio b cOCTaBHOE, TO er0 MOKHO HpeJ-
CTaBUTH B BHUJle ITpousBeieHUss b =d -e,tne 1 < d < b.
Ecu umcsio d siBsieTcs IIPOCTHIM, TO MBI HAIILIHA TIPO-
CTOM IeJTUTEeNb YUCa b, a 3HAUUT, U YHCJIa d.

Ecym ke uncio d cocTaBHOE, TO €T0 MOYKHO IIpef-
CTaBUThb B BUJie ITpousBefieHusa d = f- g, tme 1 < f < d.
Ecsz uncsio f gBJigeTcs IPOCTHIM, TO MBI HAIILIX IIPO-
CTOM JleJTUTeNIb Yucia d, a 3SHa4UT, ¥ YUca b, a 3HaUUT,
U 4ucia a. U Tak faee.

[ToHATHO, YTO paHO WUJIU II03LHO MbI L00epéMcs 10
IIPOCTOrO JAEeJIUTEJIS, II0OTOMY UTO I10C/Ie[0BaTeIbHOCTh
a, b, d, ...cOCTOUT U3 HaTypaJIbHBIX UHCeJ U YObIBAET.
OHa He MOKeT yObIBaTh HECKOHEYHO /I0JIT0. A 3HAYUT,
MBI JOHIEM 10 HEKOTOPOI'O YHCJIa, KOTOPOe y>Ke HeJlb-
351 IpeJICTAaBUThH B BUJIe IIPOU3Be/IeHNUA IBYX HaTypaslb-
HBIX YHCeJI, OTJINYHBIX 0T eJTUHUITEL. T0 eCTh /10 IIPOCTO-
TO YHCIIa.

Bropoe pemtenue. IIycTs d — HaUMEHBIIUN J[eJIU-
TeJIb YUCJIA A, OTJIMYHBIN OT eUHHUIILL. [JoKaskeM, UTO
4uCiI0 d — IIPOCToe.

ITpeamno0KuM, 9TO 3TO He Tak. Torma 4umcio d MOX-
HO IIpe/ICTaBUTh B BUJe IIpousBefeHusa d = b - ¢, rge
1<b<d.

Tak KaK 4MCJIO a IeJIUTCS Ha d, a Yucjio d JeTuTcs
Ha b, To YKCJIO b — 3TO JIETUTENTh YHUCIa d, KOTOPHIH OT-
JIMYEH OT e TUHUITHI U MeHbIIIe, ueM d. Ho yurciio d — aTo
HaUMEHBIITHH JTeJTUTEb YUCIa d, OTJIMYHEIA OT elH-
HUITHL IIPUITLIN K TPOTUBOPEUHIO.

3HauuT, Hallle IIPeAIOJI0KeHHe O TOM, YTO Hau-
MEHBIITHH e/ IUTe/b YHCIA d, OTIMYHBIN OT eUHHITEI,
He SIBJISeTCS IPOCTHIM, OBLJIO JIOYKHBIM.
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KOTNYECTBO MPOCTbIX HACEN

HTak, MBI IIOHSJIH, UYTO TaKOEe IIPOCTHIe U COCTaBHBIE
yucia. Y ¢ cocTaBHBIMHU BCE ITIOHATHO — UX MHOro! X
O4YeHb MHOTO, UX 0eCKOHeYHO MHOro! XoTs OLI IIOTO-
My, UTO BCe UETHBIe UMCJIa, KpOMe ABOMKH, SIBISIOTCA
COCTaBHBIMHU. A CKOJIBKO CYIIIECTBYeT IIPOCTHIX YHUCeI?
Mo>KeT 6BITh, UX KOHEYHOE KOJIMYeCTBO U eCTh KaKoe-
TO camoe 60.1bUoe NPoCcmoe Huca0?

3agaya 23. B cTaThbe Ha Hay4HO-NIIOIIYJIIPHOM CaiiTe
HaIHUCaHO, YTO
282589933 _ 1

SIBJISIETCS CAaMBIM OOJIBLIITHM IIPOCTBIM YHCJIOM. ,ﬂOKa-
JKUTE, YTO aBTOPLI CTAaThX UTO-TO II€PEITyTaIN.

Pemenue. 3aMeTuM, UTO 2825 — HEUETHOE YMCIIO.
IMosTomy u 282589933 gpngerca mewéTHRIM. Ho Torma
gucso (282589932 — 1) uéTHoe u ABHO 60JIbIIe ABYX. A
3HAUUT, OHO SIBJISIETCS COCTaBHBIM.

Ha camomM feste, He umciio (282589933 — 1), a wmcio
(282589933 _ 1) gpjigeTcs caMbIM 60JIBIIMM H3BECTHBIM
Ha JJaHHBIH MOMEHT IIPOCTBEIM YHCIOM. ET0 IIpocToTy
Iokasanu 7 pexabps 2018 ropga.

9To oueHb 60JIbIII0e yKcIo! ECiiu ero 3aIrrcaTh B Jie-
CATUYHOM BU/JIe, TO B HEM OyzeT 24 862 048 1tudp — aTo
6oJiee yueM B ceMb pa3 00JIbIlle KOJIMYeCTBa 3HAKOB BO
BCéM poMaHe JIbBa TosicToro «BoHa U MUp».

Ho pa’ke OHO BCero JIMIIbL caMoe OOJIbIIOe H3
U38ECMHbBIX HA OAHHbBLI MOMEHM TIPOCTHIX umcesl. Bos-
MO’KHO, KOIZIa BBl OyfleTe UMTaTh 3Ty KHUTY, HAUAYT
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elllé HEeCKOJIbKO IIPOCTBIX 4mces, O60JbIIUX 3TOro. U
BOT IIOYEMY.

Teopema EBkuinza. IIpocThIX 4yricesl 6eCKOHEUHO
MHOTO.

JlokasaTesbCTBO. IIpefIIosio)KUM, YTO IIPOCTBIX
4rcesI KOHeYHOe KOJIMUeCTBO. Torma MOKHO BBIITHUCATh
UX BCe:

2, 3 5 7, 11, ..., p,

Iae p — caMoe 60JIBIII0E IIPOCTOE YK CJIO.

PaccmoTpuM uncIIO
n=2-3-5-7-11-...-p+1,

KOTOpOe Ha eJUHHUIy O6oJIbllle IIPOM3BEJEeHHS BCeX
OpPOCTHIX YHcesl. OHO TOUHO 60JIbIIe CAaMOT0 60JIBIIIOTO
IIPOCTOTO YMCJIA P, II09TOMY He MOJKeT OBITH IIPOCTHIM.

C apyro#i CTOPOHBI, OHO He JIeJIUTCA Ha 2, TaK KakK
OHO OTJIMYaeTcd Ha 1 oT 4wucia, fessierocs Ha 2. ITo
TeM >Ke IIPUYMHaM OHO He JeJIUTCI Ha 3,Ha 5, ..., Ha p.

3HAUUT YUCJIO h He [JeJIUTCA HU Ha OJHO IIPOCTOe
YUCJI0, TO €CTh He MOYKET SIBJIATHCA COCTABHBIM, TaK
Kak B 3afiaue 22 MBI JJOKasajaH, 4TO Yy JIFOOOTO COCTaB-
HOTI'0 YMCJIa eCTh IIPOCTOU JIeIUTeIb.

TakuM 06pa3oM, IIPeJIIOIOKUB, UTO CYIIeCTBYeT
camMoe 6OJIBIIIOe IIPOCTOE YMCJIO, MBI HaILJIM YHCJIO,
OoJsibIllee eAMHUIIBI, KOTOpPOe He SBJIgeTCI HU IIPo-
CTBIM, HH COCTaBHBIM. IloJIydeHHOe IIPOTHUBOpEYHE
IIOKa3blBaeT, YTO Hallle IIpeZIIoJIooKeHHe HeBepHO U
IIPOCTBIX YHCeJ 6eCKOHEYHO MHOTO.

ITocite aToro JOKa3aTe/JIbCTBa MOXKeT CJIOKHTBLCA
BIIeaTJI€eHHe, YTO TaK MOKHO IIPHUAYMBIBATH HOBBIE
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IIPOCThIe YHCJIa — IIEPEMHOKUTH IepBble HeCKOJILKO
IIPOCTHIX U IPUOABUTH HHHUILY:

2+1=3;
2-3+1=17;
2-3-5+1=31;

2:3-5-7+1=211;
2-3-5-7-11+1=2311.

Ho, HarpuMep, mia ynciaa 2311 MBI MOXKeM rapaH-
TUPOBATh JIUIIB TO, UYTO CPEAU e€r0 IIPOCTHIX JeJIUTeIeN
HeT yuces 2, 3,5, 71 11. IIpx 3TOM OHO MOJKeT [IeJIUTh-
cs, CKa>keM, Ha 13 v Ha 17.

Takue unciia HaseIBawOTCAd uuciaaMu EBkiaupa. 1
XOT4 IIepBble II9Th U3 HUX — 3, 7, 31, 211 u 2311 - meit-
CTBUTEJILHO SIBJISIOTCI IIPOCTBIMHU, TaK Oy/eT He Bce-
raa.

Harmpumep, 4mciIo

2-3-5-7-11-13+1=30031
IIPOCTBIM He SIBJIIEeTCs, TaK KaK e/ IMTCI Ha 59:
30031 =59 -509.

boJiee Toro, Ha I,I'JLEIHHBII‘/JI MOMEHT [Ia’>Ke He U3BECTHO, KO-
HeYHOoe UM 6eCKOHEeUHOe KOJTMYEeCTBO YHCeI EBxitrga
ABJIAIOTCA ITPOCTBIMHU.

YT0oOEI Y6e,I(I/ITBCH, YTO BEI IIOHAJIHM, YTO TaKO€e YHC-
Jia EBK]II/I/'.(& 1 KaK OHH YCTPOEHEBI, peIuTe CaMOCTOsA-

TeJIbHO CJIEAYIOIIYIO 3aaa4vy.

3amada 24. CKOJILKO CYII[eCcTByeT uuces EBKinaa, mo-
cteiHssA Udpa KOTOPBIX OTJIMYHA OT 17
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ANTOPUNTM MNMPOBEPKIW HA NMPOCTOTY

JIJIs1 TOTO UTOOBI IIPOBEPUTH, SIBJISIETCS JIM UMCJIO
IIPOCTBIM, COBCEM Heo0s13aTeIbHO IIPOBEPSITh, YTO OHO
He JIeJTUTCSI HU Ha O/THO YHCJI0, MeHbIIIee ero.

JleiCTBUTENIFHO, €CJIU YHCJI0 a SBJISIETCSI COCTaB-
HEBIM, TO €T0 MO>KHO IIpPe/ICTaBUTh B BUZie a = b - ¢, I7ie
1 < b < ¢ < n. To ecTh UHCJIO A IJIATCI Ha TaKoOE,
OTJIMYHOEe 0T eJUHHIIBI YHCJI0 b, uTo a < b?.

J3TO 03HA4aeT, YTO JOCTAaTOYHO IIPOBEPUTH, UTO
YHCJIO a He JeJIUTCS HU Ha OJHO M3 YHCceJl, KBaJpaT
KOTOPBIX He IIPeBOCXOAUT a. Ho 1 3To elié He BCE!

Kaxk MBI 3HaeM U3 3aziauu 22, 4yuciio b 1ubo caMo sIB-
JISIeTCS IIPOCTBIM, JIMOO JIeJIUTCI Ha KaKoe-TO IIPOCTOE,
MeHBbIIee ero. MHBEIMU CJI0BaMHU, Y Hac IIOJIYUYUJIICA CJIe-
IYIOITWM aJITOPUTM IIPOBEPKHU YK CIa Ha IIPOCTOTY.

JI7I1 TOTO UTOOBI IIPOBEPUTH, SIBJISETCS JIU
HaTypaJibHOe YHCJI0, GOJbITee eIUHUITH,
ITIPOCTHIM, IOCTaTOYHO ITPOBEPUTH, UYTO OHO
He JIeJIUTCSI HU Ha OHO U3 IIPOCTBHIX YU-
ceJI, KBaJpaThl KOTOPBIX He ITPEBOCXOIAT
JaHHOEe YICJIO.

CJIe,ZLYIOH_IaH 3aj/iavya IIOKa3bIBaeT, KaK IIPUMEHATH
9TOT aJITOPHUTM Ha IIPaKTHUKE.

3amaua 25. Kakue M3 JaHHBIX YMCeJI SIBJISIOTCA IIPO-
CTBIMU?
101, 103, 105, 107, 109.

Pemnenue. [IpuMeHUM K Ka’KIOMYy K3 YKCeJI aJIro-
PUTM IIPOBEPKHU Ha IIPOCTOTY.
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PaccmoTpum urcio 101:

* 101 He mesuTca HA 2, Tak Kak 101 =50 - 2 + 1;
e 101 He mesuTcd Ha 3, Tak Kak 101 =33 - 3+ 2;
e 101 He meauTcd Ha 5, Tak Kak 101 = 20-5+1;

* 101 He mesuTcd Ha 7, Tak Kak 101 =14 - 7 + 3.

A ciepyroliee IIpoCTOe YMCJIO — 3TO YMUCIO 11, HO fe-
JIMIMOCTb Ha Hero IIPOBepATh y>Ke He HY)KHO, TaK KakK
112 = 121 > 101. 3HauwuT, 101 He AeJIUTCI HA Ha OLHO
M3 IIPOCTBIX YHCeJI, KBaApaT KOTOPLIX He IIPEBOCXOLUT
101. I[TosTomy 101 — IpocTOE YHCIIO.

PaccmoTpum urcio 103:

e 103 He mesuTCd Ha 2, TaK Kak 103 =51-2+1;
* 103 He meauTcd Ha 3, Tak Kak 103 =34 -3+ 1;
e 103 He mesuTcd Ha 5, Tak Kak 103 =20 -5+ 3;

* 103 He esiTcsa Ha 7, Tak Kak 103 =14 - 7 + 5.

3HauwuT, 103 He eJIUTCSA HU Ha OJHO U3 IIPOCTHIX YK CeJI,
KBaJipaT KOTOPBIX He mpeBocxoauT 103. IIoaToMmy 103 -
IIPOCTOE YHUCJIO.

PaccmoTpum urcio 105:

e 105 He mesuTCcd Ha 2, TaK Kak 105 =52 -2+ 1;

e 105 mesmrca Ha 3, Tak Kak 105 = 35 - 3.
ITosToMy 105 — cocTaBHOE YHCI0’.
PaccmoTpum uuciio 107:

* 107 He estnTCA HA 2, TaK Kak 107 =53 - 2 + 1;

* 107 He esmuTca Ha 3, Tak Kak 107 =35 -3 + 2;

1Emé Mo>kHO 6B1T0 cpasy 3aMeTHuThb, uTo 105 =21 -5
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* 107 He meauTcd Ha 5, Tak Kak 107 = 21 - 5+ 2;

* 107 He mesutcd Ha 7, Tak Kak 107 = 15 -7 + 2.

3HauuT, 107 He AeJIUTCA HU Ha OJTHO U3 ITPOCTHIX YHCeJI,
KBaJpaT KOTOPBIX He mIpeBocxomuT 107. IToaTomy 107 -
IIPOCTOE YHCJIO.

Paccmorpum umcio 109:

* 109 He mesuTcd Ha 2, Tak Kak 109 =54 - 2+ 1;
* 109 He mesmuTca Ha 3, TaK Kak 109 =36 -3 + 1;
* 109 He mesmuTCca Ha 5, Tak Kak 109 = 21 - 5 + 4;

e 109 He mesuTcd Ha 7, Tak Kak 109 = 15 - 7 + 4.

3HauuT, 109 He AeIUTCA HU HA OJTHO U3 ITPOCTHIX YHCeJI,
KBaJpaT KOTOPBIX He nmpeBocxomuT 109. IToaTomy 109 -
IIPOCTOE YHCJIO.

OTMeTUM, YTO IIPOBEPUTH [JeJIUMOCTh Ha 2, Ha 3 U
Ha 5 MO’KHO OBLJIO U C IIOMOIIIBI COOTBETCTBYIOIIUX
KpUTepueB eJIUMOCTH.

Otsert. 13 urices 101, 103, 105, 107, 109 11poCcTEIMU
SIBJIIFOTCS BCe UmciIa, KpoMe 105.

PELLUETO SPATOC®EHA

HTak, Mbl HQYYWINUCh IJI KaXKA0I0 KOHKPETHOIO
(HO He OueHb 60JIBIIOrO!) YHCsIa IIPOBEPSTH, SIBJISIET-
Cs JIM OHO IIPOCTHIM. Ho "acTo 6pIBaeT I10J1e3HO UMeTh
CIIKICOK BCeX IIPOCTHIX YHCeJI, He IIPEBOCXOAIINX HEKO-
TOPOTO YHCJIA.

Jake, HaIIpuMep, 4YTOOBI IIPOCTO BOCIIOIB30BaTHCS
QJITOPUTMOM IIPOBEPKHU Ha IIPOCTOTY 1A uncia 9987,
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HaM HY>KHO yOeJUThCs, UYTO OHO He JIeJINTCSI HU Ha O/[I-
HO IIPOCTOE YMCJIO0, He ITpeBocxopditee 100, a 114 3TOr0
HY>KHO 3HATh, KaKMe YKcJia U3 IIepBOM COTHU SIBJISIOT-
Cs1 IIPOCTHIMU.

JllaBaiiTe 06CyIMM JJOBOJILHO IIPOCTOM CIIOC06, KaK
9TO MOJKHO CJieJIaTh. ITOT CII0COO Has3bIBaeTCs peule-
mom SpamocgheHa.

IlycTb MBI XOTUM IIOJIYYUTH CIIMCOK BCeX IIPOCTHIX
4quceJl, He IIPeBOCXOAAINUX, HapuMep, 100. Beirmuiiem
BCe HaTypaJibHble ynucia oT 2 1o 100 (urcsao 1 Mbl He
CTaJ/IA IIUCATh, IIOTOMY YTO OHO TOYHO He ABJILeTCI HU
IIPOCTHIM, HU COCTaBHBIM):

2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 72 73 74 75 76 77 78 79 80
81 82 83 84 8 86 87 88 89 90
91 92 93 94 95 96 97 98 99 100

Uném 110 Topsaaky. bymeM a1st Ka>kIoro vucsia IIpo-
BepSITh, eCTh JIU Y HeTo /IeJINTeH, KpoMe eUHUITB U
caMoro ceosi.

Uuciio 2 He MOXKeT JIeJIUThCI Ha 4TO-TO MeHbIIle
IBOMKH, II0TOMY YTO MeHBIIle TBOMKU, KPOME eIUHU-
I1bl, HaTypPaJIbHBIX UHMcesl HeT. [IoaToMy 4YuciIo 2 mpo-
crtoe. O6BOIUM IBOMKY U BHIUEPKHBAEM BCe OCTaJlb-
HbIe UMCJIa, KpaTHBIE IBYM — 4, 6, 8, ..., TO eCThb KarKI0e
BTOpPOe uuciIo. [IoToMy UTO OHH 60JIbIIIE ABYX U JeJIAT-
Cs Ha 2, a 3Ha4YUT, OHU COCTaBHEIE:
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11
21
31
41
51
61
71
81
91
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13
23
33
43
33
63
73
83
93
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15
25
35
45
55
65
75
85
95
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17
27
37
47
57
67
77
87
97
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28EITEERYS

Temeps CMOTPHUM Ha IIepBO€ HEBBIUEPKHYTOE YHC-
JIO — 3TO YucJI0 3. OHO He BEIUEPKHYTO, II03TOMY He Jie-
JINTCS HA 2, a8 HUKaKUX IPYIUX IIPOCTHIX UM Cesl MEHBIIIe
Tpéx HeT. [IoaTomMy urcio 3 mpocroe. O6BOUM TPOUKY
U BbIUEePKHBaeM BCe OCTaJIbHbIe YK CJIa, KpaTHbIe TPEM
-6,9,12,..., TO eCTh Ka’K/[0€ TPeThbe YHCJIO, IOTOMY UYTO
OHH 06OJIBIIIe TPEX U JeJITCA Ha 3, a 3HAYUT, OHU CO-
CTaBHBbIe (IIpU 3TOM KaKHe-TO U3 HUX MBI y>Ke BhlUepK-
HYJIH, KaK 4UCIa, KpaTHBIE IBYM):

11
2
31
41
51
61
71

81
91

2]

SRNREERNN[

3] 4 5 ¥
13 M 15 16
23 24 25 26
33 34 35 36
43 44 45 46
53 54 55 56
63 64 65 66
73 74 75 76
83 84 85 86
98 94 95 96

7
17
27
37
47
57
67
77

87
97
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g
19
29
39
49
59
59
79
89
99 160
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CHOBa CMOTPUM IIepBOe HEBBIUEPKHYTOE UHCJIO —
9TO YMCJIO 5. OHO He BEIUEPKHYTO, II03TOMY He JeJIUT-
C HU Ha 2, HU Ha 3, a HUKaKUX JIPYTUX IIPOCTHIX UHCEJ
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MeHBbIIIe IIITH HeT. 3HAUUT, YU CJI0 5 mpocToe. O6BoAUM
IATEPKY U BEIUepPKHUBAaeM BCe OCTaJIbHbIe YHUCIa, KpaT-
HEble I19TU — 10, 15, 20, ..., TO ecTh KaK/[0e IIsITOe YK CJIO,
IIOTOMY YTO OHH 0OJIbIIIe IIATH U JeIATCA Ha 5, a 3Ha-
YUT, OHU COCTaBHBIE:

2] [3] # [5] # 7 & & w0
11 2 13 M4 15 16 17 18 19 20
20 27 23 24 25 26 27 28 29 30
31 37 33 34 35 36 37 38 39 40
41 47 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 27 73 4 75 W 77 738 79 80
81 82 83 84 85 86 87 88 89 90
91 97 93 94 95 96 97 98 99 160

I[ToHATHO, UTO HY>KHO JesIaTh fajabliie? OIsaTh CMOT-
PYM Ha IlepBOe HeBbIUYEPKHYTOE UMCJIO — 3TO YUCJIIO 7.
OHO He BBIUEPKHYTO, II09TOMY He IeJIUTCI HU Ha OJJHO
IIPOCTOe MeHBIIle Hero. 3Ha4UT, YUCJI0 7 1mpocroe. O6-
BOJIUM CEMEPKY U BbIUepPKUBAaeM BCe OCTaJIbHEIE UKC-
Jla, KpaTHbIe CeMU:

2] [3] & [5] & [7] & 9 w0
11 7 13 14 15 16 17 18 19 20
2 27 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 47 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 22 73 4 75 36 71 28 79 80
81 87 83 84 85 86 87 88 89 90
A 97 98 94 95 96 97 98 99 160
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U Tak pasiee. O6BOUM IIEPBOE HEBBHIUEPKHYTOE U
BEIUEpPKHUBAEM BCe YHCJIa, KpaTHbIe eMy. U TToBTOpsieM
OPOIeTyPy BHOBB.

Ha mepBBIN B3I KaXKeTCsI, YTO 9TO HY>KHO OyzeT
[lesIaTh OUeHb JI0JITO, HO 3TO Heo0s13aTeIbHO IeIaTh [0
caMoTro KoHIta! MbI >ke 3HaeM, UTo 0.151 Mo2o, 4Umoobbl
nposepums, 845emcsl AU HAMYpPA1bHOE UYUCA0, 60/1b-
wee eouHUUblL, NPOCMbIM, 0OCMAMOUHO NPO8epPUMb,
UMmMo OHO He 0eaAuMcst HU Ha 00HO U3 NPOCMbIX Huce,
Keadpam KomopblXx He npesocxodum OAHHOE HUCAO.
Ho 112 = 121 TouHO 60JIbIIe JT060T0 YKCIa U3 ITIePBOM
COTHM.

ITosToMy /I KaXK[IO0r0 YMCJIa, He IIPeBOCXO/dIIle-
ro 100, ;oCTaTOYHO ITPOBEPUTH, UTO OHO He IeIUTCI HU
Ha OJHO IIPOCTO€ YMCJIO, MeHbIllee 11. A MBI y>Ke BEI-
YepKHYJIU BCe YMCJIa, KOTOPhIe [eJIITCAd Ha IIPOCThIe,
MeHbIMe 11. 3HAUMT, BCe OCTaBIIHECS He3auepKHY-
Thle YucjIa IIpocTeie! B UTOre MBI ITOJYYUIIN CIIMCOK
BCeX IIPOCTHIX YHUCeJI U3 [IePBOM COTHU HAaTyPaIbHBIX:

2] [3] &4 [5] & [71] & 9 w0
[11] 32 [13] 214 35 16 [17] 18 [19] 20
A 27 (23] 24 25 26 27 28 29| 30
31| 32 33 34 35 36 |37] 38 39 4«0
41| 47 [43] 44 45 46 |47 48 49 50
51 57 (53] 54 55 56 57 58 [59] 60
61 67 63 64 65 66 [67] 68 69 70
| 72 |13) A4 35 6 7 8 |19 B0
81 87 (83 84 85 86 87 88 [89] 90
9 97 93 94 95 96 [97] 98 99 160

IIoHATHO, UTO PYKaMHU [eJjIaTh 3TO [AaKe IJId HepBOfI
TBICAYH HaTYPaJ/JIbHBIX YK CeJI JOBOJIBHO O0JITO. Ho eciu
BbI HEMHOTO yMeeTe IIpOorpaMMHPOBaTh, TO MUHYT 3a
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IecsTh HaITHIIeTe IIPOoTPpaMMYy, KOTOopasi BEIITHIIIET BCe
MIPOCThIE YHCJIA, Ja’ke U3 IIEPBOTO MUJLIMOHA HaIIPHU-
Mep.

Ecyii mocMOTpeTh Ha HOJIYYUBIIHHICA y HAC CIIU-
COK IIPOCTHIX YHCEJI, TO 6yZ[eT BUIHO, YTO CHavasIa OHHU
LT IOBOJIBHO KY4YHO (2, 3, 5, 7), IIOTOM CTaJIL UATH
4yTh peXke, a B IIOCJEJHEM /IeCITKE eCTh JIUIIb OJHO
IIpocToe Yucyo — 97.

U KaskeTcs, UTO UeM JajIbIlle, TEM eIllé peske [0JDK-
HBI BCTpeUaThCs IIPOCThle yrciaa. Ho ecaiu BCIIOMHUTD
3aauy 25, B KOTOPO MBI JoKasasy, uTo uucsa 101, 103,
107 u1 109 aBygr0TCA IIPOCTBIMHY, CTAHOBUTCS IIOHATHO,
YTO BCE He TakK IIPOCTO.

Xoporirto. Mo>xeT 6bITh, TOTIa HA060POT, He ObIBAET
CJIUIIKOM OOJIBIIUX «IBIPOK» MeJKIY IIPOCTHIMU YHC-
JaMu? ECJIM IOCMOTPETh Ha IIPOCThIE UMCJIa U3 IIeEPBOM
COTHH, TO TaM camasi 60JIbIIas «IbIpa» MeKAy IIPOCTHI-
MU yucaaMu 89 U 97 — TaM I1eJIbIX CeMb COCTaBHBIX YH-
ces1 mozapsn! A 6p1BaeT Jiv 60J1bIIe? MOJKeT JIH, HalIpU-
Mep, OBITh AECATh IIOAPS UAYIITUX COCTaBHBIX YKCEJI?

OxaspIBaeTcs, UTO U [eCATh COCTAaBHBIX IIOAPST
MOJKeT OBITh, M UX He O4YeHb CJIOKHO HauTH. Ilocie
IUIOTHOM TPyHOBl HIPOCTHIX ywmcen — 101, 103, 107,
109, 113 - ciepyroIIuM IIPOCTHIM OyZeT TOJNbKO 127.
JleiCTBUTEJILHO,

114 =2 - 57, 115=5-23, 116 = 2 - 58,

117 =3 - 39, 118 =2 - 59, 119=7-17,

120 =2 - 60, 121 =11-11, 122 =261,

123 =3 -41, 124 =2 - 62, 125 =5-25,
126 =2 - 63.

HTak, MbI HaIllJIU TPpUHaAAIATh UAYIIUX IIOAPST CO-
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CTaBHBIX YHCEJ. A MOYKET JIU UX ObITh ABaAIlaTh? Wiu
CTO0?.. [aBaliTe pelIuM CIeyIOIIYI0 3a1aygy.

3aga4a 26. /[oKa’KUTe, UTO CYILeCTBYeT MUJLIUOH II0]-
PSS UAYIIHX COCTaBHBIX YHCeL.

Pemnenwue. /laBaiiTe 110iymaeM, KaKMUMH CBOMCTBA-
MU J0JDKHO 06J1aIaTh YHCJIO N, UTOOKI 1, (n+1), (n+2),
(n+3),... 6BLTHU cOCTaBHBIMU. Ecyti Ipo (n+1) He oueHb
TOHSATHO, TO JIJISI TOTO, YTOORI (N + 2) 6BIJI0 COCTaBHEIM,
JOCTaTOYHO C/lesIaTh N YETHBIM YHCJIOM. UT06RI (n + 3)
OBLIIO COCTaBHBIM, JOCTAaTOYHO CeJIaTh N YUCJIOM,
KpaTHBIM TPéM. KaskeTcs, MBI pellliIy 3axauy!

PaccmoTpuM 4umciio n = k! 1j11 HEKOTOPOTO HaTy-
panbHOrO k (HamoMHio, yto k! = 1-2 - ... k — 4uc-
JIO, paBHOE IIPOU3BEIEHUI0 BCeX HATYpPaJIbHBIX UUCeJI,
He IIPeBOCXOANTUX K, M Ha3bIBaeTCd lakmopuan). 3Ha-
YUT, YHCJI0 N TOYHO JeJTUTCd Ha 2, 3, 4, ..., k. Ho Torma

* (n+2) gemuTcs Ha 2;
* (n+3) gemutcs Ha 3;

e (n+4) genurcd Ha 4;

* (n+ k) genutcs Ha k.

To ecTb MBI HallIX (K — 1) UAYITUX ITOAPSIT, COCTaB-
HBIX umces. OcTanoch B3ITh kK = 1000001, 1 riosyuum
MIJUIMOH IIO/IPSZT UAYIIIUX COCTaBHBIX UM CEJ:

1000001! + 2,
1000 001! + 3,
1000 001! + 4,

1000001! +1 000 001.
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Ha camoM fiesie He 06g3aTeIbHO 661710 6paTh GpaKTo-
pHaJ. oCTaTOYHO O6BLJIO OTPAHUYUTHCS IIPOHU3Be/IeHU-
eM IIpocThIX. HarmpuMep, Bce ciIeyroIiiie Yrcjia TOYHO
SIBJITFOTCSI COCTaBHBIMM:

2-3-5-7-11+2, 2-3-5-7-11+3
2-3-5-7-11+4, 2-3-5-7-11+5
2-3-5-7-11+6, 2-3-5-7-11+7
2-3-5-7-11+8, 2-3-5-7-11+9
2-3-5-7-11+10, 2-3-5-7-11+11
2-3-5-7-11+12.

HTak, Mbl IIOHSAJIH, YTO MeXK[y IIPOCTBIMHU YHCIa-
MU MOTYT BCTPETUTHCS «IBIPEI» CKOJIb YTOAHO 60JIh-
LI0M JyIMHBL HO 03HaudaeT JIM 3TO, UTO 4YeM JajIblile,
TeM BCEé 60JIbIIINe PacCTOSHUS OYAYT MeXXIy COCeLHU-
MU IIPOCTHIMU? /laBaiiTe 3T0 06CcyquM!

UNCNA-BJIN3HELLbI

OueBUIHO, UTO COCeAHHE HaTypajIbHbIE YHCJIA
MOIYT 0Kas3aThCd IIPOCTHIMH, TOJBKO €CIM 3TO YHC-
Ja 2 U 3. [[eUCTBUTEJIbHO, OJHO U3 [IBYX COCETHUX
4uceJs SIBJISeTCS 4YETHBHIM. Ho cpemu 4ETHBIX YHCes
TOJILKO YHCJIO 2 SBJILeTCS IIPOCTHIM. 3HAUUT, eCIH He
cUuTaTh mapy (2; 3), He CylllecTByeT IIPOCTHIX YKCeJI,
OTJINYAIOITUXCS Ha eJUHUITY.

JIeTKo MO>KHO Ha¥TH Hapbl TPOCTHIX YHCEJ, OTJIH-
YaIoIUXCs Ha JIBa:

(3;5), (5:7), (11;13),  (17;19),

77



Bopuc TpywuH

78

(29;31), (41;43), (59;61),  (71;73),
(101;103),  (107;109), (137;139),

Takue IIapPBI HA3BIBAKOTCA l‘iuC./l(lJVlLl—6./luSHeLQClMlL

IIpu 3TOM GBIBAIOT JTAYKE «UHCJIA-TPOHHSIIIIKI»:
(3; 5; 7).

JlaBauTe pelnM CJIeyIOIIYIO 3a/1auy U IIOMMeM, 4acTo
JIA OHU BCTPEYAIOTCA.

3apmaua 27. Haligure Bce TaKHe HaTypaJIbHbIE UHCJIA P,
uTo umcia p, (p + 2), (p +4) npocTsle.

Pemrenne. IIokajkeM, 4TO M3 TPEX UHCE BUJA P,
(p+2), (p+4) Bcerma Kakoe-TO JieJIUTCS Ha 3. [[0IIyCTHUM,
YTO 3TO He TaK ¥ HU OJTHO U3 umcea p, (p+2), (p+4) He
nesuTcs Ha TpU. Ho ecstut (p + 4) He JTeJIUTCS Ha 3, TO U

p+l1=(p+4)-3

He fmenutcs Ha 3. To ecTsb p, (p+1) U (p + 2) He JIesISITCS
Ha 3. Ho 13 Tpéx 1ocseoBaTeJIbHBIX YHCeJ OJTHO BCe-
rna gesurces Ha 3. [IpHIIf K IpOTUBOPEeYHUIo!

3HaAYUT, KaK0e-TO U3 UHce p, (p+2), (p+4) meaurca
Ha 3 ¥ IIPU 3TOM ABJIIETCA IIPOCTHIM umcaoM. Ho 1po-
CThI€e YHCJIA IeJIATCA TOJMBKO Ha 1 1 caMo Ha cebd. 3Ha-
YUT, 3TO IIPOCTOE YHCJIO0 — 3TO 3.

PaccMoTpuM TpU ciayvas:

* Ecoiu p = 3, TO HaIlM 4uciaa — 310 3, 5 U 7 — Bce
npoctele. [ToaToMy p = 3 IOAXOIUT.

e Ecid p + 2 = 3, TO HaIIM yucaa — 3To 1, 3 u 5.
Ho guciio 1 He gBJIgeTCAa IIPOCTEIM. II03TOMY 9TOT
cry4yay He IOJXOHUT.
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* Ecoia p + 4 = 3, To Hamu yuciaa — ato (—1), 1 u 3.
Ho umciio 1 He sIBsIeTCS IPOCTHIM, @ YHCI0 (—1)
Jlacxe He HaTypasbHoe. [I03STOMY U 3TOT cay4dau
He II0/IXO/IUT.

[TosrydyaeM, UTO TaKOe BOSMO>KHO TOJIBKO IIPHU p = 3.
OTBerT. 3.

JTO 3HAUUT, UTO (3; 5; 7) — eIUHCTBEHHEIE «UHCIa-
TPOMHAIIKU».

Xopo1Io, KaK MBI BUIUM, «TPOMHAIIEK» IIOYTHU
COBCEM HET, a YTO MOJKHO CKa3aTh IIPO «IBOMHIIIEK»?
Mbl y>Ke IIOHSIJIM, UTO YHCeI-OJIM3HEI[0B J0BOJIBHO
MHoro. Ho HacKoJIbKO BX MHOT0? ECTh JIK caMble 60JIb-
IIye 4Yucsaa-6JIiM3Helbl, I10cJde KOTOPBIX IPYIUX YKe
HeT?

OxkaspIBaeTcCs, 4TOo 9Ta 3a/iaya 10 CHUX II0p He pellle-
Ha. ECTh rumoresa, 4YTo TaKUX I1ap 4yrces 6eCKOHEUHO
MHOTO, HO IT0Ka OHa He JJ0Ka3aHa.

HauboapIIMMU M3BeCTHLEIMH Ha rZ[aHHI:;IIh/'I MOMEHT

YrcIaMU-0JIU3HeIlaMH  SIBJIIeTCS CJIeAyloIlast Irapa
OTPOMHBIX YHCEJT:

(2996863034895 - 21290000 _ 1.
2996863034895 - 21290000 | 1)

Kaxxgoe M3 9THUX 4dmces Coflep XUT 388 342 1iudphl
B IecITUYHOM 3amucy. OHU ObLIN HaMeHbl B CEHTSIO-
pe 2016 rosia B paMKax IIpoeKTa J00pOBOJIbHBIX BEIUMC-
JieHu# PrimeGrid®.

1PrimeGrid — mpoexT 06POBOILHEIX PaCIpe/ieIeHHBIX BEIUHC-
JIeHUH, I1eJIb KOTOPOTO — IIOMCK Pas3/IMYHBIX IIPOCTHIX YK CEJI CIIeITH-
aJbHOTO BHU/IA. B HEM IPHUHUMAIOT YYaCTHE COTHU THICSY KOMITbIO-
TEpOB II0OYTH M3 BCEX CTPaH MUpa.
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Tak 4yTO BOIIPpOC O GECKOHEUHOCTH KOJIMYEeCTBA
4uces-0JIM3HEII0B [0 CHUX IIOp OCTaéTCsa OJHUM U3
MHOTHX OTKPBITHIX BOIIPOCOB MaTeMaTUKHU.

KT0 3HaeT, BO3MO>KHO, KTO-TO U3 UHTaTeJer 3TOU
KHUTH BCepbE3 3aHTEpPeCcyeTCs TEOPUeH Yuces U JI0-
Ka’KeT 3Ty THUII0Te3y Yepes Iapy AeCITKOB JIET.

Hy a moka /iaBafiTe IioperraeM 6oJiee IIpoCThIe 3a-
IaYy O MIPOCTHIX YKCTIAX.

3AAA4YN O MPOCTbIX YHACNAX

3amaua 28. BaHs B3sI [jBa JikcTa OymMard U HapuUCO-
BaJl HA HUX 4YeThIpe pasjvyHble TUOPHI — 10 OLHOMI
Ha Ka’K/I0M CTOPOHE Ka’KAoro JIMCTa. BaHg yIBepKza-
eT, UTO BCe IBY3HAUHbIE YK CJIa, KOTOPble MOYKHO I10JIY-
YUTH, Pa3I0’KUB Ha CTOJI€ 3TU JIUCTHI, OYAYT IIPOCTHI-
MH. [JOKa’XUTe, YTO OH He IIPaB.

Pentenue. /laBatiTe IOMMEM, KaKHUe ITUQPPHI TOUHO
HeJIb35 UCII0JIb30BaTh. MBI 3HaeM, YTO YHCJIa, OKaHUHU-
Bariuecsd Ha 0, 2, 4, 6 Wian 8, YETHHL, II09TOMY He MO-
I'yT OBITH IPOCTHIMU. A UK CJIa, OKAHUYMBAKIIHeCT Ha 5,
KpaTHBI IIITH U TO’Ke He MOIYT OBITh IPOCTHIMU. 3Ha-
4UT, ecyid BaHs1 HaprcoBasI KaKyo0-TO U3 3TUX TUQP, TO
MOYKHO PasJyIoKUTh Ha CTOJIe JIUCTHI TaK, UTO IIOJIYUUB-
Iieecsd ABY3HAYHOe OyJeT 3aKaHUWBAThLCSI Ha OJHY U3
3TUX IIUPP U II03TOMY OYAET COCTaBHBIM.

Ecuiu ke BaHd He pricoBasl HU ofHy U3 uodp 0, 2, 4,
5, 6, 8, TO y HET0 OCTAeTCd JIUIIL YeThIpe BO3MOKHEIE
mudpsi — 1, 3, 7 1 9. 3HAYUT, BCe OHU JOJKHEI OBITH Ha-
pHCOBaHEBI HA JIUCTAX.
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Ecou udpe1 3 1 9 HapuCcoBaHbI Ha pasHbIX JIMCTAX,
TO M3 HUX MO>KHO CJIOKUTE COCTaBHBIe umcyiaa 39 u 93.

Eciu xe mudpsl 3 U 9 HapUCOBaHBI HA OJHOM
JIUCTe, TOTJAa Ha IPyroM HapHcOBaHBI ITUGPEI 1 u 7.
Ho B aTOM ciiyuae MOXKHO CJIOJKUTH COCTaBHOE YMCJIO
91=7-13.

Taxkum 06pa3om, B JII060M CJIyIae MbI MOYKEM II0JIy-
YUTH COCTABHOE IBY3HAYHOE YK CJIO0, Pa3JIOXKUB Ha CTO-
Jle 3TU JIUCTHL. 3HauUuT, BaHq He IIpas.

3agauva 29. Hariure Bce TaKHe HaTypaIbHbIe YKCIA P,
4TO p U (p? + 2) IpOCTHIe.

IepBoe pemenue. Eciu p = 3, To unco p? +2 = 11
IIpocToe.

Ecsm >xe p # 3, TO p He fesuTcd Ha 3. PaccMoTpuM
JiBa ciy4as.

* [IpocToe 4uCI0 p JAET OCTATOK 1 IIpU [esleHUuU
Ha 3. To ectb p = 3k + 1 IIp1 HEKOTOPOM Hary-
pasibHOM k. Torma

pP+2=0Bk+1)?+2=9k>+6k+1+2 =
=9k?>+6k+3=3-(3k*+2k+1)
JleJINTCA Ha 3 U He paBHO TPEM. 3HAUUT, YUCJIO

(p* +2) cocraBHOe.

 [IpocToe 4uCI0 p JAET OCTATOK 2 IIPU [eJleHUU
Ha 3. To ecTb p = 3Kk + 2 IIpU HEKOTOPOM I1€JIOM
HeoTpuUIlaTeJIbHOM k. Torga

pP+2=(3k+2)?+2=9k*+12k+4+2 =
=9k* +12k +6 =3 - (3k* + 4k +2)

JleJINTCA Ha 3 U He paBHO TPEM. 3HAUUT, YUCJIO
(p? + 2) cocraBHOe.
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[MosToMy umcia p U (p? + 2) OHOBPEMEHHO SIBJIS-
FOTCSI IIPOCTHIMU TOJIBKO IIPU p = 3.

Bropoe pemrenue. Tax ke, KaK U B IIEPBOM peIlle-
HUH, y6eXKiaeMcsl, YTO p = 3 IIOAXO/IUT U YTO OCTAeTCs
pPaccMOTpeTh CIyJya, KOIfa p He JeTuTcs Ha 3.

W3 Tpéx mocsenoBaTe bHBIX yncesa (p—1), pu (p+1)
KaKoe-TO fesuTcd Ha 3. MBI 3HaeM, 4TO 3TO He p. 3Ha-
4UT, KaKoe-To u3 unces (p — 1) u (p + 1) genurcd Ha 3.
Ho Torga u nmpousBezieHue (p — 1)(p + 1) mesnurcsd Ha 3.
A 3HAUUT, ¥ YHCJIO

p’+2=p*-1+3=(p-1(p+1)+3

Iesutcd Ha 3. U Ipu 3TOM OHO 60JIbIlle, UeM 3. 3HAUUT,
OHO COCTaBHOE.

IMosToMy umcia p U (p? + 2) OHOBPEMEHHO SIBJIS-
FOTCSI IIPOCTHIMU TOJIBKO IIPH p = 3.

OTBeT. p = 3.

3amaua 30. HariguTe BCce IPOCTHIe UMCsIa, KOTOpPBIE
HeJIb3s IIPeJCTaBUTh B BUJlE CYMMEBI IBYX COCTaBHbBIX
YucCeJl.

Pemuenwue. IIpocTeie uncia 2, 3, 5, 7 He IIOJIYYUTCI
IIpe[CTaBUTEL B BHUJle CYMMBI JBYX COCTaBHBIX UHCEJL,
IIOTOMY UTO CaMOe MaJIeHbKOe COCTaBHOe UHUCJIO0 — 4,
II03TOMY CyMMa JIFOBIX IBYX COCTaBHBIX He MEHBIIIE,
yeM 8.

Ciienyroiriee mmpocToe 4ucjao — 11. Ero Toxke HeJb3s
IpeCTaBUTh B BUJIE CYMMbI BYX COCTaBHBIX UHCEJL.
JleiCTBUTEJIbHO, CTh TOJBKO IISITh COCTaBHBIX UHCEJI,
KOTOpBIe He IIpeBocXomgar 11, — ato 4, 6, 8, 9, 10. CyMm-
Ma JII0OBIX IBYX M3 HUX JIN00 UETHA, TUO0 He MeHbIIIe,
yeMm 13.
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Uucsio 13 y>Ke MO’KHO IIpe[ICTaBUTh B TAKOM BHUJE:
13 = 9+4. boJsiee TOrO, ITIOHATHO, YTO ¥ OCTaJIbHEIE IIPO-
CThIe YMCJIa MOKHO Oy/IeT TaK IIpeCTaBUTh.

JleCTBUTEJILHO, ITIYCTh IIPOCTOE Yuciao p > 13, To-
raa gyuciio (p—9) 4ETHOe U OHO He MeHbITIe, 4yeM 4. 3Ha-
4uT, (p — 9) - cocTaBHOe yuci0. [IoaToMy Jito60e IIpo-
CTOEe YMCJIO p > 13 MOYKHO IIpe[ICTaBUTEH B BH/le CYMMBI
IIBYX COCTaBHBIX YHCEJL:

p=9+(p-9).

B uTore Mbl IIOKasasd, YTO CYIeCTBYET TOJIBLKO
IIATH IIPOCTHIX YMces: 2, 3, 5, 7 ¥ 11, KOTOpble HeJb3sd
IpeACcTaBUTEH B BUJIE CYMMBI IBYX COCTAaBHBIX YHCeJI.

OtBerT. Ynicia 2, 3,5, 7 1 11 Helb3d IIpeCTaBUTEH B
BUJIe CYMMBI IBYX COCTaBHbIX UHCeJL.

3amaua 31. IIpaBpa Jiy, UTO IIPU BCeX IIeJIBIX N YUCIIO
2
n“+n+41
SIBJISIETCS IIPOCTHIM?

Pentenue. He BepuTCs, YTO 3TO TaK. XOTs 6bI IOTO-
My, 4TO MHaue y Hac 6bL1a 661 GOpMyJIa, C IIOMOIILI0
KOTOPOM MO’KHO OBLJIO 6bI HAWTU CKOJIb YTOJHO 60JIb-
IIIFe IPOCThIe UMCiIa. A JIFO/IU TI0Ka He HAYYUJIUCH 3TO
IesaTh. [IoaToMy X04eTcd IT0f,06paTh TaKoe I[eJIoe YKC-
JIO N, IIPH KOTOPOM 9HCJI0 (n?+n+41) 0KaykeTcs CocTaB-
HBIM.

[Tonpo6yeM IIOICTaBUTh B (n®+n+41) «MaleHbKHE»
3HAYEeHHSI N:

=0: n*+n+41=0+0+41=41 -mpocToe;
1 n>+n+41=1+1+41=43 -mpocroe;
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n=-1: n*+n+41=1-1+41=41 -1mpocToe;
n=2 n*+n+41=4+2+41=47 -1pocToe;
n=-2: n*+n+41=4-2+41=43 —1mpocToe;
n=3 n’+n+41=9+3+41=53 -mpocroe;
n=-3 n’+n+41=9-3+41=47 -1mpocToe;
n=4: n2+n+41=16+4+41=61—npOCToe;
n=-4 n’+n+41=16—-4+41 =53 —mpocToe.

Iloka IIOJIy4alOTCd TOJIBKO IIPOCThIE YHCJIA. KaxkeTtcs,
YTO IIPOCTO TaK MBI He yrajgaeM, KakKoe 3Ha4deHHeE n
HY’KHO B3A4Th.

[JlaBaliTe HEMHOro Iipeo6pasyeM Hallle BbIpake-
HHUe:
n+n+41=n(n+1)+41.

A B TaKOM BHJIE y>Ke 0UeBHUTHO, UTO €CJIU MBI BO3bMEM
TaKHe 3HaYeHHUsd n, uTo Jubo n = +41, iubon+1 = +41,
TO IOJIYYUTCS YUCJIO, Aesisdineecs Ha 41:

n=41: n(n+1)+41=41-42+41 =41 -43;
n=-41:n(n+1)+41 = (-41) - (-40) + 41 = 41%;
n=40: n(n+1)+41=40-41+41=41%
n=-42:n(n+1)+41 = (-42) - (-41) + 41 = 41 - 43.

[ToaTOMY He IIPH BCeX IIe/IbIX N uucio (n? + n + 41) ss-

JIAAETCA l'IpOCTBIM1 .

OTBeT. HeT, He IIpU BCEX ITeJIbIX N YHUCJIO ( n?+n+41)
SIBJISIETCS IIPOCTBIM.

3amgada 32. /loKa’kuTe, 4TO eCJIU I HEKOTOPOTO Ha-
TypaJbHOT0 Yucaa n uucio (n! + 1) geaurcsa Ha (n+ 1),
TOo (n+ 1) — MpocTOe YHUCIO.

1Ha camoM fiesTe, ecir GBI MBI IIPOOJKIITH TIePeGHPATh «Ma-
JIeHbKHe» 3Ha4eHUs N, TO 9TO IIPUILIOCH OBl AesaTh LOBOJIEHO
IoJITO. /[eJI0 B TOM, UTO JJISI BCeX ITeJbIX n oT (—40) 1o 39 umcio
(n? + n + 41) IBITETCS TPOCTHIM!



ITPOCTBIE UM CJIA

Pemrenue. IIpefIrosioKUM, UTO CYIIleCTBYeT TakKoe
HaTypaJbHOe YHCJIOo N, uto (n! + 1) geautcs Ha (n + 1),
HO IIPH 3TOM YucJo (n+ 1) coctaBHoe. Torma (n+ 1) me-
JINTCSI HAa HEKOTOPOe I1eJioe Yucio d, TaKoe, UTo

1<d<n+1.

Ho n! - 3T0 Ipou3BeieHUe BCeX HATYPAJIbHBIX UU-
ceJl, He IIPeBOCXOAIIUX N, a 3HAYUT, YUCJIO d eCTh B
3TOM IIpousBefieHUU. To ecThb n! mesurcs Ha d. Ho To-
raa yucsio (n! + 1) maét octatok 1 opu fesieHUU Ha d U
He MOKeT Ha Hero JeJIUThC.

IIp¥ 3TOM I10 YCIOBHIO 3a/Ia4H YKcJIo (n!+1) meauT-
csiHa (n+ 1), a 3HAYUT, OHO JI0JDKHO JIEJTUTHCS U HA d,
KOTOPOe SIBJIIETCS flesiuTesieM unucia (n + 1). Hpunuiu
K IIPOTUBOPEYHIO.

3HAUUT, He CYITECTBYET TAKOT0 HATyPaJIHLHOTO YHC-
Ja n, uto (n! + 1) genutcs Ha (n + 1), HO IIPHU 3TOM YHC-
Jo (n+ 1) cocTaBHOE.

3amaua 33. Ilyctb p1 =2, p2 =3,p3=5,pa=7,...,TO
eCTb px — 9TO k-e IIpoCToe YUciIo. JloKaKuTe, UTO JJId
Jr060r0 n > 1 BEepHO HEpaBEHCTBO:

Pn+1 < P1DP2--- Pn.

Pentenue. HaliigM Kakoe-HUOYAb YKCJI0, KOTOPOE
MeHBbIIIe, YeM IIPOU3BEeHUE P1P2 . . . Pn, A IIPU ITOM HE
[eJIUTCS HU Ha OJHO U3 IIPOCTHIX pP1, P2, ---, Pn- JIETKO
IIOHSTD, UTO IIOJAOUIET UKCJIO

pipz...pn— 1.

JleiCTBUTEILHO, OHO He JeJIUTCI HU Ha OJHO U3
OPOCTHIX pi (tme k oT 1 10 n), HOTOMY YTO OHO Ha e[iH-
HUIly MeHBbIIle YKciIa, KpaTHOIO Pg.

85



Bopuc TpywuH

TaxkuM 06pa3oM, Uucio (p1ps ... pn — 1) IH60O ABJIS-
eTcs IIPOCTHIM, KOTOPOe O0JIbIIle BCeX Umces py (tme k
oT 1 70 n), a 3Ha4UMUT, OHO II0 KpaliHeld Mmepe (n + 1)-e
npocToe 4ucao. To ecTb ppy1 < p1pP2--.-Pn — 1. JIubo
(p1p2 - .- pn—1) — cocTaBHOE YHCII0, KOTOPOE He JIeJIUT-
Cs1 HU Ha OJTHO U3 IPOCTHIX pi (tie k ot 1 go n). Ho oHO
IOJDKHO JeJIUTHCS Ha KaKoe-HUOYAb ITPOCTOE UHCIIO P
(cMm. 3atauy 22 Ha cTp. 63). Torma p He paBHO HU OJHOMY
us pi (toe k oT 1 10 n), TO eCTh OHO II0 KpallHel Mepe
(n + 1)-e mpocToe umcIIo.

B s11060M cirydae MBI ITOJTy4aeM, 4YTo

Pn+1 < P1D2--- Pn-

YTo U TpeboBaIoCh [0KA3aTh.

A cJIeyronye 3aJjauu IMOMPOOYHTe PENIUTh CaMO-
CTOSITEJTHHO.

3agava 34. HaiiguTe Bce TakKue HaTypabHBIE p, UTO
umcia p u (3p + 1) opocThle.

3apmaua 35. HalinuTe HauMeHBIIIee IIPOCTOe YHCI0, KO-
TOpOe MOJKHO IIPe/ICTaBUTEL B BHUJle CYMMBI CEMHU pas-
JINYHBIX IIPOCTHIX YHCEJL

3agaya 36. HailijuTe Bce IIPOCTBIE YHCJIA, KOTOPBIE
MOYKHO IIpeJCTaBUTh U KaK CYMMY [BYX IIPOCTBIX
4YHCeJsI, U KaK PasHOCTD [IBYX IIPOCTHIX YHUCEJL.

3amada 37. JJoKa)XuUTe, UYTO OCTATOK IIPHU JIeJIEHUU ITPO-
cToro uucsa Ha 30 — 3To JI60 IIPOCTOe YUCJI0, IU60 1.

3amada 38. /lokakuTe, YTO €CJIU HAaTypabHOe YHUCJIO0 N
60JIbITIe YETHIPEX U ITPU 3TOM ITapa (n—1; n+1) —yucia-
6JIM3HEIIBI, TO N AeJIUTCS Ha 6.



OCHOBHAHA
TEOPEMA
APADOMETUKN







9TOM IVIaBeé IIOTOBOPHM IIPO OAWH Ba’KHBIM

GaKT, KOTOPBIHA ITOCTOSHHO HCIIOJIb3YeTCS B
IIIKOJIe, HO TaK MCTOPUYECKH CJI0XKHIOCh, YTO 6OJIb-
IITMHCTBO IITKOJIbHUKOB JIa)Ke He 3HAIOT O ero CyIIe-
CTBOBaHHUU. TO €CTh OHHU €r0 ITOCTOSIHHO KCIT0/Ib3YIOT,
HO Ha KaKOM-TO MHTYUTHBHOM ypoBHe. OHU He TIOHH-
MAaloT, YTO 3TO HE UTO-TO CaMO COGO¥ pasyMeroIreecs,
a JIOBOJIBHO CJIOKHOE YTBEPIKIeHUe, KOTOPoe HY>KHO
IIOKa3LIBaTh.

JleJlo B TOM, YTO COOTBETCTBYIOIIMU pasies Ma-
TeMaTHKU HM3y4daeTcs B IIIKoJe B 6-7 Kiaaccax, KOIfa
IIKOJIBHUKH eIé TOTOBBI 0€30r0BOPOYHO BepPUTH
YUHUTEJII0, 8 YUUTEJII0 IIPOoIlie He aKI[eHTUPOBaTh BHU-
MaHHe Ha TOM, YTO 3TO JeMCTBHUTEJBHO CJIOXKHAA U
Ba’KHas TeopeMa.

XOTs eCTh U TaKHe YUuTeJsIsl, KOTOpble YecTHO $pop-
MYJIUPYIOT 3TOT GaKT ¥ YeCTHO TOBOPAT: «MBbI IPUMeEM
€ro Ha Bepy, IIOTOMY UYTO /I0KAa3aTeJhCTBO CJIUIITKOM
CJIOKHO JIIA BaIllero Bo3pacTa». Hampumep, Korma s
IperiofiaBajJl MaTeMaTUKy B IIIKoJe, & UMEHHO TaK U
neJadl.
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MHe TakoM ITOXOJ] K IIPENOJaBaHUIO B IITKOJIE
CJIOKHBIX T€M BHUJIUTCS 60Jiee TIPaBUIbHBIM: BCIKUHU
pas, Korjga MoHUMAaelb, YTO ayAHUTOpPHs He TOTOBa K
TOMY, UTOOBI IIOHSITH CJI0KHOE /I0Ka3aTe/IhCTBO HEKO-
TOPOTO Ba)KHOTO YTBEpP KAEHUS, He eJaTh BHU, UTO
OHO OYEBH/THO W Heuero TYT /I0Ka3bIBaTh, a UeCTHO
MPU3HATh, UTO J0Ka3aTeJhCTBO CJIOKHOE M MBI TI0Ka
€r0 OITyCTHM.

B pesysibTaTe Bce IITKOJIbHUKU JIEJISITCS Ha JIBe TPYII-
1L BOJIbIIIast 9acTh IIKOJILHUKOB! BOO6IIle He 3a/IyMbl-
BaeTCs 0 CYI[eCTBOBAHUU 3TOT0 GaKTa, XOTSI OHHU I0JIb-
3YIOTCSI UM IIOCTOSTHHO.

OcTasbHBIE JKe 3HAKT, YTO eCTh TaKoM QakT, YTo
9TO CJIOJKHAs TeopeMa, [0Ka3aTeJIbCTBO KOTOPOM OHU
HUKOIZA He BUJIeIU U BPS/L JIU YBUIAT, IOTOMY YTO OHa
BBIXOJJUT 3@ PaMKH IIIKOJIbHOM IIporpaMMBbl. CaM 4, Ha-
IIpHUMep, KOT/Za Ob1JI IIIKOJIBLHUKOM, OBLJI U3 3TOM BTOPOU
IrpynIisl. /loKasaTeabCTBO TEOPEMEI s Y3HAJI YoKe CHJIb-
HO II03Ke.

Ha caMoM [iesie eCTh TpeThbs, OUeHb MaJjleHbKas
IpylIia IIKOJIBHUKOB — Te, KTO YYMTCA B CHJIBHBIX
MaTeMaTH4YeCKUX KJaccaX W/IHM IIPOCTO caM IIy6o-
KO HHTepecylTCd MaTeMaTUKOH M eMy paccKasalu
[l0Ka3aTeJIbCTBO 3TOM TeopeMbl. XOTsI, HaBEepHO, He
B 6-7 KJIaccax, a KOT/ia OHU OBLIM yKe UyTh IIOCTapIIIe.
Ho MX HAaCTOJBKO MaJso, YTO MOXKHO CUHUTaTh, YTO
TaKHUX IIOYTH HeT.

Hayieroch, 4TO 3TOTO 3aTSHYBIIIET0CsS BBefeHUs Oy-
IeT I0CTaTOYHO, UTOOBI BBl IIOHSIIH, YTO 3TO JeHCTBU-
TeJIbHO He OYeHb IIPOCTOe YTBEP)KIeHUe, U COBCeM He
CTPAIIIHO, eCJIX BhI C IIepPBOT0 pasa He IIOMMETe HEKOTO-

1Ha camoM JeJte He TOJIBKO IIKOILHHKOB, HO K CTY/IeHTOB IIPO-
GUILHBIX BY30B, U Ja’Ke YUUTEIeH.
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pHlIe IIIaTH JloKasaTeabCTBa. bosiee TOro, laske €CJIU BB
€r0 IOJIHOCTBIO IIPOITyCTUTE, BBl BCE paBHO OyzeTe I10-
HUMaTh CoJiep>KaHue BCeX 0CTaJbHBIX IJIaB 3TOM KHU-
TH.

JlaBaiiTe y)Ke IlepeliiéM K caMoMy QaKTy.

OcHoBHas TeopeMa apudmeruku. Jroboe Ha-
TypaJIbHOe YHCJIO, OTIMYHOe OT 1, eMHCTBEHHBIM
06pasoM (C TOYHOCTBIO [0 IIOpPsSfKa COMHOKUTEJIEN)
MO>XHO pasyIOKUTh Ha IIPOU3BeJieHHe IIPOCTBHIX YH-

ceit.

TakuM 06pa3oM, TeopeMa YTBEpPIKJaeT, UTo Jrb0e
HaTypaJIbHOe YHCJI0, KpoMe 1, MO>KHO IIpe/iCTaBUTh
B BHU/Ie IIPOU3BeJIeHUs IIPOCTHIX YMCEJ U CYIeCTBYET
TOJILKO OJJUH Ha6Gop IIPOCTHIX UMCeJI, IIPOU3Be/leHIe
KOTOPBIX JJaéT 3TO HaTypaIbHOEe YHUCJIO.

To ecTh, II0 CYTH, TYT [[Ba YTBEP)KAEHUSI — Cyuie-
cmeoeaHue PasJIoKeHHUsI Ha IIPOCThble MHOXKUTENH U
€r0 e0UHCMBEHHOCMD.

Tak BOT, Yy HIIKOJIBHHKOB O0OBIYHO He BO3HUKAaeT
BOIIPOCOB IIO IIOBOAY CYIIECTBOBAaHMA pPas3/I0’KeHHA
Ha IIPOCTHIE: Ka)K,ZLBII‘/JI pas3, Korjga MM HY’KHO OBLIO

1IIpu 3TOM ecytu caMo YHCJIO IIPOCTOE, TO MBI CUHTAEM, UTO OHO
IIpeJICTaBJIIeTCS B BUJIe «IIPOU3BEJIEHUI», B KOTOPOM OJJUH «MHO-
SKUTEJIb>.

WHorma B GOpMY/IHPOBKE 3TOHM TEOPEMEI JlaXke ITUIITYT «MO>KHO
PasyoKUTL Ha NPOM3Be[leHHe HEeCKOJBKHX IIPOCTEIX Yuces». B
9TOM IUIaHe B MaTEMATHKE CJIOBO «HECKOJIBKO» YaCTO UCIOIb3YeT-
s He B TOM CMBICJIe, KaK MHOTHE ITPHUBEHIKIIH.

Jl1s1 OGBIYHBIX JTI0JeH «HEeCKOJIBKO» — 3T0 HEKOTOPOe HeGoJIbIIIoe
KOJIMYECTBO, GOJIBIIIE [[BYX, HO MEHBIIle JIeCSTH, HarpuMmep. Ho B
3azayax II0 MaTeMaTHKe dppasa «HeCKOJIbKO YUCesI» 03HAYAET, UTO
YHCesI MOYKeT OBITh JIF060e KOHEUHOEe KOJIUYECTBO, GOIhIIee HYJIS.
MooKeT GBITH KaK OZHO YHCJIO, TAK U MIJLTHOH YHCeJL.
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PasyioKUTh Ha MHOXKUTENIH, ¥ HUX 3TO II0JTyYaJIoCh!
Korzia ux mpocsaT pasiosKUTh YHCII0 Ha IIPOCThIe MHO-
JKUTEeJH, TO OHU IIPOCTO 6epyT U pacKIafblBal0T. OHU
O0OBIUHO He 3aJyMBIBalOTCA O TOM, JIF0O0€e JIM YHCIIO0
MO>KHO Pa3jIoXKUTh. [IJI1 HUX 3TO TaK >Ke eCTeCTBEHHO,
KakK JIBa’k/Ibl IBa — UETHIpeE.

A y>K 0 e[MHCTBEHHOCTH PasJIOKeHHs BOOOIIle HU-
KTO He 3afyMbIBaeTcA. ECJIM CIIPOCUTH INKOJIBHUKOB,
JleJIUTCA JIX Yucyo 5 - 7 - 11 - 13 Ha 3, Bce cpasy oTBe-
TAT: «KoHeuHo, HeT! BeZlb B pasIo’KeHUHU Ha IIPOCThIE
MHOKHUTEJIN 3TOT0 YUCJIa HeT MHOKHUTEJI 3».

Ho nmouemy, ecyiv B passioyKeHHUH YMCJIa Ha IIPOCThIe
HeT MHOXXUTeJId 3, TO YMCJI0 He JTeJuTcd Ha 3? Ec/iu MbL
He 3HaeM OCHOBHOU TeopeMbl apUMeTHKH, TO KaK I10-
HATBH, II0UeMY TaKO0e YKCJIO He JeJIUTCI Ha 3, He BBIUUC-
JISIS1 eT0 B SBHOM BH[Ie U He IIPOBepPss 1eJIMMOCTD Hello-
cpelcTBEeHHO? MOJKeT OBbITh, Y HEr0 eCTh KaKoe-TO JIpy-
roe pasJoyKeHHe U 3TO YMCJIO PaBHO, HAIIPUMeD, eIré
u3-19-89.

BOT 9T0O HaZ10 YETKO ITOHATH, YTO €CJIA YHCJI0 PAaBHO
IIPOU3BeIeHUI0 IIPOCTHIX 5, 7, 11 1 13, TO U3 3TOr0 HU-
KaK HallpssMYIo He cjleflyeT, YTO OHO He JIeJIUTCA Ha 3.

U BOT TYT, eCcJU BBl JIOCTAaTOUHO YBEPEHHO YiKe
peliraeTe 3aJjayu 110 TEOPHHU UHCEJI, HO BIIEPBHIE OCO-
3HaJIM, UTO OCHOBHAsI TeopeMa apuPMeTUKHU — ITO He
KaKoe-TO 0YeBHU/THOE YTBEeP>KIeHHE, TO MOKeTe IT0CTa-
BUTH IKCIIEPUMEHT. 3aKpOHTe KHUTY U IOIPOOYyHTe
CaMOCTOSITEJIFHO /I0Ka3aTh 3Ty TEOPEMY.

IToutu HaBepHKAa BbI «JOKa’kKeTe» eé. To ecTh BaM
IIOKa>KeTCsl, UTO BEI eé JOKa3aJIH. Ho ecysix BBl BHUMa-
TeJIbHEeE U3y4uuTe CBOé O0Ka3aTe/JbCTBO, TO, CKOpee BCe-
IO, BEI O6Hapy>KI/ITe, YTO BHYTPH [I0Ka3aTeJIbCTBa TeO-
PeMbI BBl HECKOJIBKO pPas eé Xe U HCIIOJIB3yeTe. Bam
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OUYeHb CJI0KHO eé He HCII0Ib30BaTh. /IJIs Bac 3TO UTO-TO
caMo cob60i pasyMeroleecs. Bam OyzeT Heslerko mepe-
CTaTh eé MCII0Ib30BaTh, fa’ke KOIZa Bl eé ToKasblBae-
Te.

BBI HAaCTOJIBKO BepUTe B 3TO YTBepPKAeHIe, UTO He
3a[yMbIBasiCb TOBOPUTE, UYTO «ECJIH [eJIUTCI Ha 2 MU Ha 3,
TO OHO JIeJIUTCSA Ha 6». XOTA 3TO He TaK YK U OquI/I,ELHol,
€CJIM He UCII0JIb30BaTh OCHOBHYIO TeOpeMy apudMeTH-
Ku!

IIpHUCTYyIIUM K J0Ka3aTeJIbLCTBY!

AOKASATE/IbCTBO
CYLLLECTBOBAHWA PA3/TOXXEHWA
HA NMPOCTbIE MHOXWUTENN

HpO MaJIeHbKHE 4YHC/Ia MBI TOYHO 3HA€M, UTO HX
MOZKHO Pa3J/IO’KUTH Ha IIPOCThI€ MHOKUTEJIH:

2=2; 3=3; 4=2-2; 5=75;
6=2-3; 7="17; 8=2-2-2; 9=3.3;
10=2-5; 11=11; 12=2-2-3;

[Ipe/IIIoJI0KUM, UTO MBI HE CMO’KeM TaK IPOJ0JI-
>KaTh 10 6€CKOHEUHOCTH. U ITyCTh N — IIe€pBOE YHCJI0, KO-
TOPOe HEBO3MO>KHO Pa3JIOKUTh. To eCTh /IS BCeX HATY-
PaTbHBIX YHCETI OT 2 710 (n — 1) KadK10e YKCJI0 pacKiIa-
IBIBAETCS B IIPOU3BeIEHHE ITPOCTHIX, @ UHCJIO N yrKe He
pacKIagbIBaeTCs.

1Mzt cheJsiaeM 3TO B 3azade 39 Ha cTp. 95
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ITocMOTPHUM Ha 3TO 4YHcjI0. EC/IM OHO IIpOCTOe, TO
OHO y>Ke PasJIo’KHUJIOCh B IIPOK3Be/leHIe IIPOCTHIX. 3Ha-
YUT, OHO COCTaBHOE.

Torga ero MO>XHO IIpeICTaBUTH B BUJle n = ab, T1ie
au b - HaTypaJbHBIe YHCIa, KOTOPhIe 60JIbITe, ueM 1,
HO MeHbIIle, YeM YHCJIO n. Ho MBI 3HAaeM, UTO KaK/Ioe
YHCII0 OT 2 /10 (n— 1) packyIaZIBaeTCs B IIPOHU3Be/IeHUe
MIPOCTHIX. 3HAYUT, ¥ YHCJIA d ¥ b TaK PacKIaIbIBAIOTCS.
Ho Torma 1 4uciio n MO>KHO IPeJICTaBUThL B BUJIE TIPO-
HU3BeJIeHUs BCeX MHOYKHUTEJIEH 13 Pa3jIo>KeHHs YHCIa d
U BCeX MHOJXUTeJIed ynucia b.

TakuM o6pa3oM, Hallle IIpPeAIIoJIosKeHe, YTO Hal-
IETCI YHCJI0, KOTOPOe He ITOJYYUTCS Pas3ioKUTh, ObI-
JIO JIO>KHBIM. /IpyTEMU CJI0BaMH, MBI JOKa3aJIHy, 4To JIF0-
60e HaTypaIbHOE YUCJIO, OTIMYHOE OT 1, MOXKHO pasJyIo-
JKHATBH Ha IIPOU3Be/leHHe IIPOCTHIX YHCeJL.

9Ta yacTh JOKa3aTeIbCTBA OKa3aJach He TaKOH YK
U CJIOKHOM!,

MWP BE3 OCHOBHOI TEOPEMbI
APNPMETUKIN

Cetiuac O6BI caMoOe BpeMs IIepetTH K JoKa3aTesb-
CTBY €MHCTBEHHOCTHU Pa3JIo’KeHUsI Ha IIPOCThle MHO-
JKUTeJH, HO JaBaliTe HEMHOTO OTBJIEUEMCS U IIOTOBO-
P¥M 0 TOM, KakK OBLI0 O6BI CJI0KHO pelIaTh 3aJadl, ec-
JT1 6BI HeJIb35 OBLIO0 HCII0JIF30BaTh 0CHOBHYI0 TEOpeMY
apUOMETHUKH.

IMo>xHO 6BLIO GBI JlOKas3aTh CyIeCTBOBAaHME Pa3jIoKeHHUs Ha
IIPOCThle MHOKUTEJIH, BOCIIOJIL30BABIINCE 3a7jauei 22 Ha CTp. 63.
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3amada 39. [lokakuTe, YTO eCJIM HaTypaslbHOe YHCJIO0
JIeJIUTCSI Ha 2 ¥ Ha 3, TO OHO JeJIUTCA Ha 6.

Pemienue. /[aBaiiTe IOMMEM, YTO MBI 3HAeM. A 3Ha-
€M MBI JIUIIIb TO, UTO eCJIM HaTypabHOe YHCJIO0 N fe-
JIUTCS Ha 2 U Ha 3, TO CyI[eCTBYIOT TaKHe K U m, UTO
n=2kun=3m.

JUIsI TOTO UTOOBI I0KA3aTh, UTO N IeJIUTCS Ha 6, MOK-
HO U060 JI0Ka3aTh, UTo k TesnTCs Ha 3, 1160 T0Kas3aTh,
YTO M JAeJIUTCI Ha 2. ITO He TaK CJI0KHO c/eJaTh, Ie-
pebpaB ocTaTKu (HalpuUMep, IIPEAIIONI0KUB, YTO M —
HEUETHOe YUCJIO0, U TPUAS K IIPOTUBOPEYUIO), HO MBI
o6cynuM 60J1ee YHUBEPCAJIbHBIN METO/I,

Tak kak n = 2kun = 3m, To 3n = 6k u 2n = 6m.
3HauuT,

n=3n-2n=6k—-6m==6(k—m)
JleJIuTCd Ha 6.
Bupnure, mayke 1j1d 2 ¥ 3 II0JIy4aeTcs LJOBOJILHO CO-
Lep>KaTesIbHOe paccykzaeHue. Ho jaBaliTe IOCMOTPUM,

KaK 3TO paccy’kK/jeHHe IIepeHOCUTCs Ha 60JIee CJI0JKHBIe
CIIy4au.

3amaua 40. [loka’kuTe, UTO eC/IM HATypaIbHOEe YHCJIO
Jeautcd Ha 10 1 Ha 13, To oHO gesnuTca Ha 130.

Pemenue. IIyCTh /IJI9 YHCIa N1 BEPHO, YTO
n:10, n:13.

Torma

13n: 130, 10n : 130.
CiemoBaTesibHO, 13n — 10n = 3n meautcd Ha 130. Ho
Torga M uucio 3 - 3n = 9n geautcsa Ha 130.
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OcTasIoCh 3aMEeTUTh, UTO U3 IEJIMMOCTU uyuces 10n
u 9n Ha 130, cienyert, uto 10n — 9n = n geaurcsa Ha 130.

ITommpoGytiTe €caMOCTOSTENBHO, IIOBTOPHUB Te JKe
paccy>KeHusd, PelluTh CIeLyolye 3afadn.

3amaua 41. [loka’kuTe, UTO eC/IM HATypaJIbHOEe YMCJIO0
JIeJIUTCdI Ha 5 ¥ Ha 7, TO OHO AesuTcd Ha 35.

3amaua 42. [JoKaKuUTe, UTO eCIM HaTypaJIbHOEe YUCJIO0
IeauTcd Ha 7, Ha 11 1 Ha 13, To 0HO mesuTcd Ha 1001.

IIo aTUM 3a/lauaM BHJIHO, UTO 6e3 MCII0JIH30Ba-
HUS OCHOBHOM TeopeMbl apUPMETHUKHU Ja’ke TaKHUe
«04YeBHUHbIE» BEIlU He TaK JIeTKO JJoKa3aTh. Ho faBaii-
Te mompobyeM cGopMyJIHpOBATH U J0OKasaTb obIlee
yTBep K eHHe.

VrBepoxaeHue. IIycTs HaTypaJIbHOE YHCJIO eJIHUT-
€ Ha B3aUMHO IIPOCThIE YKCJIa a ¥ b, TOIa OHO Je/IUT-
Cs Ha IIpou3sBefieHue ab.

Joka3aTeabcTBO. [IyCTh /I YKcIa N BEPHO, UYTO
n:a, n:b.
Torma
bn:ab, an : ab.

CiencTBUe cooTHOIeHUs besy (cM. cTp. 52) yTBep-
JKIjaeT, UTO eCJIM HaTypaJjbHbIe YKcjia a U b B3aMHO
IIPOCTHL, TO HAUAYTCS TaKUe [1eJible YKcjia m U K, 4To

ma+ kb = 1.

JIOMHO>KHB 9TO PaBEHCTBO Ha n, II0JIYy4YHUM, 4YTO

man + kbn = n.
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Ho uucsa an u bn fgensarcsd Ha ab, a 3HAUUT, U YHUCJIO0
n=m-an+k-bn

JIeauTcsa Ha ab.

TakuM 06pa30M, MBI J0Ka3aJIH, YTO €CJIH HAaTypasIb-
HOE YHCJIO N IeJTUTCSI Ha B3aUMHO ITPOCThIE YKC/Ia a U b,
TO OHO JIEJTUTCS U Ha ab.

3ameuanue. O6paThTe BHUMaHUeE, UTO 37eChb CY-
L1eCTBEHHYI0 POJIb UI'PaeT B3aUMHas IIPOCTOTa YU CeJl
au b. Tak, HaIIpUMep, eCJIM YUCJIO TeJIUTCSI Ha 4 1 Ha 6,
TO OHO He 00513aHO0 JIeJIUTHCA Ha 24 = 4 - 6. Tak, yucia
12, 36 1 60 mesiaTcd Ha 4 U Ha 6, HO He JleJisATCA Ha 24.

Boob1ie cooTHoIlleHHe Be3y — o4yeHb MOIIHBIN
¢axT. C IIOMOIIBI0 Hero, HalIlpuMep, MTHOBEHHO JI0Ka-
3BIBAETCA CIeAyIolllas BaskKHas JeMMa.

JlemMa EBxitnza. IlycTh IIpoKr3BeieHUe IBYX HATY-
PaJIbHBIX YHCeJI eJIUTCS Ha IIPOCTOe YUCJIO0, TOIAa I10
KpalHel Mepe OJHO M3 HUX [eJUTCSI Ha 3TO IIPOCTOe
YHCIIO.

JlokasaTebCTBO. IIyCTh m 1 n—HaTypaJbHbIE YHC-
Jla, p — IIPOCTOe U mn JeJUTcI Ha p. [IpeaIiosnokum,
4TO m He JejauTcd Ha p. Torma m U p B3aUMHO IIpO-
CTBIE YKCIa. [eICTBUTEIbHO, YUCIO0 p, KpOMe elUHU-
IIBI, IeJIUTCS TOJIBKO CaMoO Ha cebs, a YHCJIO m He Je-
JIATCA Ha p.

Kak MBI IIOMHUM, CJIe/ICTBHE COOTHOIIEHUs Be-
3y yTBepsKJaeT, YTO /i1 B3aUMHO IIPOCTBIX M U P
HaWUyTCs TaKUe Iiesible yncia k u £, 94To

km++¢ép=1.
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JIOMHO>KMB 3TO PaBeHCTBO Ha N, MbI IIOJIYUYUM, UTO
kmn+ €pn=n.
Ho mn pgenutcs Ha p, 3HAYUT, U YUCJIO
n=k-mn+4én-p

JleJIUTCS Ha P.

TaxuM 06pasoM, MBI JOKa3aJy, 4To eCIH IIpOu3Be-
JleHre mn ABYX HaTypaJIbHBIX YHCeJs JeJIUTCS Ha IIpo-
CTO€ YHUCJIO p, TO I10 KparHer Mepe O HO U3 HUX J|eJIUT-
cd Ha p.

Ha camoM feJte, 1eMMy EBKIHJA JIeTKO 0606IUTE
Ha IIPOM3BOJILHOE KOJIMYeCTBO MHOXKUTeJIel. /laBatiTe
3TO CHleJIaeM.

CinencrBue U3 jieMMbI EBKHga. IIycTh IIpom3Be-
JleHre HeCKOJbKUX HaTypaJbHBIX YHCes [JeJHUTCId Ha
IIPOCTO€e YMCJIO, TOIZia II0 KpaHer Mepe OJHO U3 HUX
JleJINTCS Ha 9TO IIPOCTOE YHUCJIO.

JlokasaTesbCTBO. IIyCTE ny, Ny, ..., Nk — HaTypasb-
HBIe UMCJIa, p — [IPOCTOE U IIPOU3BEIeHUE NNy . . . Nk ie-
JIUTCA Ha p.

Ho umcio nyny . . . N MOKHO IIPe/ICTaBUTH KaK IIPo-
U3BeJleHIe BYX HaTypPaJIbHBIX UHCeI — Ng U NyN3 . . . Nk.
Torma u3 ieMMBI EBKJTH/IA CJIe[IyeT, UYTO €CJIU Ny He Jie-
JIUTCS Ha P, TO NpN3 . .. Ny LeJINUTCS Ha P.

Ho 4uciio nyns ... ng OISTh MOXKHO IIpeiCTaBUTh B
BHJle IPOU3BeleHUd IBYX HaTypaJIbHBIX YUCeJ — Ny U
nsng ...ng. X us jeMmsel EBKIINzA CIeyeT, UTO €CJIH Ny
He IeJIUTCSA Ha P, TO N3Ny . . . Nk HEJUTCI Ha p.
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U Tax majiee. BOT Tak, «0TpbIBasi» I10 OJHOMY MHO-
SKUTEJII0, MBI B KAKOH-TO MOMEHT HakJIeM MHOKHUTEJb,
KOTOPBIH TeJIUTCA Ha p.

TakuM 06pa3oM, MBI JI0Ka3aJIH, UTO eCJIH IIPOU3Be-
TeHUe NNy . .. N HECKOJILKUX HAaTYPaTbHBIX YHCEJI Jie-
JIUTCS Ha IIPOCTOE YHCJIO p, TO II0 KparHer Mepe OHO
U3 HUX JIeJIUTCS Ha P.

BoT Tako# BOT MUp 6e3 0CHOBHOM TeopeMHbl apudp-
MeTUKU. be3 Heé IPUXOAUTCS MOKa3bIBaThb Jake Te
yTBepsK/IeHHUsI, KOTOphIe BBl IIPUBBIKJIM CUUTAThH Ode-
BUTHBIMH.

Ho paBaiiTe yKe IepeufiéM K [JOKa3aTeJbCTBY
eITMHCTBEHHOCTH Pa3JIO)KeHHUs Ha IIPOCThle MHOXKHUTE-
JINL.

AOKASATE/IbCTBO
EANHCTBEHHOCTIW PA3J10>KEHA
HA NMPOCTbIE MHOXWUTE/TN

Tak ke Kak IIPpKY IO0Ka3aTe/JIbCTBE CYIIeCTBOBAHUA
PasjIo’KeHusd, 3aMeTHM, 4YTO [JId MaJIEHBKHX YHCeJI
€MNHCTBEHHOCTD PA3J/IO’KEHUS OUEeBHU/IHA:

2=2; 3=3; 4=2-2; 5=5;
6=2-3; 7=17; 8=2-2-2;

IIpeAIIoI0KHAM, UTO He /IS BCeX YHCes PasJioyKe-
HUe eJUHCTBEHHO. U IyCTh n — IepBoe YUCJI0, KOTOPoe
MO>KHO Pa3jIoKUThH 60Jiee yeM OJHUM criocoboM. To
eCTh KaKJj0e U3 HaTypasJbHBIX uuces oT 2 0 (n — 1)

99



Bopuc TpywuH

100

packiajgbiBaeTcsl B IIPOU3BeJleHHe IIPOCTBHIX eIuH-
CTBEHHBIM 00pasoM, a I YHcjIa N ecTh 110 KpauHe:r
Mepe [IBa PasHbIX PasIoKeHHUd:

n=pi1-p2:-ps--..=q1-q2-qs - ...

3aMeTHuM, 4TO He MOKeT TaK 0Ka3aThCsl, YTO IIPo-
CTOE YHCJIO p1 BCTpedaeTcs B 000UX PasIoKeHUSX.
HHaue Ha HEro MOKHO OBLJIO ObI COKPAaTUTh, U MbI OBI

n
MPUIILIA K TOMY, UTO YHCJI0 — HUMEET JBA PA3IHYHBIX
P1
pas3jIoyKeHUs Ha MPOCThble yuciaa. Ho MBI 3HaeM, 4TO

4rcsia, MeHBIIIHe N, packIafbIBal0TCsI Ha MHOXKUTEIN
eqUHCTBEHHBIM 00pa3oM.

C Ipyroi CTOPOHEL, M3 PaBEHCTBAN = P1-P2-P3 - ...
CJIeIyeT, UTO YKCJIO0 N AeJIUTCI Ha pq. SHAYMT, ¥ IIPOU3-
BeJleHUe (1 - 2 - 3 - ... JeJIUTCA Ha p1. Ho ciencrBue
u3 jeMMbl EBKiMzia (cM. cTp. 98) TOBOPUT O TOM, YUTO
TOI/Ia O{MH U3 MHOYKUTeJIeH gk [eJIUTCd Ha p1. Ho Kax-
Zloe gy — 9TO IIPOCTOE YMCJIO0, M OHO He PaBHO pq, a 3Ha-
YUT, He MOJKeT JIeJINThCA Ha p1. [IpoTuBOpeune!

3HaUyMT, Hallle IIPpeAInojIo’kKeHrue o0 TOM, YTO He
oJId BCeX YHCeJI pasjiosKeHre €eIWMHCTBEHHO, OBLIO
JIO>KHBIM.

Ha nepBbIY B3I/ MOYKET II0Ka3aThCs, YTO 3TO JI0-
Kas3aTeJIbCTBO e/JUHCTBEHHOCTH Pas3JIoyKeHUs YKcJIa Ha
IIPOCThIe MHOYKUTEJIN IIOJIYUYUIOCh COBCEM IIPOCTBIM.
Ho Tak Ka’keTcsI TOJIBKO IIOTOMY, YTO K 9TOMY MOMEHTY
MBI yoKe 00CYIUIN:

¢ aJITOPUTM EBkina;
¢ COOTHOIIIEeHMre Be3y H CJIEICTBHE 13 HETO,

» eMMy EBKJIH/IA U CI€[ICTBHE M3 HEE.
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Ho pmaBaite momnpobyeM pAoKasaTb «B JIOO», 6e3
KaKUX-JIU00 IIpeBapUTeIbHBIX GAaKTOB.

APYTOE AOKA3ATE/IbCTBO
EANHCTBEHHOCTIW PA3J10>KEHA
HA NMPOCTbIE MHOXWUTENN

YmCesI pasyioKeHHe Ha IPOCThle MHOXKHU-
TeJIU eUHCTBEHHO. U IyCTh n — IepBoe
YHCJI0, KOTOPO€e MOKHO Pa3jIoKUTh 00Jiee UeM OTHUM
crrocoboM:

n=py-p2-p3-...=q1-q2-q3 ...

YT06BI O6BIIO IIPOIIlE PacCy’KAaTh, OyZeM CUYUTATh,
UTO B KOKIOM U3 PasI0KeHUH MHOKHUTEIHN YIIOPSIIO-
YeHBI:

P1r<p2<p3<..., QG <Pp <A<,

To4uHO TakK ’Ke, KaK ¥ B IIPeJbIAYIIEM J0Ka3aTesb-
CTBe, 3aMeTHM, UTO He MOXKeT TaK 0Ka3aThCs, UTO
KaKoe-HUOY/b IIPOCTOEe YMCJIO I' BCTpedaeTcss B 000UX
pasyIoXKeHUSIX, MHa4Ye Ha HEro MOYKHO OBII0 OBI COKpa-

n
TUTH U MBI OBl IIpUNINA K TOMY, YTO YMCJI0 — HMEET

r
IIBa Pa3IMYHBIX pa3jIo)KeHUsl Ha IpocThle umciaa. Ho
YmCiIa, MEHBITHE N, PACKJIIBIBAIOTCS Ha MHOKUTETH
eITUHCTBEHHBIM 00pasoM.

To eCTh JJaHHBIE 3TH JIBa PA3JI0KEHHS a6COTIOTHO
pasHble — HET HU OTHOTO IIPOCTOTO YHCJIa, KOTOPOe ObI-
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JIo GBI OJHOBPEMEHHO U B TOM, U B IPyTOM pasjIo’Ke-
HUU.

3aMeTHM, YTO YHCJIO N TOYHO He SBJISIETCS IIPO-
CTBIM (XOTSI OBl IIOTOMY, UTO OHO [eJIUTCS Ha [Ba
PasHBIX IIPOCTHIX YHCJIA — p1 U ¢1). [IoaTOMy B pasio-
>KeHUH

n=pi-p2-p3-...
He MeHBIIIe IBYX MHOYKHUTeJIeH.

3HauUuT, n = pip2 = p%. AHaJIOTUYHO II0JIyYaeM,
4yron = q%. HTak, MBI 3HaeM, 4To

n>p: n>d.

[IpK 3TOM OYEBH/HO, UTO XOTs GBI OTHO U3 ITUX Hepa-
BEHCTB CTPOTO€, IIOTOMY UTO MHa4Ye n = p? = ¢, a 310
03HaydaeT, YTO p1 = (1, YTO HEBEPHO.

HYCTB [JIsL OIIpe/1eJIEHHOCTH MBI 3HA€M, UTO

2 2
nznpi, n>q.

ToIia, eCJIH TePeMHOYKHUTH 3TH HePaBeHCTBa, MbI II0JTy-

YUM, UTO

n* > P% : Q% = (PlCh)z-
To ecTb n > p1q;.

PaccMoTpuM 4uciao (n — piq1). OHO TOUHO HaTy-
paJIbHOe, IIOTOMY UTO I1eJIoe ¥ n > p1q;. [IpX 9TOM YHC-
gon=pi-(pz-ps-...) OeIUTCI Ha p; U YUCIIO p1q1 Jle-
JIUTCS Ha p1. 3HAUUT, ¥ YUCJIO (N — p1q1) LeIUTCS Ha P1.
AHaJIOTUYHO 3aMedaeM, YTO N U p1q1 JeJHUTCI Ha (.
3HAYUT, YUCJIO (N — p1q1) AEJTATCI HA (.

Ho yucio (n — p1q1), 04eBUIHO, MEHBIIIE, YeM N, a

BCe 4YncJja, MEHbIIIKE N, paCK/IaAbIBAl0OTCA Ha IIPOCThIE
MHOXUTE/JIHN e THNHCTBEHHBIM 06pa30M.
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Z[aBafITe OOKa’>keM, 4TO e€CJIH IIPO HEKOTOPOe HaTy-
PaJIbHOE YHCJIO k u3BecTHO, YTO OHO PpackIagbIBaeTCAa
BITIpOoH3BeIeHHE ITPOCTHIX YK CeJI e TMHCTBEHHBIM o6pa-
30M U IIPpHX 3TOM OHO JI€JIMTCA Ha IIPOCTOE YHCJIO p, TO
9TO IIPOCTOE YHCJIO 006513aHO BXOIHUTH B 3TO Pa3JIOXKe-
HHe.

[Ipenrio0KuUM, YTO JaHHOe YTBEpP)KIeHUe HeBep-
HO. I[IyCcTh eAMHCTBEHHOE pasjIo)KeHue K =1y -1y Is-...
He COZEep>KUT IIPOCTOr0 YUCja p U CYIIeCTBYeT TaKoe
HaTypaJbHOe 4HCJI0 m, 4To kK = pm. Ho 4ucio m
MO>KHO IIpe/ICTaBUTh B BHUJie IIPOU3BEeHUs IIPOCTHIX.
A 3HaAUUT, MBI IIOJIYUYUJIU APYroe pasyioKeHue ynciaa k
Ha IIPOCThIe MHOKUTeEJIU. [IPUIIIIN K IIPOTUBOPEUUIO!

Bcé, MBI I0Ka3aJId, YTO eCJIM HEKOTOPOe YK CJIO pac-
KJIa[IBIBAaeTCs B IPOU3BE/IEHHUE ITPOCTHIX YKCEJ eHH-
CTBEHHBIM 006pa3oM W IIPU 3TOM JIeJIUTCS Ha HEKOTO-
pOe IIPOCTOe YKCJIO, TO 3TO IIPOCTOE YHCII0 0653aHO BXO-
IUTH B 3TO pasjioyKeHUe.

A MBI 3HaeM, YTO YMCJIO (N — p1q1) PacKiaibIBaeT-
Csl Ha IIPOCThIe MHOYKUTEIN eUHCTBEHHBIM 00pa3oM
U IIPU 9TOM OHO JIeJIUTCS Ha P; U Ha (1. 3HAYUT, B €T0
PasIoKeHUU Ha IPOCThle MHOYKUTEJH eCTh Py U (1

n-piq1=p1-q1-...
Torma unciio (n— p1q1) feJUTCS Ha p1qq1. Ho 9ucIo p1qq
TO’Ke IeJIUTCA Ha p1¢4. [I03TOMY M YK CIIO
n=(n-piqi) +p1qa

IeJTUTCS Ha P1q1.

JTO O3HauaeT, YTO HAMJETCSI TaKoe HaTypaJIbHOe
4ucso ¢, uTo n = pyq1¢. Ho Torma uuciio

n
EZPZ'P3‘---=CI1€
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MEHBIIEe N, U HO/DKHO pPAaCKJIaAbIBAaThCAd Ha IIPOCThIE
MHOXHUTEJ/IN e JTHNHCTBEHHBIM 06pa30M.

Ho, PasgIoKUB YHUCJIO ¢ Ha IIPOCThIE MHOKUTEJIH,
n

MBI TTOJTYYHM pPa3jIoKeHHe Yrcjia —, OTIHYHOE OT
P1

n

_:pz.pg..__,

p1
IIOTOMY YTO B HEM eCTh IIPOCTOe YHUCJIO ¢q. IIpUIIIN K
IIPOTHUBOPEYHIO!

Bcé, MBI ToKa3aIu efUHCTBEHHOCTDh PasyioyKeHus!
Mbl IIpefIioI0KUIn, 4YTO N — caMOe MajleHbKOe YHC-
JI0, U1 KOTOPOT'0 pasjosKeHUe He efUHCTBEHHO, U Ha-
LIIJIX MeHBIIIee YU CJIO0, IJIsI KOTOPOI'0 OHO TOYKe He e/IVH-
CTBEHHO.

JlyMaro, 4TO Tellepb BaM IIOHATHO, II0YeMY IIPO 3TO
He TOBOPSAT B 6-7 KJIaccax, Korja HaUMHAaIT 00CyKIaTh
BOIIPOCHI [eJIMMOCTH U Pa3JIOKeHUI Ha IIPOCThIe MHO-
JKHATeJNH. /laKe cTapIlleKIacCHUKY OyZieT He 0UeHb IIPo-
CTO IIOHATH 3TH J0Ka3aTeJIbCTBA.

MWP YETHBIX YACEN

V MHOTHX IIIKOJIBHUKOB, Y3HABIIIUX O TOM, 4TO OC-
HOBHasg TeopeMa apuUPMETUKHU — 3TO He KaKOHU-TO ca-
MOOYEBUHBIN QaKT, UTO e€ HyKHO [J0Ka3bIBaTb U 3TO
Jl0Ka3aTeJIbCTBO JOBOJIBHO CI0KHOE, YaCTO BOSHUKAET
HEKOTOpPOe YAUBJIEHHe. ITO JKe UTO-TO, K UeMy BCe IIpU-
BBIKJIH, 3aUE€M 3TO JI0Ka3bIBaTh? Kak 3TO MOYKeT OBITh
HeBepHO?
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JlaBaiiTe B 3TOM pasfiejie TIOTOBOPHUM IIPO YTO-TO
OYEeHb ITOXO0’Kee Ha pasJioskeHHe Ha IPOCThIe MHOKHU-
TEeJIH, ¥ BBl YBUIUTE, UTO TO, YTO KAXKETCS OUEBHUTHBIM,
WHOT/IA MOYKET 0Ka3aThCsI HEBEPHBIM.

IIpencraBbTe cebe «MUpP YETHBIX 4Hces». TO eCThb
TakKoO¥ MHUP, B KOTOPOM eCTh TOJILKO UETHBIe YUCIIA.
UETHbIe YHUCIa MOXKHO CKJIaZbIBaTh, BBIYUTATh YMHO-
JKaTh, U IIPU 3TOM pe3yJIbTaToM OyZeT CHOBa YETHOe
4uCcIo0. B 3TOM IIaHe 3TOT MHUP IIOUTH HHUYEM He
OTJINYaeTCs OT 0OBIYHBIX I1eJIbIX YK CeJl.

TaM MO>KHO BBECTH IIOHSTHE «/IeTMMOCTH», CKa3as,
YTO YETHOE YMCJIO d IeJIUTCS Ha ITOJI0KUTEeIhLHOe UET-
HOE€ YHCJIO b, ec/Id CyIeCTByeT TaKoe YETHOe YUcJo Kk,
qTo a = kb.

Harpumep, yuciao 20 genurcda Ha 10, IOTOMY 4TO
20 = 2 - 10. Ho mpu aTtom 20 He meauTcd Ha 4, IOTOMY
YTO HeT TaKoro UETHOro uucia k, uro 20 = k - 4.

MokeT I0Tpeb0BaThCI HEKOTOPOE BpeMsl, YTOOBI K
9TOMY IIPUBBIKHYTH, HO B 9TOM MUpe NeHCTBUTEJIbHO
yucso 20 He euTca Ha 4.

boJjiee TOoro, B 3TOM MHpe Jaske YHCJIO 2 He JeJIHT-
¢ Ha 2. IIoToMy 4TO HeT TaKoIro YETHOIO YMCIa K, UTO
2 = k- 2. To ecTb B 3TOM MHpe UUCJIO 2 He AeJIUTCI HU
Ha 4yTo0. U He TosbKO 2. HU Ha YTO He OYAYT eJTUThCS,
HaIpumep, yrciaa 6 1 10.

3apmaua 43. HaluTe Bce 4yuciIa U3 «MHUpPa YETHBIX YU-
ceJi», KOTOpbIe B 9TOM MHUpe He [eJjIITCI HU Ha OJHO
YUCJIO.

Tenepb I/:[E:IBaI\/IITe [JId 3TOro0 MHpa BBeAEM ITOHATHUA
«IIPOCTBIX» YHCEJL. EcTecTBEeHHO HasBaTh IIPOCTBEIMHU
YuC/JIaMH BCe «HeAe/JTMMbl€ KUPITUYUKH»:

2, 6, 10, 14, 18, 22, ...
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Torma ocTabHEIE YHCIA OYAYT PACKJIaABIBATHCS B ITPO-
HU3BeJleHHe TIPOCTHIX:

2=2; 4=2-2 6 =6; 8=2-2-2;
10=10; 12=2-6; 14=14; 16=2-2-2-2;
18=18; 20=2-10; 22=22;

Tax MOXHO IIPOJOJDKAaTh AOBOJIBHO Lojro. M Ha
IePBBIN B3IJIA/ II0JIy4aeTcst BCE POBHO TO JKe, UTO M I
HaTypaJIbHBIX YHUCEJI: eCTh «IIPOCTHIE» UMCIIA U KaXK/I0e
YHCJIO OHO3HAYHO PAaCK/IaJbIBACTCS B IIPOU3BeleHHe
npocThIX. CorytacHbI?

JlyMaro, UTO MHOTHe U3 BaC COIJIACATCI C TeM, UTO
3TO BBIIVIIAUT [OBOJIBHO eCTeCTBeHHO. IIo KpaiiHel
Mepe, He MeHee eCTeCTBEHHO, YeM COOTBETCTBYIOIIIEe
yTBepXKIeHUe IS HaTypaJbHBIX 4YHCes. 3HAYUT, U
TYyT MO0J/DKHa OBITH BepHa CBOSI «OCHOBHasg TeopeMa
apuPMeTHUKM».

W [efCTBUTEBHO, [OBOJIBHO M0JT0 Iepebupas
4yucia U3 3TOTO0 «MHpa», BB OyeTe y6esKaaThCs, UTO
3/1ech TO)Ke paboTaeT CBOS «OCHOBHAs TeopeMma apud-
METHKU»:

24=2-2-6; 26 =26, 28=2-14; 30=30;
32=2-2-2-2-2; 34=234

U BCé O6yzeT XOpolIlo, II0Ka Bbl HE JOUIETe [0 YHC-
J1a 36:
36=2-18=6"6.

OKasbIBaeTCs, YTO JIJI1 HeT0 He BBIIIOJIHSIETCSI «OCHOB-
Hasl TeopeMa apHuPMeTHUKU» — eT0 MOKHO /IByMs CIIOCO-
6aMU IIpe/iCTaBUTh B BH/IE IIPOU3BEJEHUS «IIPOCTHIX»
YUCeJL.
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A nasbIlie CHOBA BCé GYIeT OJJHO3HAUHO PaCKJIa/Ibl-
BaThHCSL:

38=38;, 40=2-2-10; 42 =42; 44=2-22;
46 =46; 48=2-2-2-6; 50=50; 52=2-26;
54 =54; 56=2-2-14; 58 = 58;

[Toxa BBI He foueTe 10 urcia 60:

60=2-30=6-10.

JlyMaio, YTO Temepb BBl M CAMU CMOYKETe IIPHIY-
MaThb eIlé HeCKOJIbKO UHCeJ U3 9TOTO «MHpa», /IS KO-
TOPBIX He GY/IET BHITTOIHITHCS eIMHCTBEHHOCTD Pa3sJio-
>KeHUs Ha «IIPOCThIe» YHCJIa.

3apmaua 44. Hangure elé mIgTh 4uces, y KOTOPBHIX B
«MUpe YETHBIX YHCeI» HeT eTUHCTBEHHOCTHU PasiorKe-
HUS Ha «IIPOCThIE» MHOKUTEJIH.

BoJsiee TOro, ecTh 4mcia, y KOTOPBIX 3TUX paso-
KeHUN MOKeT OBITH [OBOJIBHO MHOrO. Hamprwmep,
i1 yncaa 840 eCcTh IeJIbIX [IATH PAas3jIoKeHUN Ha
«IIPOCThIE» MHOKUTEJIH:

840 =2-2-210;
840=2-6-70;
840 =2-10-42;
840 =2-14- 30;
840 =6-10-14.

3agaua 45. HaiguTe 4ucio, y KOTOPOIO B «MHpe YET-
HBIX YHCeJI» eCThb 00JIee eCATH pasjIoyKeHUH Ha «IIpo-
CTBbIe» MHOXKUTEJIH.
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Hy uto0? Teleps BaM y>Ke He Ka’KeTCsd, YTO OCHOB-
Has TeopeMa apuPMeTHUKHU — 3TO YTO-TO CaMo c0601 pa-
syMmerolreecsas? Kak MbI BUIUM, B IPYIUX «MUpPax» OHA
MOYKEeT U He COOII0IaThC .

KAHOHWYECKOE PA3STOXEHUE YANCJIA
HA NMPOCTbIE MHOXWUTE/IN

Bilarozapst 0CHOBHOM TeopeMe apuPpMeTUKU MEIL Te-
Iepb 3HaeM, 4TO JII060e HaTypaIbHOe YHUCJIO, O0JIbIIIee
eIUHUITb], e JTUHCTBEHHBIM 00pa3oM pacKIafbIBaeTCs B
IIpou3BeZieHMe IIPOCTHIX. Ho KaK IMeHHO MOJKHO I10JIy-
YUTH 9TO pasyIoKeHUue?

Ecyix 4nCyI0 0UeHb 60JIBINI0OE, TO €T0 He TaK IIPOCTO
PasIoKUTE Ha IIPOCThIe MHOXKUTEJIHN. B 4aCTHOCTH, Ha
3TOM QaKTe OCHOBAH aJITOPUTM IIUPPOoBaHUA RSA, Ko-
TOPBIN MBI C BAMH 00CYJUM UyThb I103Ke (CM. CTp. 218).
37ech >Ke MBI IIOTOBOPHUM IIPO 60JIee IIPOCThIe CIydau.

IlycTh, HaIpuMep, HaM HY>KHO pasJyIo’KUTh Ha IIpo-
CThIe MHOXXKUTEJIM yHrca0 5355. M0OXKHO 3aMeTUTh, UTO
3TO YHCJIO 3aKaHYMBAaETCd Ha 5, a 3SHAaUUT, OHO JIeJIUTCI
Ha 5 (CM. IpU3HAK JIeJIMMOCTU Ha 5 Ha CcTp. 26). Pasfne-
auB 5355 Ha 5, rmosayunm 1071. To ects 5355 = 5 - 1071.

3HAuUUT, MBI CBeJIH 3aJady K PasI0’KeHUI0 Ha IIPo-
CThle MHOXKUTeJIM yHrcyaa 1071. MoXHO 3aMeTUTh, UTO
ero cymma nudp 1+0+7+1 = 9 gesmurcs Ha 3, a SHa4UT,
M caMO YMCJIO Ae/UuTcd Ha 3 (CM. IPpU3HAaK e IMMOCTH
Ha 3 Ha cTp. 29). Paggenus 1071 Ha 3, mosryuuwm 357. To
ecTb 1071 =3 - 357.

Tellepb MBI CBEJIM 33/Ia4y K Pa3JIO’KEHUI0 Ha IIPO-
CThIE€ MHOJKHUTEJIH YHCiIa 357. 3aMeTHUM, UTO U €T0 CyM-
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Ma nudp 3+ 5+ 7 = 15 gesnuTcd Ha 3, a 3HaAYUT, U CaMO
yucso 357 geaurca Ha 3. Pasmesus 357 Ha 3, IIOJIYYUM
119. To ecth 357 = 3 - 119.

B uTOre HaM OCTaJIOCh PAa3JIOKUTHL Ha IIPOCTHIE
MHOXXUTeJH 4ucao 119. Hukakue H3BeCTHble HaM
IPU3HAKU [eJIUMOCTU C HUM He CIIPaBJIAIOTCS, IIO0-
3TOMY IIPOCTO IlepebepéM Bce MaJIeHbKHEe ITPOCTHIE
uncsa. Ha 2, Ha 3 1 Ha 5 0HO He J[eJIUTCS, a IIOIIPo60oBaB
paszenuts Ha 7, moay4daeM, uro 119 =7-17. A17 - sTo
yoKe IIPOCTOe YHCIIO.

B uTOTre MBI TOJIYyYMJIH, UTO

5355=5-1071=5355=5-3-357 =
=5-3-3-119=5-3-3-7-17.

Ho Ha IpakTHKe COBCeM Heo0sg3aTeJIbHO TaK IIO-
IpoOHO BCE pacmuchiBaTh. OOBIUHO 3TO 3aIIMCHIBAIOT
Tak:

5355
1071
357
119
17 | 17

1

N W W Ul

CJreBa IIUIIIYT YMCJIO, A CIIpaBa — IIPOCTOE YHCJIO0, Ha KO-
TOpPOEe OHO JIeJIUTCA. Pe3ysibTaT feleHud IIUIIYT CjIeBa
U IPOJO0JDKAKT IPOLeAypy, I10Ka CJieBa He II0JIy4YUT-
¢ 1. Torma MCXo/ HOe YHC/I0 PABHO IIPOU3BE/[eHUIO ITPO-
CTBIX U3 [IPaBOM YaCTH.

13 0CHOBHOU TeopeMbl apUPMEeTHUKHU CJIeyeT, UTO
pas/IM4YHbIe IIpe/CTaBJIeHHs OJHOTO U TOTO Ke COCTaB-
HOT0 YHCJIa B BUJle IIPOK3Be/eHUs IIPOCThIX YK CeJ MO-
IYT OTJIMYAaThC JIMIIL IIOPSAAKOM MHOXKUTeJseH. Tak,
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HaIlIpuMep, pasjIosKeHHe Yucyaa 5355 Ha IIPOCThbIe MHO-
JKUTeJI MOKeT UMeTh U TaKOU BUJ:

5355=5-3-3-7-17,

U TaKOM:
5355=3-3-5-7-17.

J1s1 Toro UTO6HI M36€eKaTh TaKOM HeO[HO3HAYHO-
CTH, IIPUHSITO 3aIIUCHIBATh IIPOCThIe MHOKUTEJIU B I10-
psiiKe BospacTaHuUs. [IpU 9TOM eCJIM BCTPEUYAIOTCs O~
HaKOBBIe IIPOCThIe MHOKUTEJIH, TO 3TU IIPOCThIE YHCIIa
IUIITYT B COOTBETCTBYIOIIEH CTEIIeHH.

Takyro yIopsAmo4eHHYI0 3aIIUCh Ha3BaJIU KaHOHU-
YeCKHUM pasjIo’KeHHeM YMC/Ia Ha IIPOCThle MHOKHUTe-
au. HaripuMmep, KaHOHHUYECKOe pasyiosKeHue 5355 ruMe-
eT BUJ;

5355 =3%.5.7-17,

a, HanpuMep, g yucaa 9000 KaHOHUYEeCKUM OyeT
pasioxkeHure
9000 = 23 - 3% . 5%,

JlaBaiiTe Temeph Be3e, I7ie 3TO BO3MOYKHO, CTapaTh-
csI KICITOJTh30BaTh MMEHHO KaHOHHUUECKOe pasjiosKeHue
Ha MHO>KHTEJIH.

HAMBONbLUWIA OBLLIA AENUTEND U
HAMMEHBLLEE OBLLLEE KPATHOE

B r1aBe 1 MBI y>Ke TOBOPHJIH C BAMU IPO HAUO0./1b-
wull obwuil deaumens (CM. CTp. 48) U arke TTOKa3aJIH,
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KaK MOJKHO ero HaWTH IpHU IIOMOIU ajropurma EB-
KIuga. 3hech Jke 00CyiM, KaK MOYKHO BBIUHCIUTH
HaUOOJILIITUY OOIITUN [TeJIUTeb, UCII0Ib3Yys pasioKe-
HUe YHCces Ha IIPOCThble MHOXKHUTeU. IIoKakeM, KaK
3TO JieJIaTh, HAa IIpUMepe KOHKPETHBIX YHCeJL.

3agaua 46. Haiiaure HOZ (3780, 6600).

Pemuenue. PasioxuM uncia 3780 u 6600 Ha mpo-
CTBbIe MHOKHUTEJIH:

3780 | 2 6600 | 2

1890 | 2 3300 | 2

945 | 5 1650 | 2

189 | 3 825 | 5

63 | 3 165 | 5

21 | 3 33 |3
717 11 | 11

1 1

3HauuT,
3780 =2%.3%.5.7, 6600 = 23 .3.5%.11.

13 0CHOBHOU TeOopeMbl apUPMETHUKHU CJIEAYeT, UTO
060U menuTesb uncia 3780 B pasyiosKeHHU Ha IIpo-
CTble MOJKET UMETh JIUIIb MHOKUTEJIH 2, 3, 5 1 7, a JIto-
601 menuTesb yrcia 6600 B pas/iosKeHUU Ha IIPOCThIE
MOKeT UMETh JIUIIb MHOKUTeJH 2, 3, 5 1 11. 3HauHT,
JI000M UX OOIIUI JejIUTesb B pasioyKeHUU Ha IIpPo-
CThIe MO>KET UMETh JIUIIIb MHOKHUTEJH 2, 3 1 5.

UTak, 110601 0611THM TesnTeb urces 3780 u 6600
uMeeT Buf 2¢ - 3™ - 5™ The £, m U n — LeJIble HeOoTpuIla-
TeJIbHbIE yrca. [Ipu aToMm:

*+u3780 = 22.3%.5.7, 16600 = 23-3-5%.11

IOJDKHBI IeJIUTHCA Ha 2¢ 3pauwmT, £ < 2 (MHAUe
3780 He 6yaeT geauThesa Ha 2°);
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» 13780 = 22-3%.5-7, 16600 = 23-3-52-11 HO/HKHBI
meauThes Ha 3™, 3HaunT, m < 1 (mHauve 6600 He
6ymeT gemuThbes Ha 3™M);

e m3780 = 22-3%.5.7, 16600 = 23-3.52.11
JOJDKHEI TeJTUThCS Ha 5™, 3HauuT, n < 1 (uHaue
3780 He GyET eJUTHCST Ha 5M).

TaxuM 06pasoM, 061U [TeTUTes b OyIeT Haub0JIb-
muM, ecii £ =2, m=1un=1.To ecTb

HO/I(3780, 6600) = HOJ[(2%-3%-5-7,2%-3.52.11) =
=2%2.3.5=60.

OtBeT. HO/[(3780, 6600) = 60.

ITocJe perieHUs 3TON 33/IJa4M CTAHOBUTCS SICHO, UTO
HY>KHO JIeJIaTh I HaX0>K/IeHUsI HauboJIbIIero obie-
TO JIeJTUTeJISI IBYX YHCeJI, eCJIU MBI CMOIJIN Pa3JIOKUTh
HUX Ha IIPOCThle MHOKUTeJH. JlaBaiTe chopMyIHpyeM
O6IIMH aJITOPUTM.

JUI1 HaxX0K[IeHUs HauOO0JbIIero 06IIero
JleJIuTesIs ABYX HaTypaJbHBIX Uucesl a U b
HY>KHO Pa3I0>KUTh UX Ha TPOCThIe MHOXKHU-
TeJIM ¥ BBIUMCIUTD IIPOM3Be/leHUe 00IIMX
IPOCTBIX MHOYKUTeJe B HAaWMEHBIIHUX
CTeIleHsIX, C KOTOPBIMH 3TH MHOKUTEIU
BXOJISAT B Pa3jIOKeHUsI a U b.

Tenepb BBI CMO2KeTe CaMOCTOATE/IbHO CIIPAaBUTLCA
CO CIeAYIOIIMHUMU 3aJa"9aMH.

3agaua 47. Hatimmre HO/(4000, 4608).
3amaua 48. Hatimure

HOZ(2%-5%-11%.13%.23%.29, 2% 3% .72 .11-17% . 23).
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IlepetiiéM Tereps K CIeAyIOIIEMY Ba>KHOMY IIOHSI-
THIO — HAUMEHbUWEMY 06UW,eMy KPAmHOMY.

O6WUM KpamHblM HaTypaJbHBIX YHCeN a
U b HA3BIBAETCS YHCJIO, KOTOPOE JIEJTHUTCS
Ha Ka’k/loe 13 9THUX uuces. HaumeHbvuiee 06-
wee kpamHoe o6o3HadaeTcss HOK(a, b) mim
mpocto [a, b].

HanpumMmep, y uyucesa 15 u 12 eCTh MHOIO O6IITUX
KpPaTHBIX:
180, 300, 9000,

JlaBaiiTe IOMMEM, KaKoe 00OlIljee KpaTHoe OyneT Hau-
MEHBIITUM. /IJIs1 9TOTO IIepedrCIUM BCe YK CJla, KOTOphIe
KpaTHEI 15:

15-1=15, 15-2 =30, 15-3 =45,
15-4 =60, 15-5=175, cees

U BCe YHCJIa, KOTOpbIe KpaTHEI 12:

12-1=12, 12 -2 = 24, 12 -3 = 36,
12 -4 =48, 12-5 =160, R

II0Ka He HaWAEéM HauMeHblllee KpaTHOe, KOTOpoOe
BCTpeTUTCA U Y 15, my 12. 310 uncsio 60. IloaToMy

HOK(12, 15) = 60.

Ho TakoM moaxoa K HaxX0KIeHUI0 HanMeHbIIle-
ro obIIero KpaTHOro ygo6eH JIMIIb i1 HeGOJIbIITUX
quces. /laBaiiTe 0O6CyZuUM, KaK MOYKHO €ro HaWTH,
UCIIO0JIB3Y4 PasjioyKeHHe Ha IIPOCThie MHOXKUTEJIH. Pac-
CMOTPHUM CJIEAYIOIMIUI IIPUMEP C TEMH K€ YHCJIaMHU,
YTO U B 3a71aue 46.
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3agmaua 49. Hatigure HOK (3780, 6600).

Pernenwue. IIpu pelrieHUH 3a5auu 46 MBI yoKe pasJio-
skuiu yucesia 3780 v 6600 Ha IIPOCThIe MHOMKUTEIH:

3780=2%2-3%.5.7, 6600=2%-3-5%.11.

M3 0CHOBHOI TeopeMbl apUPMETHUKH CJIeJlyeT, UTO
Jr060e KpaTHOe yrcsia 3780 B pas3/ioyKeHUU Ha ITPOCThIe
TOJDKHO MMeTh 22-33-5-7, a mo60e KpaTHOe uncia 6600
B pasJIOKeHHH Ha IIPOCTHIe J0/DKHO uMeTh 23 -3-52 11,
3HauuT, y Jir060ro Ux 06Iero KpaTHOTo:

* IIPOCTOU MHOJKUTEJIb 2 OJDKEH OBITH B CTEIIeHH,
He MeHbIIIeH, yeM 3;

* IIPOCTOM MHOKUTEJb 3 OJDKEH OBITH B CTEIIEHH,
He MeHbIIIeH, ueM 3;

* IIPOCTOM MHOKUTEJIb 5 T0JDKEH OBITH B CTEIIEHH,
He MeHBbIIIeM, UeM 2;

* IIPOCTOU MHOXKUTEJIb 7 JOJDKEH OBITH B CTEIIEHH,
He MeHbIIIeH, yeM 1;

* IPOCTOM MHOXXUTeNb 11 IMoJDKeH OBITH B CTeIle-
HHU, He MeHbIIIel, ueM 1.

TaxuM o6pasom,

HOK (3780, 6600) = HOK(2%-3%.5.7,2%.3.52.11) =
=2%.3%.52.7.11=8.27-25-77 =
=27-200 - 77 = 5400 - 77 = 415 800.

OtBeT. HOK(3780, 6600) = 415 800.

JaBaliTe chopMmysmpyeM OOIIMI aIrOpUTM Ha-
XOK/IeHHUsI HaHMeHBIIero 00IIero KpaTHOTO JIBYX
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quceJsi, eCJii HaM YIAaJIOCh Pas3IO’KUTHL Ha IIPOCThIe
MHOKHUTEJ/IN KaK/10€e U3 HUX.

JUIsT HaxXOoKIeHUs1 HauMeHBIIIero 06IIero
KpaTHOI0 ABYX HaTypaJbHBIX YUCeJ a U b
HY>KHO Pas3jIoKUTh WX Ha IPOCThle MHO-
JKUTEJIN U BEIUUCIUTH IIPOU3BEJIeHUE BCeX
IIPOCTHIX MHOKUTeJIEH, BXOIAIIUX XOTS 6bI
B OJTHO U3 pasJIoyKeHUU, B HauOOJIbIIINX U3
CTerleHeM, ¢ KOTOPBIMU 3TH MHOXKHUTEIHN
BXO/IAT B pasJio’KeHUe a U b.

ITocMoTpHUTeE, KaK 9TO paboTaeT Ha IIpUMepe CIIely-
IOITe! 3a/lavum.

3amaua 50. Hatigute HOK(144, 300).

Cesa3p Mexxay HO/L u HOK. /laBaiiTe Ha IpuMepe
TeX >ke ynces 3780 1 6600 BHMMaTeJIbHO IIPOCIENUM,
YTO M3 UX PasjIoKeHWIl Ha IIPOCThble MHOXUTEJIU
monwto B HO/I, a uto B HOK:

HOZ : 3780 =|22]: 33 -- 7, 6600 = 23.[3]5% -11.
HOK: 3780 =223%|5[7] 6600=|23] 3 |5%|[11]

Taxum 06pasoM, MBI BUAUM, 4TO B HOK 1010 Bcé
TO, 4TO He monwio B HO/l. UHLIMU c10BaMH,

HO/I(3780, 6600) - HOK (3780, 6600) = 3780 - 6600.

JlaBaiiTe mOKaKeM, UTO TaK Oy/eT BCETa.

VrBepkaeHue. IIycTh a ¥ b — HaTypaJbHBIE YHCIIA,
TOIZA
HO/(a, b) - HOK(a, b) = ab.
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JokasareabCcTBO. IIyCTh p1, p2, P3, ... — BCe IIPO-
CThIe, KOTOPEIe BXOJAT B pasJIoyKeHHe Ha IIPOCThIe MHO-
JKHATeJIN X0TA OBl OZHOT0 U3 yHcesI a ¥ b. Torma yucia a
U b MO>KHO IIpeiCTaBUTh KaK

— % a? as
a=p; by P3g ----s
_ B B2 B3
b=py" -py Py ..,
Ime o1, f1, Ao, Ba, a3, B3, ... —leJIble HEOTPUIlaTeJIbHbIE

quciia.

Hampuwmep, maa yucesa 3780 1 6600 3TO BBIIVIAAUT
TaK:

3780 =2%-.3%.51.71. 110,
6600 = 23 .31.52.70. 111,

0O603HauYMM 4epes Y1 MeHbIIIee U3 YHUCesI o1 U f1, a
4yepes §1 — O0JIbIIIee U3 3ITUX uuces (eciu o = fB1, TO
CUMTaeM, u4To y1 = 01, 81 = B1). AHAJIOTUYHO OIIpeJie-
JIAM 4YHCIIa Yy, 82, Y3, 03, ... -

y1 = min{ay, B1}, 61 = max{aq, B},
VZ = min{aZ’ ,32}’ 62 = max{az’ ﬁZ}:
VY3 = min{a3’ 183}’ 63 = maX{aS’ B3},
Torma

HOJ(a, b) = p}* - p}? - p* - ...,
HOK(a, b) = pfl . p‘;2 . p‘;3 e

ITO 0O3HAYAET, UTO
HOZL(a, b) . HOK(a, b) — p)1/1+61 . p)2/z+52 . p)3/3+63 X
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OcTaJyioch 3aMETUTB, UTO )1 + 81 = a1 + 1, TaK KakK
Y1 — MeHBbIIlee U3 UHCeJ A U 1, a 61 — O0JIbIIIee U3 3TUX
qrces. AHaJIOTUYHO Y2 + 8y = Az + B2, Y3+ 63 = Q3 + B3
U Tak fajee. IloaToMy

y1+61  _ ya+6s _ y3+63 _
pl . pz . pg cLL. =

— p<111+51 . sz+ﬁ2 . pg(3+ﬁs -
=Py p5t P - (PPl Pl ) = ab.
B uTore Mb1 foKasaIu, uTo

HO/(a, b) - HOK(a, b) = ab.

To, YTO MBI TOJIBKO YTO QOKa3aJd, 3TO He IIPOCTO
KaKo0e-TO KpaCHuBO€ paBE€HCTBO. JTO COOTHOIIIEHUE, KO-
TOpOe IT03BOJIAET HAXOAUTh HAMMEHBbIIIee 0611_[88 Kpart-
HO€ B CJIOJKHBIX CUTYaIlUAgX.

JloIIyCcTUM, HaM Hy>KHO HaUTH HauMeHbIIIee 06111ee
KpaTHOe IBYX O0JIBIINX YHCeJI, KOTOPhle y HaC He I10JIy-
4aeTcs pasjIo’KUTh Ha IIPOCThble MHOXKUTeIIH. /11 Hau-
60JIBIIIeT0 06IIEro AeIUTeNII Y HaC eCTh aJIlfOPUTM EB-
KJINJa, KOTOPBIH 1T03BoJIsieT HauTu HO/I, UCII0IB3Y4 CO-
BCeM IIPOCThIE AeUCTBUS, — I10 CYTH, HY?KHO IIPOCTO U3
60JIBIIIETO YMCJIa BHIUUTATh MeHbIlee. A 4TO JejlaTh
C HaUMeHbIINUM O0IUM KpaTHBIM? ECTh JIM KaKOU-TO
CI10c06 HAUTH €ro, eCJU BOSHUKIIN CJI0KHOCTH C pas-
JI0’KeHVeM Ha IIPOCThble MHOKUTEJIN?

Jlo TOro KaK MBI JoKasalu GOpMyJry, CBSI3BIBAIOIIYI0
HO/l u HOK, Takoro crioco6a y Hac He 65110. Ho Terieps
MbI MOYKEM HAUTHU HAUOOJIBIITUU OOITHH e INTeb 110
asropuTMy EBKIIN/IA, a II0TOM, UCII0JIb3Ys JOKa3aHHYI0
bopMyTy, HAUTU U HaUMeHblIlee 06I1lee KpaTHOe!

ab

HOK(a, b) = m
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JlaBaiiTe IIOCMOTPHM, KaK 3TO paboTaeT, Ha CJIEMy-
IOIT[EM TIPUMEpE.

3agaua 51. Hatimmre HOK(11413, 11 639).

Pentenue. Mo)XHO Ionpo6oBaTh, IiepebpaB Bce
HeOOJIbIIIKE IIPOCTBHIE YMC/IA, PasiaoXuTbh 11413 u
11 639 Ha 1IpocThie MHOXKUTEJIH. HO ec/IH 3TO He II0JIy-
YMJIOCH CflesIaTh ', MOXKHO HAaMTH Hau60/IbITHI 06T
JleJINTesIb 3TUX YHCeJI 110 aJlrToOpuTMy EBKInza:

(11413, 11 639) = (11413, 11639 — 11413) =
= (11413, 226) = (11413 — 50 - 226, 226) =
= (11413 — 11300, 226) = (113, 226) =
= (113, 226 — 2 - 113) = (113, 0) = 113.

TaxuMm o6paszom, HO/[(11413, 11639) = 113, a 3Ha-
UUT,
11413-11639

113
=101-11639 =1175539.

HOK(11413, 11 639) =

OTBeT. HOK(11413, 11639) = 1175539.

KONMMYECTBO AENVUTENEN Y YNCNA

B aToM pasfesie MBI pa3bepéMcsi, OT Uero 3aBUCUT
KOJINYEeCTBO JleJIUTeNled y HaTypaJbHOro 4dmciaa. Ho
CHayvaJIa laBaliTe pelIuM I1apy 3afady.

1A 3To ,Z(efICTBHTEHLHO He TaK IIPOCTO, €CJI yUeCTh, UTO 3THU pas-
JIOJKE€HUs BBIIVIAOAT TaK:

11413 =101 - 113, 11639 =103 - 113.
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3amada 52. Ecid y HaTypaJIbHOTO YHCIa POBHO OUH
JlesuTesib, TO 3T0 1. EC/iM y Hero poBHO /1Ba [eJIKTe-
JIs1, TO 9TO IIpOCTOoe YKciIo. OIUININTe BCe HaTypasbHbIe
4uCIIa, Y KOTOPBIX POBHO TPU JIeJIUTEJIS.

Pemrenue. Eciii 4ucI0 n B pasIoKeHUH Ha IIPO-
CThbIe MHOJKUTEJIH COLEPIKUT /IBA PA3IMYHBIX IIPOCTHIX
4uciIa p U ¢, TO y Hero y>Ke eCTb KaK MUHUMYM 4YeThIpe
Ienuteinsa-1, p, U n. 3HAUUT, N = pk , Te k —HekoTopoe
HaTypaJJIbHOe YHUCJIO.

Eciu k = 1, TO y UKc/Ia n = p POBHO [[Ba JleIUTeJIs —
lup.Ecmuk > 2, Toy4ducian = pk He MeHee YeTBIPExX
menwureneti— 1, p, p? u p°.

OcraJcs ciay4ai, Kora kK = 2, Ipy KOTOPOM Y YHcJIa
n = p? feicTBUTEILHO POBHO TPH IeIUTeNsA — 1, p U p2.

OTBeT. EC/IM Yy HATypaJbLHOTO YHCJIa POBHO TPH Jie-
JIATEJIA, TO 3TO YHCJIO — KBaJpaT IIPOCTOTO.

3amaua 53. CKOJIBKO pas/IMYHBIX JeJIUTesIed y 4Yuc-
Ja 10007

Pemrenue. Ha camoM [iesie, He OUEHB CJI0XKHO Jake
BBININCATH BCe feuTesnd yucsaa 1000. BoT oHU B mopsif-
Ke BO3pacTaHUI:

1, 2 4, 5, 8, 10, 20, 25,
40, 50, 100, 125, 200, 250, 500, 1000.

Ho Kak /JoKa3aTh, YTO [PYTUX HeT?

Jlo TOro Kak MBI i0KasaJdl OCHOBHYI0 TeopeMy
apuMeTHKH, /I YeCTHOTO Jl0Ka3aTeabCTBa HaM Obl
IPUIILIOCH OPTaHM30BaTh JOBOJLHO GOJBINIOH IIepe-
60p. TeIreph ke MBI MOKeM cKas3aTh, 4To 1000 = 23 - 53,
U 3T0 pasioykeHHe eMHCTBEHHO!
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ITosTomy ecsiu 1000 mesruTcsa Ha KaKOe-TO YHCJIO0, TO
oHO UMeeT Bux 2™ - 5, e m U n — 11eJible HEOTPHUITA-
TeJIbHBIE U He IIPeBOCXO0AAT TPEX. [I03TOMy MO>KHO J1a-
’Ke HapHUCOoBaTh TabIUIly co BceMH JeuTensMu 1000:

50 51 52 53
2011 5 25 125
2112 10 50 250
221 4 20 100 500
2318 40 200 1000

Ho MO’XHO OBIJIO IIOCYUTATh KOJIHMUYECTBO [leJIUTe-
JIe, He BBHINTHCHIBas UX! MBI JKe IIOHSJIN, UYTO OHU UMe-
10T Byy 2™ - 5", I7ie m U n — IieJible HEOTPUIATe/IbHbIE
4uciia, He IIpeBoCXodIre Tpéx. I1oaToMy Kakroe U3
HUX [IpUHUMAaeT OJHO U3 YeTHIPEX 3HaueHuu — 0, 1,
2 nian 3. IIoaToMy Bcero ecThb 4 - 4 = 16 pasIMYHBIX
nap (m; n), a 3Ha4UT, y urciaa 1000 poBHO 16 mesute-
JIe.

Otser. V urcia 1000 ecTs 16 pasiMYHBIX [eJIHUTe-
JIeH.

A ceifyac pacCy’KEeHUsI U3 3TOH 3aJjaqdl IIOMOTYT
HaM /[0Ka3aTh O6IITYI0 TEOpeMy.

Teopema (0 KoImdecTBe geauTesei). IIycTs pas-
JIO)KeHHe YHCJIa N Ha IIPOCThle MHOKUTEIN UMeeT BT

_ ki ko k
n=p; P, SRR /SN

7€ p1, P2, ---» Pm — PA3JIMYHBIE ITPOCTHIE UHciIa. Torma y
YHCJIa N POBHO

(k1 +1)(ky+1)...(km+1)

Pa3TUYHBIX JIeJTUTEJIEH.
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JoxasaTeabCTBO. 113 0CHOBHOM TeopeMbl apudme-
THUKU CJIe/IyeT, UTO JII0O0U e UTe b YKcjIa N UMeeT
BUJT

pfl -pﬁz -...-pf}'{l,
I7e YHcJIo £, MpUHUMaeT Jito6oe u3 (ky +1) sSHaUeHUH —
0,1, 2, ..., ky; gucio ¢, npuHuMaet Jjro6oe u3 (ky + 1)
3HaueHuii -0, 1,2, ..., ky; ...; UHCJIO £y IPUHUMAET JIIO-
6oe us (kp, + 1) sHaueHuti - 0, 1, 2, ..., kp.

B uTore moJiydaeM, UTO Pa3IUYHBIX eJIHTesIei
YICJIa N CTOJIBLKO 2Ke, CKOJIBKO M BCEBO3MOKHBIX HA00-
poB (£1; €2; ...; €m), TO €CTh

(k1 +1)(ky+1)...(km+1)

IITYK.

3amada 54. /loxa)xuTe, UTO y HATYpPaJbHOIO YHCJIA
HeYéTHOe KOJIMYeCTBO JjeJIUTeJIed TOra U TOJIbKO TO-
I71a, KOIma 9TO YMCJIO0 ABJIIeTCS KBapaToM HEKOTOPOro
HaTypaJIbHOTO YHCJIA.

ITepBoe pelnreHue. EC/IM UHCIIO a ABJISETCA e/ IUTe-
JleM 4ucia n, To n = ka, rme kK — HeKOTOpoe HaTypaJib-
Hoe uucio. Torga 4uciao k Toxke gBJIsIeTCs JeIUTeIeM
qucsa n. TakuM 006pasoM, KayKILoMY JeJIUTeN0 d MOXK-

n
HO COITOCTAaBUTH JIeJTUTENb kK = —. TO eCTh BCe JIeJTUTe-
a

JIU pa3buBaroTCs Ha I1apsl YHceJI, IPOU3BefieHre KOTo-
PBIX PaBHO N.

[103TOMY KOJTMUECTBO JIeJIUTes el IIOYTH Y JIF060T0
HaTypaJIbHOTO YKCJIA Oy/IeT YETHBIM, TaK KaK UX MOXK-
HO Pa36bUTh Ha Iapbl. HO MOYKET TaK IIOJIYUYUTHCS, UTO

. . n
B KaKOM-TO «I1ape» JTeJTUTeIeH (a; —) OyZeT aBa OJ{MHA-
a
n
KOBBIX ymcJIa. Takoe BO3MO>KHO, TOJIBKO eCJTH — = d, TO
a

ecTb n = a®.
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A 3HAYUT, y HATypPaJbHOTO YHC/Ia HEYETHOE KOJIH-
YeCTBO JeJIUTEJIeH TOTMAa U TOJBKO TOTMa, KOTma 3TO
YHCJIIO0 SIBJIIETCS KBA[PATOM.

Bropoe pemnrenue. IlycTh pasjao’keHUe HAIIIEro
4ucJia n Ha IIPOCThle MHO>KUTEIN UMeeT BUJL

_ ki ko k
n=p; -p, oo P

I7E P1, P2, - - -» Pm — PA3JIMUHBIE IIPOCTHIE YHCIa. Torma U3
TOJIBKO YTO /I0OKa3aHHOM TeOpeMBI CJIe[lyeT, UYTO Y YHC-
Jja n ectb poBHO (k1 +1)(ky+1) ... (kp +1) pasIUIHBIX
JleJINTeJIen.

[IpousBeieHIe HECKOJIBKUX HATypPaJbHBIX YUCET
MOXKeT OBITb HEUETHBIM YKCJIOM, TOJIBKO €CJIH BCe
MHOYKUTEJIU HEUYETHBL. TO eCcTh y 4UHCjIa N HEUYETHOE
KOJIMUECTBO [eJIUTeJed TOrZla U TOJIBKO TOTZa, KOTha
Bce uncia kq, ky, ..., kp, uéTHbIe. IIycThb

ki =281, ky=28, ..., kn=2y,
TOTJIa YHCJIO

24

2
n=pi®pp e phin = (pfpg i)

SABJIAETCA KBaApaTOM.

W MBI TI0Ka3aJjiu, 4To Y HaTypaJIbHOT'O YHCJjIa HEUET-
HO€e KOJIMYeCTBO AEJII/ITEJIGI‘/’I TOrga v TOJIBKO TOI/Ia, KOT-
Oa 3TO YHCJIO ABJIAETCA KBaAPaTOM.

A ciepnyroliye 3alaud MONPOOYITe PeIIUTh CaMo-
CTOSITEJIBHO.

3agada 55. Halijure HavMeHbIllee HaTypaJIbHOe YHC-
JI0, KOTOpOe uMeeT POBHO:
a) TpHU pasJIMUHBIX JleTUTeJIs;
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0) YyeThIpe pa3/IMUHbIX JeJTUTeJIS;
B) IIITh Pas/IMYHbBIX [eJIATeIel;

T) IIIeCTh Pas/IMYHbBIX J[eJIUTeIelH;
II) ceMb pasIUYHbIX JleJIuTesIel;

€) BOCeMb PasJINYHBIX JIeJIUTesIe;
é) IeBATh PA3/INYHBIX JeIUTeJel;
’K) IeCsATh PA3IMUHBIX JIeTUTeJIeH.

3amadya 56. HekoTopoe HaTypaJbHOE YUCJI0 HMEeT
POBHO TPHU NPOCMbIX IeJIUTess, & ero KBafpaT UMeeT
1001 menuTenb. CKOJIBKO JeInTes e uMeeT Kyb aToTo
yucsia?

3agauva 57. Havigure Bce HaTypasJbHBIe YHUCIA, Y KO-
TOPBIX POBHO 15 fesiUuTesIel, a CyMMa 9THX JieJIUTesei
paBHa 3751.

3AAAYN HA OCHOBHYHO TEOPEMY
APUDOMETUKN

[Tocse TOTO KaK MBI 0Ka3aJI OCHOBHYIO TEOpEMY
apuMETHUKH, 3HAYUTETHHO PACIIUPHUIICST CIIEKTP 3a-
mad, KOTOphle MBI MO>KeM PeIlTuTh. HauHéM C coBceM
IIPOCTOTO IIPUMEPA.

3azaua 58. CKOJIBKO pPas/IMYHBIX IIPOCTBIX JeIUTes e
y uuciaa 27727

Pemrenue. MBI U paHbIlle MOIJIM, COCJIABIIIKCE Ha
IpU3HAKU JeJMMOCTH Ha 2, 3 u 11 (cMm. cTp. 25-29),
CKasaThb, 4TO 4muciIo 2772 genurcs Ha 2, 3 u 11. Ho 6e3
3HaHUS OCHOBHOM TeOpeMbl apruMeTHUKH /I IIOKCKa
OCTaJIbHBIX ITPOCTHIX JeJIUTejled HaM IIPUIIOCH OBl
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IIPOBEPATH LeJIUMOCTS Yucsia 2772 Ha BCe OCTaJbHEBIE
IIpOoCThle, KBAApaT KOTOPBIX He IIPeBOCXOIUT 2772.
MbI IpO 3TO TOBOPHJIH, KOIZA OOCYKIaId ajJrOPUTM
IIPOBEPKU UMCJIa Ha IIPOCTOTY (CM. CTp. 68).

Ho Teneps Gi1arogapsi 0CHOBHOM TeopeMe apudpMe-
TUKU MBI [IOHUMAaeM, 4YTO IeJIMMOCTh yuciaa 2772 Ha
2, 3 1 11 rapaHTHpPyeT HaM TO, UTO B pPasjIO’KeHUU Ha
IIPOCTHIe MHOXKHUTEJIHM YHUCI0 2772 COLEPKUT MHOXKU-
Teskd 2, 3 U 11. To ecth 2772 neutciHa 2-3-11 =66 u

2772
IIpU 3TOM ——— = 42.
66

3HauuT, 2772 = 2 -3 - 11 - 42. 1 ocTajoch TOJBKO
PasIO’KUTH YUCJIO 42 Ha IIPOCThIE MHOXKUTEJIH:

42=6-7=2-3-7.
ITosTomy
2772=2-3-11-2-3-7=2%-32.7-11.

A Tak Kak (0msITh >Ke 6J1aro/iapsi OCHOBHOHM Teope-
Me apuPMeTHUKH) Pa3ioKeHHe Ha MPOCThle MHOKHUTE-
JI e TUHCTBEHHO, TO MBI IOHUMaeM, UTo y umcjia 2772
€CTHb POBHO YEeThIPe Pa3TUUYHBIX TPOCTHIX AETUTENST —
2,3, 7u1l.

OTBert. YV uncia 2772 eCTb POBHO UeThIpe pasyny-
HBIX IIPOCTHIX JeJIMTeJI.

3amaua 59. Kakoe HauMeHbIllee HaTypajJIbHOE YHCJIO
He ABJIIeTCs fesiuTesieM urcia 50!?

Pemenue. B passoxeHuu uuciaa 50! Ha IIpOCTBIe
MHO>KUTEJIU BCe IIPOCThIe He ITpeBocXo AT 50. IloaToMy
IIPOCTOE YUCJIO 53 TOUHO He BXOJUT B 3TO pasyo’KeHue,
a 3HAuuT, yuciIo 50! TOUHO He TeiuTcd Ha 53.
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C Ipyroi#l CTOPOHBI, OUEBUHO, UTO uuciao 50! re-
aured Ha 1, 2, 3, ..., 50. KpoMe Toro, OHO [esuTCca Ha
51=3-17uHa 52 =4-13. IIosaToOMy 53 — 3TO HAUMEHbE-
IIee HaTypaJbHOE YHUCJI0, KOTOPOe He SIBJIIeTCS [eJIH-
TesieM uucia 50!.

OTBeT. 53 — HauMeHbIIlee HAaTypaJIbHOe YHCJIO0, KO-
TOpPOE He gBJIsIeTCd fesuTesaeM uuciaa 50!

3amaua 60. /loKa’KUTe, YTO IIPU BCEX IIPOCTLIX p > 3
umcyo (p? — 1) genurcs Ha 24.

Pemenme. 3ameTuM, 9To p> — 1 = (p — 1)(p + 1).
Ho ywmciio p mpocToe ¥ He PaBHO /IBYM, II03TOMY OHO
HeuéTHoe. Torga (p — 1) u (p + 1) — ABa UETHBIX UHCIIa,
OTJIMYAIOINUXCA Ha 2. II03TOMy OHO U3 HUX [IeJIUTCSI
Ha 4. 3HAUUT, UX IIpousBeferHue (p —1)(p + 1) meaurcs
Ha 8.

C Ipyro# CTOPOHEL, Cpefy TPEX I10CIef0BaTeIbHbIX
HaTypaJbHbIX uucen (p — 1), p u (p + 1) ecTh 4mcIo,
KpaTHOe TpéM. I 3TO TOYHO He p, IIOTOMYy UTO OHO
IIPOCTOE W He pPaBHO TPEM. 3HAUUT, IIPOH3BefleHHe
(p—1)(p+1) nenurcs Ha 3.

Ho ecsm umcso (p? — 1) geauTes v Ha 8, ¥ Ha 3, TO
B €r0 pasJI0yKeHHUH Ha IIPOCThIe MHOYKHTEJIH eCcThb 23 - 3.
ITosTomMy OHO tesruTcAa Ha 24.

3amaua 61. Bacg xouer samucaThb 110 Kpyry 11 Harty-
PaIbHBIX YHCeJI TaK, YTOOBI I KaKABIX IBYX COCe[l-
HHUX YHCeJl YaCTHOe OT JleJleHHsA OOJIbIIero 4Yucjia Ha
MeHblIlee OBLJI0 IIPOCTHIM YHCIOM. TaHS yTBep)KAaeT,
YTO 3TO HEeBO3MOJKHO. IIpaBa ji TaHg?

ITepBoe pemrenme. IIpenrnososkum, 4To Bace yna-
JIOCH PacCIIOJIOKUTH TaKUM 00pasoM Yucia II0 KpyTy.
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PaccMOTpUM pasJio’KeHHe KajKZoro M3 3TUX YHces Ha
IIPOCThIe MHOKUTEJIN. JII00bIe IBA COCETHUX pasIorKe-
HUS Ha MHOKUTEJIU OTJIUYAIOTCS TeM, UTO y GoJIbIie-
IO YHCJIa Ha OIUH IIPOCTOM MHOKHUTEJIb O0JIbIIle, YeM
y MeHBIIIeTO.

IMogcurTaeM KOJTUYECTBO IPOCTHIX MHOKUTEJIEN Y
Ka)KJI0TO YMcya (eC/IM Cpeqyu YHCes eCTh YHUCJIOo 1, TO
CUMUTaEM, UTO B €r0 pPa3jIoKeHUHU Ha IIPOCThle MHOKHU-
Tesu Oy/leT HOJIb MHOYKHUTesel). Tora y coceTHUX UH-
CeJI 9TU KOJIMYeCTBa OYAyT OT/IMUaThCd Ha 1 ¥ I103TOMY
OyAyT pasHOU YETHOCTH. 3HAYUT, y YU CEJI, CTOAIIUX Ue-
Pe3 0AHO, KOJIMUEeCTBO IIPOCTHIX esuTesed OyaeT ou-
HAKOBOM YETHOCTH.

IIpoHyMepyeM BCe 4ucJia, HauWHasg C HEKOTOPOTIO.
Hampumep, 1o vacoBo# crpesike. Torga y IiepBoOro,
TpeThbero, IATOT0, CeAbMOT0, IeBATOT0 U OAVHHA/Ia-
TOT0 YHCJIa KOJIMYeCTBO IIPOCTHIX MHOKUTeJIeN OyzeT
UMeThb OJHY U Ty >Ke 4éTHOCTb. Ho IepBOe U OJUH-
HaJIaTOe YUCIa CTOAT PSAfOM, & 3HAUUT, KOJIUYeCTBa
HX IIPOCTBIX MHOMKUTeJeH MOJDKHBI OBITh pasHOH!
4éTHOCTHU. [IpuUnuin K IIpoTUBOpeUYrio. 3Ha4YuT, Bace
He yJacTcd pacIoJIOKUTh TaKUM 006pasoM YHcia II0
Kpyry. [ToaTomy TaHd mIpaBa.

Bropoe peireHue. IIpenmnososkumM, uTo Bace yma-
JIOChH PacCIOJI0KUTh TaKUM 00pa3oM 4mcja II0 KpyTy.
CoelMHUM CTpeJIOYKaMU COCeJHHe YMCiIa, JBUTasCh
II0 4YacOBOM CTpesike. Y Ha KaK[IOM CTpesIouKe 3aIlu-
IIeM MHOKHUTEJIb, Ha KOTOPBIM HYKHO YMHOXXUTb
4HCJI0, CTOAIee B Hadasle CTPeJIKH, UYTOOBI II0JIy4YH-
JIOCh YMCJIO, CTOsIee B eé KOHIle. IIo yCIIOBUIO 3TOT
MHOXXUTeJIb — JIKO0 IIPOCTOe YHCJIO, JIUO0 YHCIIO,
obpaTHOe IIPOCTOMY.

Ecr MBI HauHEM C KaKOTO-TO YHCJIA, ITPOHIEM
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IIOJIHBIM KPYT, TO MBI IIPUJEM K TOMY >Ke YHCIy. 3Ha-
YUT, [IPOU3BEJleHUe BCeX MHOKUTeJIeH, 3allCaHHbIX
Ha CTpeJyIoUKaX, paBHO 1. Torma B 3TOM IIPOM3BEAEHUN
B YHUCJIUTEJIEe JO/DKHO OBITH CTOJIBKO JKe IIPOCTHIX
MHO’KHUTeJIeH, CKOJIbKO U B 3HameHarese. Ho Bcero
B UHCJUTEJe U 3HaMeHaTesle MHOXKUTeJIel OyfeT
CTOJIBKO JKe, CKOJIBKO M CTpesioueKk — 11, HeuéTHOe
KOJIMYEeCTBO. A 3HAUUT, B YUCJINUTeJIe He MOYKeT OBITh
CTOJIBKO Ke IIPOCTHIX MHOYKUTeJIeH, CKOJIBKO U B 3HAa-
MeHaTeJse. [IpUNIM K OpoTUBOpeunio. 3HAUUT, Bace
He yJacTcd pacIoyIOKUTh TaKUM 00pa3oM YHCjIa II0
Kpyry. IlosaToMy TaHa mmpaBa.

OtBerT. TaHsd IpaBa.

3agaua 62. Haiigure HOJ[(21001 — 1, 22024 _ 1),

Penrenue. PacCMOTPUM IIPOU3BOJILHEIE HATYpasb-
Hble ynciaa m < n. Torma

HOZA(2™ -1, 2" — 1) =
=HOA(2"-1,2"—1—- (2™ -1)) =
= HOZ(2™ -1, 2" — 2™) =
= HOZ(2™ — 1, 2™ - (2™ — 1)).

IIpu 3TOM OUeBUIHO, UTO umcia (2™ — 1) u 2™ B3a-
HMHO ITPOCThIE, TaK KaK

HOZ(2™ - 1, 2™) = HOA(2™ — 1, 2™ — (2™ - 1)) =
=HOA(2™ -1, 1) = 1.

To ecTb y umces (2™ — 1) u 2™ B pa3noKeHUIX Ha
IIPOCThIe MHOKUTEJIN HeT OOIIHUX IIPOCTHIX. 3HAYHT,

HOZ(2™ -1, 2™ - (2™ - 1)) = HOA(2" - 1, 2" ™ - 1).
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TakuM 06pa3oM, MbI J0Ka3aJIH, UTO
HOZA(2™ -1, 2" — 1) = HOA(2™ — 1, 2" ™ - 1).

To ecTb GOJILIITAHY ITOKA3aTeh CTEIIEHW MOKHO 3aMe-
HUTH Ha Pa3sHOCTh GOJIBINIETO U MEHBIIIETO. A 3TO 03Ha-
YaeT, UYTO MBI MOKEM IIPUMEHSITD aJTOPpUTM EBKJIHIA
He K camMmuM yuciaaMm (2™ — 1) u (2" — 1), a k TIoKasare-
JISIM CTelleHel!

B utore, ecimu IIPOOOJIP)KHUTE 3TH PACCYKIAEHHNA, MBI
II0JIy4YHM, YTO

HOA(2™ - 1, 2" — 1) = 2HOAmD 9

Hatimem HO/[(1001, 2024). M0>XHO PasoOKUTh Ha
IPOCThIe MHOXKUTEJHM, a MOXHO BHOBH BOCIIOJIb30-
BaThCS aJropuTMOoM EBKIH/IA:

HO/(1001, 2024) = HO/[(1001, 2024 — 2 - 1001) =
= HO/[(1001, 22) =
= HO/[(1001 — 45 - 22, 22) =
= HO/[(11, 22) = 11.
IToaTomy
HO,Z[(ZlOOl _ 1. 92024 _ 1) = oHO/(1001,2024) _ 1 _
=211 _ 1 =12048 — 1 = 2047.
Otset. HOZ (21901 — 1, 22024 _ 1) = 2047.

A creqyrolye 3aJjauu MOMPOOYHTEe PENIUTh CaMo-
CTOSITEJTHLHO.

3agaua 63. HalijuTe HarMeHbIllee HATypaJIbHOe YHC-
JI0, IIpou3BeleHre [TUpP KOTOPOTO paBHO 540.
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3agada 64. /lokakuTe, UTO €CJIU KaK[0e U3 IIPOCTHIX
4quces p U q 60JbIIe TPEX, TO Pa3HOCTh UX KBaJpaToB
(p? - q°) pemuTcs Ha 24.

3aga4da 65. CKOJIBKO CYI[eCTBYeT I1ap HaTypaJbHBIX
4uces, HaUMeHblllee 00lllee KpaTHOe KOTOPBHIX paB-
HO 2500007

3agaua 66. Halimute HauboIbIllee HAaTypaJIbHOE N, 1T
KOTOPOTro yucsIo 6500! meruTcsa Ha KayK/g0e 13 yrces BU-
makfmpuk=1,2,3,...,n

3amaua 67. Kakoe HamboJIbIllee 3HaUeHUE MOYKET
IpUHUMAaTh HauOOJIbIIUN OOIIUU [eIUTesb YHCel
(17n+5) u (19n + 1), ectu n — HaTypaJIbHOE UHCIIO?






ANO®AHTOBbI

TTIA YPABHEHWA







0CJIe BCETO TOTO, UTO MBI Y3HAIH U3 IIPe/IbIY-
IUX IJIaB, MOYKHO Y)Ke IIepPeXoUTh K pelre-

HUI0 ypaBHeHHH. K Tak Ha3bIBaeMBIM OUO@AHMOBHIM

YPAagHeHUsSAM — YpaBHEHUSIM B I1eJIbIX YHCJIAX.

Tak Ha3bIBAIOTCS YPaBHEHUs], B KOTOPBIX BCE BXOJI-
HBIe TTapaMeTpPBl SBJISIOTCS IeJIBIMH YHUCIaMU U IS
KOTOPBIX TPe6yeTcsl HANTHU PpeIeHUs TakKe Cpeau
TIeJIbIX urcesl. CBOEé HasBaHHe YpaBHEHUs TIOJIYUHIN
B UeCTb aHTUYHOTO MaTeMaTHKa [[rnopaHTa AJleKcaH-
TPUICKOTO, KOTOPBIH, KaK CUUTAETCs, IIePBBIM Hauasl
HU3y4vaTh IT0I06HBIE YpaBHEHUs, KJIacCUQUITUPOBATH
UX U OTTUCHIBATh METO/IBI UX PeIeHHsI.

HaBepHoe, caMoOe M3BECTHOE rZLI/IOCPSIHTOBO YpaBHE-
HUE BBIIVIAJUT TaK:

a'+b" =c",

Ime n, a, b u ¢ — HaTypasibHbIe uucaa U n > 3. Benu-
Kas TeopeMa Pepma yTBep>KIaeT, YTO ¥ 3TOr0 ypaBHe-
HUA HeT pellleHUN. OKOHYaTeJIbHO JoKa3aHa OHa 6bl1a
Jumb B 1995 roxy, To ecTh mporuio 6osee 350 JeT 11o-
CJie TOro, Kak B 1637 roxy Ilbep ®epma chopMyIupoBasl
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eé Ha I10JIIX «ApudMeTHUKU» /lriodaHTa.

Ho [okasaTeJIbCTBO 3TOTO YTBEPKAEHUA Upe3sMep-
HO CJIOJKHO, II09TOMY HaM OCTAa&TCs JIUIIb BCJIEH, 3a
ITeepom depMa ckasaTh, UTO «3TO IIOUCTHUHE YyLeCHOe
[0KasaTeJbCTBO, HO II0JI1 KHUTU CJIUIIKOM Y3KU JAJIS
Hero»!,

Ha caMoM [iesie eCTh MHOYKeCTBO APYTHUX Ba)KHBIX U
UHTepeCHBIX 110QaHTOBHIX ypaBHeHUH. HanprumMep:

* ypaBHeHue KarairaHa

n

x"—ym=1,

I7Jie X, y, N ¥ m — HaTypaJbHble YHCIIa, 60/IbIITHe
e[IMHHUIIEL. /[0Ka3aHo, YTO eJMHCTBEeHHOe pelle-
HUe 3TOTr0 ypaBHeHus — 910 3% — 23 = 1;

* ypaBHeHue Ilenisa
x*—n y2 =1,

Toe X, y 1 n — HaTypaJIbHbIE YHCJ/Ia, 1 YHUCJ/I0O N He
ABJIAETCA TOYHBIM KBaJpaToM;

* ypaBHeHue PamanymkaHa — Harens

I7e X U n — HaTypaJabHbIe YHCIa.
W MHoOrHMe gpyrue.

Ho B 3TO# IJIaBe MBI OIpaHHUYMMCS TeM, YTO Ha-
YUUMCST peliaTh JIUIIh CaMble IPOCThIE AUOPAaHTOBEI
ypaBHEHUSL.

ldepma fieTas cBOM MOMETKHU Ha TIOJIIX YATAeMBIX MaTeMaTH-
YeCKHUX TEeKCTOB U YacTO TaM >Ke GOPMyJIHPOBaJI IPHUIIeAIINe Ha
YM 3ajaud ¥ TeopeMbl. POPMYIHMPOBKY 3TOM TeOpeMbI OH 3aIlHcall
C IIPUITHCKOM: «5] HAIIéT 3TOMY IIOMCTHHEe Yy/ieCHOe JoKa3aTesb-
CTBO, HO IT0JIST KHUTH 3TOM CJIMIIKOM y3KH /I HETO».
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NVNHENHBLIE ANODAHTOBI
YPABHEHWA C ABYMA HEN3BECTHbIMW

JIuHeWHBIM AM0GaHTOBHIM ypaBHEHHEM C
IByMSl HEHU3BEeCTHBIMU Has3bIBaeTCd ypaB-
HeHUe BUJa

Ax+By =C,

rme A, B, C — 3aJlaHHBIe I1eJIble HeHYJIeBbIe
YHCJIa, @ X U Y — HEU3BECTHbIE ITeJIbIe UHC-
JIa.

JlaBaliTe HAyUYUMCS UX pelaTs!

PaccMOoTpHUM CHavaJia IIpOCTOM caydai, Koria y 4Yu-
ces1 A U B ecTb 061U penutenb d > 1, KOTOPOro
HeT y uncia C. Torma mpu JII00BIX ITeJIBIX X U Y YHCJIO
(Ax+BYy) 6ymet mesuThcd Ha d. Ho Tor/ia 0HO He MOJKeT
paBHATHCA yncay C, KOTOpoe Ha d He JIeJIUTCH.

TakumM 06pa3oM, MBI OKa3aau, YTO ecau ducio C
He JeJIUTCS Ha HauOOJIBIITHN 00N Ae/ITUTeb YHCe
AU B, TO ypaBHeHUe He UMeeT pellleHU.

Ecsn ke uncsio C 1eiuTcd Ha HauOOJIBITHM 001U
JleJTUTeNIb Yrcesl A ¥ B, To Ha 3TOT OOIIUU e IUTelb
MO>KHO COKpPaTUTh 00e 4acTH UCXOTHOI0 ypaBHEHUS U
IIOJIyYUTH YpaBHEHUE BUIA

ax +by =c,
B KOTOPOM YHCJIa a U b y>Ke He UMeIOT 00111ero [leIuTe-

JIsI, OTJIMYHOT0 OT eUHUIIEL. /lasblile 6yfeM paccMmart-
pUBaTH UMEeHHO TaKoe YpaBHEHHUE.
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JIOIlyCTHM, HaM Kak-TO yAajaoch HaWTH' Kakoe-

HUOYAL perieHue (Xo; Yo) Halrero ypaBHeHHs. Ilo-
KakeM, KakK, 3Hasl ero, IIOJIyYUTH BCe OCTaJIbHbIE
peleHus.

HTak, Mbl 3HaeM, UTO
axo+byy =c.

PaccMoOTpUM JII06YI0 IIapy Yuces (X; ), yA0BAETBOPSI-
IOIIIUX PaBeHCTBY

ax +by =rc.
Torma BepHO paBeHCTBO
ax +by = axp + byy.
OTKyza IIoJIy4aem, 4To
a-(x—=xo)=b-(yo—y).

OTcrofia CIeyeT, UTO YMCIIO a- (X —Xg) JeuTcd Ha b.
Ho umcita a v b B3aMHO IIPOCTHI. 3HAYHT, YUCJIO0 (X—Xg)
Iesurcs Ha b. Takum o6pasom, x —xo = kb, rie k — Heko-
Topoe 11es10e ynucyo. Torma

a-kb=b-(yo—y).

To ecTh yo — y = ka.
B uTOTe HAITLUTK BCe PerieHys HallleTo ypaBHEeHUS:

X = Xg + kb, vy =Yy —ka,
e k — ir060e 1eJioe YuciIo.

[JlaBaliTe IIOCMOTPUM, KaK 3TO paboTaeT, Ha IpUMe-
pe cirenyrolne 3agaun.

1qYTL mosxe (CM. cTp. 138) MBI IOKa>keM, KaK BCeIrjia MOXKHO
HaNTH KaKoe-HUOY/b pellleHHe TAKOT0 ypaBHeHHsI.
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3anmaua 68. HaliuTe Bce Iaphbl I1eJIbIX YHCeJ, IS KO-
TOPBIX CIIpaBe/JINBO PaBEHCTBO

15x + 25y = 35.

Pemrenwue. Pa3meniB 06e yacTHU paBeHCTBA Ha 5, I10-
JIyYUM, UTO UCXOSHOE ypaBHEeHME PaBHOCUJILHO CJIey-
H0IIleMY PaBeHCTBY

3x+5y="17.

Hec10>kHO 3aMeTHUTh, UTO
7=10-3=(-1)-3+2-5.

ITosToMy ypaBHeHUe 3X + 5y = 7 MOXKHO IIepeIrvcaTrh B
BUJE
3x+5y=(-1)-3+2-5.
To ecTh
3-(x+1)=5-(2-y).

ITpaBas yacTh e IUTCA Ha 5. 3HAUUT, U JIeBas 4acTh Je-
JauTcsa Ha 5. Ho yncsia 3 ¥ 5 B3aUMHO IIPOCTEI. [ToaToMy
yrcso (x + 1) meaures Ha 5. To ecTh X + 1 = 5k, rme k —
HeKOTOpOe IIeJIoe YUCJIO. 3HAUUT,

3-5k=5-(2-y).

IToatomy 2 — y = 3k.
TaxuM 06pa3soM IoJIy4aeM, 4To

x=5k-1, y=2-3k

rre k — 1r060e 11eJ10e YrcIIo.

JTO 03HAUAET, YTO CYIIeCTBYeT 6ECKOHEYHO MHOTO
peleHnii:
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k|..| =3] =2|-1| o| 1| 2| 3
X|...|-16|-11]-6|-1] 4| 9] 14
y|..| 11| 8| 5| 2|-1|-4a]-7

OTBeT. x = 5k — 1, y = 2 — 3k, re k — 1r060e 11e510€
YHCJIO.

KAK YITAAATb PELLUEHWE

B 1Ipeij10’keHHOM aJITOPUTMe PeIeHus JTHHeHHO-
ro qruodaHTOBA YPpaBHEHUS €CTh OIUH U3bSIH. A UMeH-
HO 3TOT MOMEHT: 00ONYCMuUM, HaM Kaxk-mo yo0anocs Hatl-
mu Kakoe-HU6yodb peuwleHue ypagHeHus. 11, X0Ts1 BO MHO-
TUX CJIy4asix IeHCTBUTEIBLHO JIETKO 10106 paTh KaKoe-
HUOYIB pellleHue, 0CTaéTcs BOIIPOC: YTO JKe /IesIaTh, ec-
JIX He TI0JIYYUJIOCH 3TOr0 cesaTh? Hammpumep, Iomnpo-
OyiiTe HaWTH KaKoe-HUOY/b pellleHue YpaBHeHUsS

201x + 302y = 123.

Kak MBI ITIOHSLTH U3 ITPEJIBIYITET0 paszesa, HaM J0-
CTaTOYHO HAyYHUTBLCS HAXOAUThH KaKoe-HUOYAL pelrle-
HUe ypaBHEHUS BUIA

ax +by =c,

B KOTOPOM 4UHCJa d U b He UMeIOT OOIIero JejIuTels,
OTJIMYHOTO OT eUHUIILL. Ho aBaiiTe MbI eIlé CUIbHee
YIIPOCTUM cebe 3amady. OrpaHUYUMCA JIUIIb CIydaeM,
korga ¢ = 1. To ecTb HalIEM KaKoe-HUOYAbL perieHue
(Xo0; Yo) ypaBHEHHUS

ax+by =1.
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Torma
axo + byo =1,

a 3HAUHT,
a-cxo+b-cyp=c.

To ecTh, ecJIi MBI HallJIM KaKoe-HUOY/b pellleHHe
(X0; Yo) ypaBHEHUS

ax+by =1,
TO T1apa guceJI (CXp; CYo) OYAET pellleHrueM ypaBHeHU
ax+by =rc.

WTak, MBI CBeJU 3aflauy K HAXOXK/IEeHUI0 KaKoro-
HUOY/b pellleHus] ypaBHeHUs BUA

ax+by =1,

B KOTOPOM UHCJa d U b He UMeIOT OOIIero JejIuTels,
OTJIMYHOIO OT eJUHUIILl. Ho i1 3TOTr0 [0CTAaTOYHO
BCIIOMHUTBL CJIe[CTBHUE H3 COOTHOIIeHUs be3sy (cM.
cTp. 52). TaM MBI [O0Ka3ajaM, YTO eCJIM HaTypaJibHbIe
4ucja a U b B3aWMMHO IIPOCTHI, TO HAUAYTCSA TaKUe
I1eJIble UMCJIa M U N, 4TO

ma+nb =1.

BoJstee TOro, Mbl HAyYUJIUCh UCKATh KO3QPUITHEHTEI M
U N, UCII0JIb3Yd aJIrOpUTM EBKIHa!l

JlaBaliTe BCIIOMHHUM, KaK 3TO JeJIaeTcsd, Ha KOH-
KpeTHOM IIpHMepe.

3amaua 69. Harifure Bce IIaphbl IIeJIbIX YHCeJI, IS KO-
TOPBIX CIIPaBeJINBO PaBEHCTBO

201x + 302y = 123.
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Penrenue. /laBaliTe BOCIIOJIB3yeMCS aJITOPUTMOM
EBxiinpma mjrg yuces 201 u 302, oTcieskuBasd 1A Kark-
JIOT0 IIOJIyYaroIerocs 4Ymucja, KakK OHO BBIpa’kaeTcs
yepes 201 u 302:

(201, 302)
(201, 101) | 101 = 302 — 201;

(100, 101) | 100 = 201 — 101 = 201 — (302 — 201) =
= 2201 - 302;

(100,1) | 1=101-100 =

= (302 — 201) — (2 - 201 — 302) =
=2-302-3-201.

TaxuMm o6pasom, 2 - 302 — 3 - 201 = 1. [TosToMy
(2-123)-302 - (3-123) - 201 = 123.

3Hauut, ypaBHeHHe 201x + 302y = 123 MOYKHO IIe-
perrcaTe B BU/Je

201x + 302y = 246 - 302 — 369 - 201.
OTcrofa mojsryuaeM, 4To
201 - (x +369) = 302 - (246 — y).

ITIpaBas yacTes genuTcd Ha 302. 3HAUUT, U JieBasd
yacTh genutca Ha 302. Ho 201 v 302 B3aMHO IIPOCTEI
(MBI a>ke 3TO TOJIBKO YTO A0Kas3asy IIPU IIOMOIIH aJl-
roputMa EBkimza). IlloaTomy (x + 369) meuTcst Ha 302.
To ecTb x + 369 = 302Kk, rie k — HEKOTOPOe I1eJI0€e YUCJIO.
3HauuT,

201 - 302k = 302 - (246 — y).

IToaTomy 246 — y = 201k.
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TaxuM 06pasoM, IoIydaeM, uYTo
x =302k — 369, y =246 - 201k,

rre k — r060e 11eJ10€ YUCIIo.

OTBeT. X = 302k—369, y = 246 - 201k, rre k — iro60e
11eJ10e YHCJIO.

3aMeTuM, UTO HalileHHOe TaKUM 00pasoM pellle-
HUe ypaBHeHUs (—369; 246) He SIBJIIETCS «CaMbIM Ma-
JIEHbKUM». ECTE pelieHNs, KOTOpbIe Topaso «OrmKe K
HYJIIO».

JIerKo 3aMeTHUTB, UTO 6JIM>Ke BCero K HyJII0 OYZeT pe-
meHue Ipu kK = 1: x = —67, y = 45. A Teneps mpep-
CTaBbTe, CKOJIBKO O6bI MBI IIOTPATHUJIN BpeMeHU, YTOOHI
nepe6opoM ITofo6paTh ITO pelreHue!

HEIVMHENHbBIA ANODAHT

B aTOM paszesie Mbl Hay4HUMCs pelarh
elllé OJWH TUII A0$aHTOBBIX YpaBHEHUH,
Ha 9TOT pa3s HeJIMHeHHBIX. A UMeHHO, Jja-
BalTe IIOMMEM, KaK PeIlUTh YypaBHeHUe
BUA

Ax+By+C = Dxy,

e A, B, C u D - 3ailaHHbIe I1eJible YMCIa, IIPU 3TOM
D # 0,a x U y — Her3BeCTHEIE IleJIble YucIa.

A HauHEM MBI C CAMOT0 IIPOCTOT0 YPaBHEHHS TaKO-
T0 BUjIA.

3azaua 70. HalijuTe Bce Iapsl L[eJIbIX YHCeJI, I KO-
TOPBIX CIIPaBeI/IUBO PaBEHCTBO

X+y=Xxy.
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PemneHue. 3amnuiiieM ypaBHeHUe B BUJle
xy-x-y=0.

3aMeTHM, YTO eCJIH IPUOABUTH eJUHUITY K 06eH1M Ja-
CTSIM PaBEHCTBA, TO JIEBYI0 YacTh MOKHO Pa3jI0KUTh
Ha MHO>XUTeJIH:

Xy-x-y+1=1;
xy-D--D=1
x-Dy-1H=1

Ho nipousBeieHUe IBYX I1eJIbIX YK CEJ MOKeT OBIThH paB-
HO eIUHHITe, TOJIBKO ecu 9T0 1 1 1wt (—1) m (—1).

B rrepBoM ciiy4dae IToJIydaeM Iapy Yucea x = y = 2,
a BO BTOpoM —mapy x =y = 0.

OrBeT. X =y=2mmux =y =0.

ITommpo6yeM ITOIO6GHBIM 06pPa3oM PEelIuTh ypaBHe-
HUe II0CTI0XKHEe.

3amaua 71. Haigure Bce IIaphl I1eJIbIX YHCEJ, IS KO-
TOPBIX CIIPaBeJINBO PABEHCTBO

2x +3y +4 =5xy.
Pemenwue. 3amnuiiieM ypaBHeHUe B BHJe
S5xy—2x -3y =4.

XoueTcs OIATh UTO-TO J0GAaBUTH K JIEBOM YACTH, UTO-
6bI OHA pa3yI0KMJIach Ha MHOKUTEJIH. ECJIU 13 TTIepBBIX
IIBYX CJIaTaeMbIX BEIHECTH MHOKUTEJD X, TO TTOJTYUHT-
cs

x(5y - 2).
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ITosTomMy XoueTcs U U3 3y KaK-TO HOJIYIUTh (5y — 2).
Ho 3 He gesmTcd Ha 5.

U TyT IOMOTaeT CJIeTyIoITasi ujes — faBauTe 06e ya-
CTU ypaBHEHUsI YMHOKUM Ha 5:

25xy — 10x — 15y = 20;
5x(5y —2) —3-5y = 20.

A Temeps npu6aBUM K 00€MM 4aCTIM paBeHCTBa 3 - 2:

5x(5y —2) —3-5y+3-2 = 26;
5x(5y — 2) — 3(5y — 2) = 26;
(5x — 3)(5y — 2) = 26.

[Tosiy4nsIoch paBeHCTBO, [I0X0’Kee Ha TO, YTO OBLI0
B IIpebIayIet 3agade. Ho B 0TJIMUMe OT TOTO, UTO OBI-
JIO TaM, CyII[eCTBYeT OOJIbIIe CIydaeB, KOIia IIpOK3Be-
[leHIe IBYX I1eJIbIX UMCceJsl paBHO 26.

ITocsie pasnorkeHUs 4uciIa 26 Ha IIPOCThIe MHOXKHU-
Tesu 26 = 2- 13 BUHO, YTO IPOU3BE/IEHIE IBYX I1eJIbIX
qrcesl MOJKeT J1aTh 26, ecat 9T0 1 1 26 wu 2 u 13. Ho
IIPU 3TOM B Ka>KJ[0H ITape MO>KeT ObITh KaK OJIH, TaK U
IPYroH IIOPSOK.

A KpoMe 3TOro, eCTh eIlé CTOJILKO >Ke I1ap C OTPH-
aTeJbHBIMU 3HaueHusAMu! UToro, Hy>KHO IlepebpaThb
BOCEMb CJIy4aes:

5x —3 | 5y — 2 | PemreHue
1 26 5x =4wuS5y = 28. HeT pellleHui
2 13 S5x=5uS5y=15=x=1uy=3
13 2 5x =16 1 5y = 4. HeT pellleHu
26 1 5x =29u 5y = 3. Het peltenuii
-1 —-26 5x =2u 5y = —24. HeT pellleHUH
-2 -13 | 5x =1mu5y = —11. Her pemteHui1
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-13 -2 Sx=-10u3y=0=x=-2uy=0
-26 -1 5x =-23u 5y = 1. Het pelueHuit

B uTOre moJsryuaeM, UTO PaBEHCTBY YZOBJIETBOPSIOT
TOJILKO JIBe TTaphlI 1eibix uncesn — (1; 3) u (-2; 0).

OrBer. x=1uy=3wmx=-2uy=0.

Temmeps MBI TOTOBBI K TOMY, UT00BI CHOPMYIHPO-
BaTh OOIIUH aJITOPUTM PEITeHUs YpaBHEHHS BUA

Ax+By+C = Dxy,

e A, B, C 1 D - 3alaHHEbIe I1eJible YHCa, IIPU 3TOM
D #0,ax u y—HeHusBeCTHEIE IleJIble YHCIa.

[Mar mepBsIit. [IleperuineM ero B BH/je
Dxy - Ax —-By =C.

IlTar BTOpOM. /IOMHOXKUM 06€ YaCTH paBeHCTBa Ha
YucIo D:
D*xy — ADx — BDy = CD.

IlTar TpeTuii. Jo6aBUM K 060€UM YacTsSIM paBeHCTBA
Yyuciio AB:

D?xy — ADx — BDy + AB = CD + AB.

[Tar 4yeTBEpTHIN. ['pynnupyeM cjaraemMble U pac-
KJIaJipIBaeM JIEBYIO YaCTh PaBeHCTBA Ha MHOKUTEJIH:

Dx(Dy — A) —B(Dy - A) =CD + AB;
(Dx — B)(Dy — A) = CD + AB.

ITar maTeiii. [OBOPUM, YTO IIPOU3BEJeHUE IIeJIbIX
ynices (Dx—B) u (Dy—A) IOJKHO OBITH PaBHO IJIOMY
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ynciy (CD+ AB), u iepe6upaeM Bce BO3MOYKHBIE TTaphl
YriceJI, KOTOPEIe B IIPOU3BEIeHUH TAI0T 3TO YHCJIO.

BoT Takoli BOT aJTOPUTM pelleHUs. BeIIsaauT He
OUEeHB CJIOJKHO, HO peaIbHas CJI0KHOCTDb peanu3aliuu
OyZleT 3aBUCETh OT TOT0, KAK MHOIO I1ap IeJIbIX YHCeJI
[aioT B Tpou3BefieHUU yucyo (CD + AB).

OJHaKO MHOIZIAa MOYKHO OIITUMHU3HUPOBATh 3TOT ajl-
roputM! PaccMOTpUM C/IeIyIOITYI0 3a/1a4uy, KOTopasi, Ha
IIepBBIN B3IV, He CHJIBHO OT/IMYAeTcs OT IIpeabIay-

IIem.

3apmaua 72. HaliuTe Bce Iaphbl IIeJIbIX YHCEJ, I KO-
TOPBIX CIIpaBe/JINBO PaBEHCTBO

2x +3y +4 =6xy.

Pemenue. Ilormpo6yeM IPUMEHUTH K HeEMY BBIIIIe-
H3JI0’KEeHHBIH aJropuTM. [lepernuiiieM paBeHCTBO B BU-

Ie
6xy —2x -3y =4.

JJOMHO>KMM 00e 9acTH paBeHCTBa Ha YHUCJIIO 6:
36xy —12x — 18y = 24.
Jlo6baBUM K 06e€MM YacTsIM paBeHCTBa YHCJIO 6:
36xy —12x — 18y + 6 = 30.

[pynmupyeM cjaraeMble U pacKjIajgblBaeM JIeBYIO
4YacTh paBeHCTBA Ha MHOXKUTEJIH:

6x(6y —2) —3(6y —2) = 30;
(6x —3)(6y —2) = 30.
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Tereps HaM HY>KHO Ilepe6GpaTh BCe IIaphl I1eJIbIX
YrceJI, IpousBeieHre KOTOPLIX paBHO 30. Ho uX oueHb

MHOTO:
(1; 30), (2;15), (3;10), (5;6),
(6;5), (105 3), (15; 2), (30;1),

(=1; =30), (=2; =15), (=3;-10), (-=5; -6),
(=6; =5), (-10; =3), (-15; -2), (=30; —1).

Ho MO0>KHO 3TOT ITepe60p CUIBHO COKPaTUTh!
3ameTuM, uTo 6x—3 = 3(2x—1),a6y—-2 =2(3y-1).
ITosToMy paBeHCTBO

(6x —3)(6y —2) = 30
PaBHOCHJIBLHO CJIEYIOIIIEMY
(2x-1)(3y—-1) =5.
[ToaToMy cTy4uaeB GyIeT BCETo YEThIpe:

2x -1 ‘ 3y—-1 ‘ Perrenue

1 5 2x=2u3y=6=>x=1uy=2
5 1 2x = 6 u 3y = 2. HeT pelnteHUt
-1 -5 2x =0u 3y = —4. HeT pelteHui1
-5 -1 2X=-4u3dy=0=>x=-2uy=0

B uTOre mosryuaeM, UTO PaBeHCTBY YA0BJIETBOPSIIOT
TOJIBLKO JIBe TTaphlI ITesIbIxX uncesn — (1; 2) u (-2; 0).

OrBer. x=1luy=2mwmx=-2uy=0.
ITOT IIpUMeP II0KA3LIBAET, UTO €CJIHM B ypaBHEeHUU
Dxy—-Ax—-By=C
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yuucen Du A (mau y yrces D 1 B) ecTb 061U [1e/IH-
TeJIb, OTJIMYHBIN OT eIUHUIIBL, TO JIJIT BOSMOKHOCTH B
JaJbHeHIlleM pas/IoXKUTh JIEBYI0O YaCTh Ha MHOXKHUTe-
JIX PaBeHCTBO MOKHO YMHOXUTB He Ha D, a Ha 6oJiee
MaJleHbKoe umciio. Ho gaBaiiTe jydite 6yieM 3TO 3aMe-
4aTh B KaK/I0M KOHKPETHOH 3a/iaue, a He OyieM Iiepe-
YCJIOKHATE 00IIMY aJTOPUTM, L06aBJIsIs B HETO COOT-
BeTCTBYIOIIIYe yTOUHEHUS.

K YPaBHEHHAM TAKOI'O0 THIIA CBOOAWTCA MHOTO pPas-
HBIX 3a1ad4. HaanMep, JIET IIATH Ha3a/[ B KadueCTBeE Ca-
MOTI'0 CJIOKHOTO 3agaHHAd €IWHOI0 I'oCyJaapCTBEHHOIO
3K3aMeHa OblIa TaKas 3agava.

3apmaua 73. HaiiguTe Bce BOSMOKHBIE ITaphI HATYPaJIb-
HBIX YHCeJI M U N, IJI1 KOTOPBIX M < N U

—+==—.

3
=
-
S

Pentenue. Ecii fOMHOKUM 06e 4acTU paBeHCTBA
Ha 14mn, TO IOJIYyYUM, UTO UCXOTHOE YpaBHeHUe PaB-
HOCHUJIBHO CJIEAYIOIIEMY:

14n + 14m = mn.

Teneps epeIuiIeM 3TO paBEHCTBO B BU/JIE
mn —14n - 14m = 0.
U no6aBUM 14> K 06€HM ero 4acTsIM:

mn — 14n — 14m + 14% = 196,
n(m - 14) — 14(m - 14) = 196,
(m—14)(n - 14) = 196.
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Tereps HaM HY>KHO Ilepe6GpaTh BCe IIaphl I1eJIbIX
YriceJI, IIpOU3BeleHre KOTOPHIX paBHO 196. 3ameTum,
4uTo

196 = 14% = 2% . 72,

ITosToMy y 196 eCcTh [IeBITh HATYyPaJIbHbIX JeJIUTeJIeN:

1, 7, 7% = 49,
2, 2.7 =14, 2.7> =098,
22 =4, 2%2.7 =28, 22 .72 = 196.

U el11é CTOJIBKO ’Ke COOTBETCTBYIOIINX OTPUIIaTeIbHBIX
«JIeJIATEeJIe .

Taxum 06pa3oM, ecTb eBITH IOJI0KUTEIbHBIX I1ap
unices (m — 14; n — 14), Jaronux B IpousBeeHUHU 196:

(1; 196), (7; 28), (49; 4),
(2; 98), (14; 14), (98; 2),
(4; 49), (28; 7), (196; 1),

U CTOJIBKO 7K€ OTPHIIaTe/JIbHBIX:

(-1; —196), (=7; —28), (—49; —-4),
(—2; —98), (—14; -14), (-98; -2),
(—4; —49), (-28; =7), (-196; -1).

[Ipe>xze ueM 6POCUTHCA Tepebuparts Bce 18 ciryda-
€B, laBaliTe 3aMeTHM, UTO M U N— HaTypaJbHble UNCJIa,
II03TOMY

m-14 > -14, n-14 > -14.

A B mocjIefHUX JIeBSITH ITapax XOTsI GBI OHO U3 UHCeI
He IpeBOCXOUT (—14). 3HAUUT, HU 0/HA U3 ITHUX TIap
He IIOAXOUT.



JAMOPAHTOBBI VPABHEHUA

Kpome Toro, 110 ycroBur m < n. Illoaromy
m-14 < n-14.

To ecTh U3 ITePBHIX /IeBATH Iap BO3MOYKHEI TOJIBKO IIep-

BbI€ IIATh.

m-14 | n-14 | m n
1 196 15 | 210
2 98 16 | 112
4 49 18 | 63
7 28 21 | 42
14 14 28 | 28

B mTOTe, MBI IIOJIYYMJIH, UTO Y YPaBHEHUS

1 1 1

m n 14
€CTb IIITh pellleHU B HaTypaIbHbIX YK CJIaX, I KOTO-
priIxm < n.

(18; 63),

OTBeT. (21; 42),

(28; 28).

(15; 210), (16; 112),

A cilepyrollivie 3aauy IOIIPOOYITE PEIIUTh CaMo-
CTOSITEJIEHO.

3apmaua 74. HaiiguTe Bce IIapsbl I1eJIbIX YHCEJ, IS KO-
TOPBIX CIIPaBeIJ/IMBO PaBEHCTBO

dm+5n=2mn-9.

3azaua 75. HatimuTe Bce IIPSIMOYTOJILHUKHU, CTOPOHBI
KOTOPBIX BEIpA’KalOTCAd HaTYpaJbHBIMH YHCIAMH, a
IJIOIALb YMCIEHHO PaBHA IIePUMETPY.
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NPUHLN KPAVUHEIO U
METO4 BECKOHEYHOI'O CMYCKA

YacTo BCTPEYAIOTCS 3a/[auH, B KOTOPBIX HYKHO JI0-
KasaTh OTCYTCTBHE pellleHUH B ITeJIbIX YHCIaX Y HEKO-
TOPOTO YpaBHEHHUS. B MOJO0GHBIX CIyYasiX 4acTo IIOMO-
TaloT IPUHITUI KpatHero ¥ MeTo]; 6eCKOHEUHOTO CITyC-
Ka. B KaKOM-TO CMBICJIe JIJI TI0JTOGHBIX 3a7[ad 3TO IIOUTH
OJTHO U TO JKe.

YT065I pa306paThCs € TEM, UTO 3TO TAKOE ¥ KaK OHO
paboTaeT, pacCMOTPUM CJIEAYIOLIYI0 3aaqy.

3amauga 76. [loKaKuUTe, UTO YpaBHeHUe
a* +b* = 2"

He UMeeT PeIeHUH, B KOTOPHIX @, b ¥ n — HaTypabHbIE
yuciaa v a # b.

Pemenwue. IIpefIrososKumM, 4yTo Takoe
paBeHCTBO BO3SMO>KHO. /laBaliTe pacCy’X-
JaTb. B IIpaBOM 4acTu paBeHCTBa CTOUT
yucio 2", a Korja GUrypupyeT ABOHKa, TO
X04eTcs pa3obpaThCs C YETHOCTHIO.

3aMeTuM, UTO YETHOCTH KBajipaTa Yucja 3aBUCUT
OT YETHOCTHU CaMOro yucJia. [JelfcTBUTEebHO, KBagpaT
YETHOI'0 YUCJIa YETeH, KBa/paT HEUETHOTO — HEYETEH.
ITosToMy ecsii umicyia a ¥ b pasHOM YETHOCTH, TO YHCJIO

a* + b®

OyfeT HeYETHBIM U He MOJKET OBITH PaBHO CTeIeHU
IBOUMKU. 3HAUUT, UUCja d U b OMUHaKOBOU YETHOCTH.
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IIpeAIIo0KuM, UTO YKciIa a U b HeuéTHEIe. JIro6oe
HEeYETHOe YMCJI0 MOKHO IIPe/ICTaBUTh B BUE (2k + 1),
e k — mestoe yucsio. Ho Torga KBajgpat aTOro YuciIa

(2k+1)? =4k* +4k+1=4(K* +k) +1

6yZeT UMeTh OCTaTOK 1 IpH JeeHHH Ha 4. U3 3Toro
caenyer, uro uucio (a’ + b?) 6ymeT faBaTh OCTaTOK 2
IIpH leJIeHUH Ha 4.

Ho cpemu crelieHell OBOMKU TOJILKO OJHA [MAET
0CTaTOK 2 IIPH JleJIeHUH Ha 4 — 9To 2! = 2. OcTanbHbIe
CTeIleHH JBOMKH JeJIATCd Ha 2° = 4 W I03TOMY JAloT
ocTaTok 0 IIpH fesleHuH Ha 4.

OCTaJI0Ch 3aMeTHUTB, UTO ITPH YCIOBHH a # b paBeH-
CTBO
a’+b*=2

He UMeeT peIlIeHMs B HaTypPaJIbHbIX YHC/IaX. Takoe pa-
BEHCTBO BO3MOJKHO JIMIIB IIPHU A = b=1.

HTaK, MBI IIOHSJIH, UTO YKCJIA a U b He MOTYT OBITh
pasHoI YETHOCTH, II0Ka3aJ, YTO OHU He MOIYT OBITh
06a HEeYETHBIMH, OCTAJIOCh PAaCCMOTPETh CJaydal, Ko-
rma oHU 06a 4€THBHL Torma UX MOYKHO IIPeICTaBUTh KaK
a=2mub = 2¢{,tne m # { - HaTypaJbHbIE YUCJIA.
ITofcTaBUB 9TO B UCXOQHOE YpaBHEHUE, IIOJTyIUM, UTO

(2m)? + (20)% = 21,
am? + 44% = 2™,
m* + % = 2"2,
UTo ’Ke mosryuusIoch? MBI XOTeJ I HalTU Ba pas-
JIMYHBIX YK CJIa, CYMMa KBaZpaToB KOTOPBIX paBHa CTe-
eHHU JBOUKH, ITOHSJIH, YTO OHHU JOJKHBI OBITh UETHBI-

MU, ¥ IPUIILIH K IBYM MeHBIITUM YK CIaM, CyMMa KBa/l-
PaTOB KOTOPHIX paBHA CTEIIEHU TBOUKHU!
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A najbIite MOKHO PacCy»KAaTh I10-pasHoMy. Haripu-
Mep, TaK. MBI IIPeII0JI0KHIH, YTO CYIeCTBYIOT I1aphl
Pas/IMYHBIX YHCeJ, CyMMa KBaZpaToB KOTOPBIX PaBHA
CTelleHU IBOMKHU. /[aBaliTe U3 BCeX ITHUX I1ap BbIOEpPEM
Ty, KOTOpas camasi MajleHbKasl B KAKOM-TO CMbIciIe. Ha-
IIpUMep, Ty, B KOTOPOH MeHblllee U3 YHce caMoe Ma-
JIEHBKO€ U3 BCeX MEHBIIIUX YHCEJI BO BCEX IIOIXOSIITIX
napax. Ecii ecTh HeCKOJIBKO ITap ¢ TAKUM MeHBIIIUM
4YUCJIOM, TO BbIGepeM JIF0OYI0 U3 HUX.

Kaxk MBI IIOHSIM, B HallleX mape o6a 4ducia 0yxyT
YETHBIMHU: a = 2mu b = 2¢, e m # { — HaTypaJIbHLIE
uncta. Ho Torga, ectu (a? + b?) — HeKoTopasi CTeIleHb
IBOMKH, TO B (m? + £2) 6y/eT CTelleHbIO [BOMKH.

Ho B mmape (m; £) 4ynciia B iBa pa3a MeHbIIIe, UeM B
nape (a; b), a MBI TIPE/IIIOJIOXKUIH, UTO (a; b) — 3TO Ta-
Pa, B KOTOPO¥ MeHbIIIee 13 YHCeJ caMOe MaJleHbKOe U3
BCEX MEHBIITUX YKCeJ BO BCeX IOIXOAIIUX ITapax. 1
TIPU 3TOM HAaIIUTH ITO/IXOSIIYIO0 IIapy, B KOTOPBIX YHC-
Jia elé MeHbITe! [IpUNUTH K TPOTHBOPEUH0. 3HAYUT,
ypaBHeHHE

a* +b* = 2"

He UMeeT pellleHUH, B KOTOPBIX a, b U n— HaTypaJjlbHble
yucaaua # b.

ITomo6HbIe pacCcy KIeHHs, KOIjia MbI IIpeioiaraeM,
YTO CYIIeCTBYIOT pellleHHs], BEIOMpaeM M3 HHUX CaMoe
Kakoe-mo 1 TI0OTOM HaxXOHM ewé 60/1ee Kakoe-mo, TeM
caMbIM IPH/A K TPOTHBOPEUHIO, Ha3hIBAIOTCS NPUHUU-
nom kpaiiHezo®.

HIpuaIEIOM KpaiiHero MBI yoKe II0JIb30BaJIHCh paHee. Hampu-
Mep, IIpU loKa3aTeJIbCTBe OCHOBHOM TeopeMbl apudMeTUKHU. TaM,
IIpejiIIosiarasi, 4YTo TeopeMa BepHa He /I BCeX YHCeJI, pacCMaTpH-
BaJIH CaMOe Ma/1eHbKOe UUCO, JIJIs1 KOTOPOTo OHA He BepHa.
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Ho 1j11 MHOTHX TaKHe PacCyKIeHUs CIUIIKOM
CJIOKHBI, II03TOMYy OOCYZMM M [pyrue IIOAXOABI K
peleHuro.

CMOTpUTE, YTO MBI yXKe chesaau? MeI IIpearioao-
JKWJIH, UTO CYLIECTBYIOT HaTypaJIbHbIE Uucaa a # b,
CyMMa KBaJipaTOB KOTOPBLIX paBHA CTeIleHU JABOUKU.
IToHSUIM, YTO TOTAA 3TH YHUCIAA TOJ/DKHBI OBITH UET-

a
HBIMHU, U IIPUIIUIK K TOMY, YTO [JId YHCEJI m = E u

¢ = g Tak)Ke BEPHO yTBepsK/eHHUe, UTo m # £ — Ha-
TypasIbHBIe YHCJIa, CyMMa KBaZipaToB KOTOPHIX PaBHA
CTelleHU /BOMKHU. Ho Torma u /it uncesl m U £ MBI
CMO>KeM IIOBTOPHUTBH BCE TO JKe caMoe.

Ecm umciia m U £ pasHOM UETHOCTH, TO UHCJIO
(m? + £%) 6yJeT HeYETHBEIM U He MOKET ObITh PaBHO
CTelleHHM MBOMKH. Ecyim uriciia m u £ 06a HeUETHEIE, TO
gucyo (m? + £€2) 6ygeT JaBaTh 0CTATOK 2 IIPH JieJIeHHH
Ha 4 U IIpHA 3TOM

2" =m? + % > 1% + 32 = 10.

3HauuT n > 1, u 2" gesuTcs Ha 4.
ITosToMy unciia m u £ o6a yéTHbI. Ho Torma i uyu-

cers = % ut = g TaK)Ke BEPHO YTBEpPIKIEeHUE, UTO
S # t — HaTypaJbHbIe YHCJIa, CyMMa KBa[paToOB KOTO-
PBIX paBHA CTeIeHH BOUKU. Ho TOTma M JyIs Yuces S
U t MBI CHOBa CMO>KeM ITIOBTOPHUTH BCE TO Ke camoe. 1
TaK Jajee.

To ecTh MBI IIOHSUIH, YTO €CJIHM CyMMa KBaJpaTOB
IBYX UHCeJl paBHA CTeIleHU [IBOMKU, TO OHU UETHBIE,
U II0CJIE JIeJIeHUs Ha 2 BHOBB I10JIy4YaeTcsI IIapa YucedI,
CyMMa KBaJ[paTOB KOTOPBIX paBHA CTeIIeHU JBOUKU. U
MBI MO’KeM TaK «CIIyCKaTbCsg» 6€CKOHEYHO [1oiro. Ilo-
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9TOMY TaKOH CII0c06 paccy K[ eHUs HasbIBaeTCsd Memo-
oM 6ecKoHeuH020 cnycka'.

Ho INOHATHO, YTO HUKAKUe Ylcja He MOTYT JeJIUTh-
cs1 Ha 2 6eCKOHEYHO MHOTO pas. [IpHIIIu K IIpOoTUBOpe-
uuio! 3HAUUT, ypaBHeHUe a’ + b? = 2" He MMeeT pellle-
HUU, B KOTOPBIX A, b ¥ n — HaTypaJibHbIe uucaa U a # b.

Ha camowm jiese, 1ocjie TOTO KaK MBI y>Ke ITOHSUTH
OCHOBHYIO HJIel0 3afia4l, pacCyKAaTh MOKHO OBLII0O U
nHaue — 6e3 IpUHITUIIA KpaliHeTo U MeTo/ia 6eCKOHeY-
HOTO CITycKa. MO>KHO ITOCMOTPETh, B KaKOU CTeleHH
IBOMKa BXO/IUT B pas3JIoyKeHUs YHCeJI a U b Ha IIPOCThIe
MHOKUTeJTH. ECJTU OHa BXOJTUT B OTUHAKOBOM CTEIIeHH,
TO

a=25.¢ b =24,

I7le ¢ U d — TIpou3BeJieHUe 0CTAIbHBIX IIPOCTHIX MHOKU-
TeJei, a 3HAYUT, HeUETHEBIE YHCIAZ. Torma, pasmeius

1CTOMT OTMETHTE, UTO CITyCK MOKHO IeJIaTh OUeHb I10-Pa3HOMY.
Hampumep, B 3TOU 3ajaue, I10CJIe TOTO KaK MbI IIOHSIH, YTO YHC-
Ja a U b NoJDKHBL OBITH OJJHOM UETHOCTH, MOYKHO OBLIO IIpeficTa-

BUTb UX KaK a = X + y, b = X — y (1u Hao60poT, ecau a < b), rme
a+b a-b

X=Tg Y
BEHCTBO (X + ¥)2 + (x — y)? = 2", 0TKyjia II0CTe PACKPHITHS CKOGOK
M COKpAIIeH s Ha 2 II0Jly9aeM paBeHcTBO X% + y2 = 21, To ectp
IIPEeAIIOI0XKUB, YTO CYMMa KBa/IpaTOB KaKUX-TO /IBYX Pa3JIMYHBIX
HAaTypaJbHBIX YHCEJ paBHAa 2", MBI HAIILIH JPYTHE JBA Pa3IHIHBIX
HaTypaTbHBIX YHCIa, CyMMa KBaJpaToB KOTOPHIX paBHa 2" 1,

2 Jlerko 3aMeTHTb, UTO B 3TOM MeCTe MOYKHO GBLIO 0GOHTHCE Ge3
OCHOBHO# TeOpeMbI apUOMETHUKHU U Pa3I0yKeHUsI Ha IIPOCThIe MHO-
KUTeJH. [I0CTaTOUHO GBLIO CKa3aTh, uTo 2K — MakcuMabHas cTe-
TIeHb BOHKH, Ha KOTOPYIO fletuTcs 9ucio a. Torga a = 2K - ¢, u
YKCJIO € TOYHO Oy/ieT HeuéTHHIM. Tak KaK HHave YUCJIO a OyeT fe-
ymThes 1 Ha 2K+,

Ho xorza MBI y’Ke IoKa3aId OCHOBHYIO TeopeMy apUpMeTHKH,
CTPaHHO €10 He I10Ib30BaThCsL.

. Torna U3 paBeHcTBa a® + b% = 2" crenyer pa-
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ZZk

paBeHCTBO a’ + b? = 2" ma 2%X, MBI HOJTy9HM, YTO

¢ +d? = 2"k,

Ho MBI 3HaeM, 4TO CyMMa KBaJ[paTOB IBYX Pa3IMUHBIX
HaTypaJIbHBbIX HEUETHBIX YK CEJI HE MO>KeT ObITh paBHa
CTeIleHU IBOMKHU.

Eciim Ke TBOTIKA BXOTUT B Pa3/I0>KeHUS Ha TPOCTHIE
MHO>KUTEJIN YHCes a U b B pa3sHOU cTeleHH (IJI oIIpe-
[eJIEHHOCTHU IIYCTh B UMCJIO @ OHA BXOJUT B MeHBbIIlel
CTeleHH, YeM B UHCJI0 b), TO

IJie ¢ — HEYETHOe YUCJIO, a d — 4éTHoe. Torfa, pasieans
paBeHCTBO a’ + b? = 2" Ha 2%, MBI cHOBa IIOJIYYHM, UTO

c? +d? = 2"k,

Ho cymMMa KBa/ipaToB JABYX YHCeJ Pa3HOM YETHOCTH He
MOJKeT OBITH paBHA CTEIIEHH JBONKH.

TakuM 06pa3oM, ypaBHeHHe a’ + b> = 2" He UMeeT
pellleHM, B KOTOPBIX d, b U n — HaTypaIbHbIe UHCJIa
ua#+b.

ITompo6ytiTe, UCIIO/Ib3YS IOJO0OHBIE PACCYKIEHUS,
PeIIuTh CaMOCTOSATEIHFHO CAeNyIOIHe 3aavuH.

3amaua 77. /lokakuTe, UTO ypaBHeHUe
2n® =m

He UMeeT pEI_T_IE‘HI/Iﬁ B HAaTypPaJbHBIX IfII/ICJIZile.

1PEIJ.II/IB 9Ty 3a/ia4dy, BBl JOKa’>KeTe HPpPalliOHa/JIbHOCTE YHCjIa
\/E, IIOTOMY YTO BEI IIOKa’KeTe, UYTO He CYIIIeCTBYeT palfluOHa/JIbHOT0

m
4uciaa —, KBaJpar KOTOPOTO PaBeH 2.
n
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3amaua 78. /loKa’KuTe, UTO YpaBHEHHE
27k* +90* + 3m* = n*
He UMeeT pellleHWH B HaTypaJIbHBIX YHCJIaX.
3amaua 79. /loka)kuTe, UTO ypaBHeHUe
£* + m? +n®* = 2¢mn

He UMeeT pellleHN B HaTypaIbHbIX YUCIaX.

APYTUE YPABHEHWNA B LEJIBIX UNC/AX

B aToM paspesie 6e3 KaKoH-IM60 cHCTeMaTU3aIuu
06CyJM pasJIU4YHble YpaBHEHHUS B IeJIbIX YHCJIaX U
pasbepémcs, KaKKe IOAX0/ bl UCII0JIb3YI0TCS IIPHU UX pe-
IIIeHUH.

3agauva 80. HaiiguTe Bce Imaphl HATYpPaJIbHBIX UMCEI,
IJIs KOTOPBIX CIIPaBeIMBO PaBEHCTBO

x? - y* =111.

Pemmrenue. PasjioKuB JIEBYIO 4HaCTh PaBE€HCTBA Ha
MHO>XHUTEJIH, II0JIYyYHM

(x—y)(x+y)=111.

Pasioxum 111 Ha 1IpocTeie MHOXKHUTeAHU: 111 = 3 - 37.
EcTh BoceMb Iap IeJIbIX YHCeJI, IPOM3Be/ieHre KOTO-
pBIX paBHO 111:

111=1-111=3-37=37-3=111-1=(-1) - (-111) =
= (=3) - (=37) = (=37) - (=3) = (-111) - (-1).
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Ho, Bo-1IepBBIX, MHOKUTEJD (X + y) paBeH cyMMme
IBYX HaTypaJIbHBIX YHCEJI, a 3HAUUT, OH IT0J0KUTEJIEH.
[IoaToMy IOCJIeTHIE YeThIpe BapuaHTa HEBO3MO)KHEL.
A, BO-BTOPBHIX, pa3HOCTh ABYX HAaTypaJbHBIX UHUCeJ BCe-
I7la MeHblIle, YeM UX cyMMa. I103ToMy oCTaéTcs JIUITh
IIBa CJIyJas:

X-y|x+y| b% | y
1+111 111 -1
1 111 =56 =55
2 2
3+37 37-3
3 37 =20 — =17
2 2

3ﬂeCB MBI BOCITIOJIB30BaJIMCh Te€M, UYTO

_ =y +(x+y) y:(X+y)—(x—y)_

X )
2 2

ITo3ToMy Y ypaBHEHUS eCTb TOJIBKO JIBA PEIeHUS:
(56; 55) u (20; 17).
OTBer. (20; 17) u (56; 55).

3azaua 81. HalijuTe Bce mapsl L[eJIbIX YHCeJI, I KO-
TOPBIX CIIPaBeIIMBO PaBEHCTBO

x2—2xy—3y2+2x—y+3:0.

Pemenne. [lormpo6yeM MHpefCTaBUThL 3TO ypaBHe-
HHe B BUjle

(ax+by+c)(dx+ey+f) =g,

e KoaQQUIMEHTHI 4, b, ¢, d, e, f U g — KaKue-TO IieJIble
yucJa.

JIJI1 3TOTO BOCIOJIB3YEMCS MEmMo0oM HeonpeoeéH-
HbIX KO3 PuyueHmos. To eCTb IIPeAIIOIOKUM, UTO B
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TaKOM BH/le IIpeiICTaBUTh MOJKHO, PacKpoeM CKOOKH
U 1oripobyeM mozobpaTh 3HaueHUsI K03QQUITMEHTOB
TaK, 4YTOOBI IIOCJe PacKphITHSI CKOOOK ITOJYUMJIOCH
HCXOJHOEe PaBeHCTBO.

Hrak, mmocsie PaCKpPBITHUA CKOOOK U IIpUBEOEHU I10-
,T.[O6HBIX Cj1araeMbIX MBI IIOJTYyYHM

adx? + (ae + bd)xy + bey*+
+ (af +cd)x + (bf +ec)y+ (cf—g) =0.

W MBI XOTHUM, YTOOEI 3TO PaBeHCTBO IIPpeBPAaTHUJ/IOCE B

x?—2xy-3y*+2x —y+3=0.

3HAUYUT, HAM HY>KHO, UTOOBI

ad =1,
ae+bd = -2,

be = -3,
af +cd =2,
bf +ec=-1,
cf-g=3.

YV Hac HeT I1eJI1 HAUTU BCe pellleHUs 9TOU CUCTeMBI.
Hawm pmocTraTouHO 1ozo6paTh Kakoe-HHUOyAb 0fHO. Ilo-
39TOMY B IIepBOM YpaBHeHUH MO>KHO, HAIIpUMeD, B3SITh
a = d = 1, Torga cjaefymollye ABa paBeHCTBa IIepeln-
LIYTCS B BUJE

be = -3,
e+b=-2.

HammomuHaeT TeopeMy Buera, He mpaBzga ju? CymMMa
4uices paBHa (—2), a mpousBefieHNe paBHO (—3). Oye-
BU/IHO, UTO 3T0 uncia 1 u (—3). [IycThb, HanipuMep, b = 1,
e=-3.
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B uTore ocTasIuCh CaeAyroIe TPH PABEHCTBA:

f+c=2,
f—-3c=-1,
cf-g=3.

BrIunTas U3 IIepBOr0 paBeHCTBA BTOPOE, II0JIyUYUM
4c¢ = 3. 11 BBIXOJIUT, YTO I1eJIbIX 3HaUeHUN ¢ HeT. Ho TyT
IVIaBHOE — He OIIYCTUTh PYKU U II0IIPOO0BAaTh IIPOLO0JI-

SKUTB! MBI ITOJTy4aeM, UTo ¢ = T Torma

f:z-c: s
15 33

= —-3=——-3=——,
§=c¢f 16 16

RS

9To0 03HAaYaeT, YTO YpaBHEHIe

X+ +§ x—3 +§ .
Y2 Y T

PaBHOCHUJIBHO HCXOOHOMY. Ho OOMHOKHB 00e YacTu
9TOr'0 paBeHCTBa Ha 16, MBI II0JIYy9YHUM PaBE€HCTBO

(4x+4y +3)(4x — 12y +5) = =33,

B KOTOPOM Bce KO3QPUITUEHTHI I1eIbIe!

A nasbIiie MBI yoKe yMeeM paccy»KaaTh. Hy>xHo mpo-
CTO IlepebOpaTh BCe IIaphbl YHCeJI, IIPOU3BefieHIe KOTOo-
PBIX paBHO (—33). VunThiBas TO, uTo 33 = 3 - 11, mIoJy-
JaeM BOCEMb BO3MOXKHBIX I1ap:

33=1-(-33)=3-(-11) =11+ (-3) =33 - (-1) =
=(-1)-33=(=3)-11=(-11) - 3= (-33) - 1.

PaCCMOTpI/IM 9TH BOCEMB CJ/Iy4dadeB.
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Ciyuaii L.

4x+4y+3=1,
4x -12y +5=-33.

Torma 4x+4y = —2. Ho 3T0 HEBO3MOXKHO, TaK KaK JieBas
YacThb [JeJIUTCA Ha 4, a IIpaBas — HeT.

Ciyuai II.
4x+4y+3 =3,
4x —12y +5=-11.
Torma
x+y=0,
x -3y =-4

EcJiz BBIUECTE U3 IIePBOT0 paBEHCTBa BTOPOE, TO II0JIY-
yutcd 4y = 4. 3HauuT, y = 1. IlosTomy x = —1.

Ciyuai III.
4x +4y+3 =11,

4x -12y +5=-3.

Torma
xX+y=2,
xX—-3y=-2.

EcJiz BEIUECTh U3 I1IePBOT0 PaBEHCTBa BTOPOE, TO II0JIY-
yuTca 4y = 4. 3HauuT, y = 1. IloaToMy x =2 -1 =1.

Ciyyau IV.

4x +4y+3 =33,
4x -12y +5=-1.

Torma 4x+4y = 30. Ho 9T0 HEBO3MO>KHO, TaK KaK JieBas
YacTh JeJIUTCI Ha 4, a IIpaBasd — HeT.

160



JAMOPAHTOBBI VPABHEHUA

Ciyyaii V.

4x+4y+3=-1,
4x — 12y +5=33.

Torma
X+y=-1,
x-3y="17.
EcJiv BBIUECTh U3 I1IePBOT0 PpaBEHCTBA BTOPOE, TO II0JIY-
yurca 4y = —8. 3HauuT, y = —2.IJoatoMy x = -1+2 = 1.

Ciyuau VI.
4x+4y+3=-3,
4x -12y+5=11.

Torma 4x+4y = —6. Ho 9T0 HEBO3MO’KHO, TaK KaK jieBas
4acTh JIeJIUTCA Ha 4, a IIpaBas — HeT.

Ciyyau VIIL.
4x+4y+3=-11,
4x -12y +5=3.

Torma 4x +4y = —14. Ho 3T0O HeBO3MOJKHO, TaK Kak Jie-
Bas 4aCTh JeJIMTCA Ha 4, a IIpaBas — HeT.

Ciryugaii VIII.

4x+4y+3=-33,
4x-12y+5=1.

Torma
X+y=-9,
x—-3y=-1.
EcJiv BIUeCTh U3 IIepBOTO paBeHCTBA BTOPOE, TO II0JIY-
quTcd 4y = —8. 3Hauur, y = —2. [ToaTtomy

X=-9+2=-7.
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B mTOTE MBI ITOJTYYHMJIU YETHIPE PEIleHHs ypaBHe-
s (—1; 1), (1; 1), (1; =2) u (-7; -2).
OTBet. (—1; 1), (1; 1), (1; =2) u (-=7; -2).

Tenepb IOIPOGYITE CAMOCTOSITEILHO PEITUTE CIle-
IyIOIIHe 3a/lauH.

3amada 82. CKOJILKO I1ap HaTypaIbHBIX UHCeJI YA 0BJIe-
TBOpPSAET PaBeHCTBY 2x + 5y = 1000?

3amaua 83. IlomomHukH Jlema Moposa passiosKHINd
1001 HOBOTOZHUM ITOJAPOK B 40 MeIlIKOB. OKa3ajocCh,
YTO B HEKOTOPBIX MeIlKaX JIeKUT 110 22 IIoapkKa, a B
OCTaJIbHBIX — II0 n. Kakve 3HaueHUS MOJKeT IIPUHU-
MaThb YHCJIO n?

3agava 84. HarifeTe Bce ITapbl HaTypaJIbHBIX UMCeJI,
IJI1 KOTOPBIX CIIPaBe//INBO PaBEHCTBO

HOZ(x, y) + HOK(x, y) = 101.

3anmaua 85. HaminTe Bce TPOMKU HATypaIbHBIX UHCeI,
JIJIs1 KOTOPBIX CIIpaBe/JINBO PaBEHCTBO

4-(y?* -z —xz)=x*+x+6.

3amauya 86. HailijuTe Bce mmaphl HaTypaJbHBIX UMCeJI,
JIUIs1 KOTOPBIX CIIpaBe/JINBO PaBEHCTBO

3™ + 360 = n?.



APADPMETUKA

OCTATKOB
TJTABA







3TOM IJIaBe MBI C BAMH HayduMcs paboTaTh C

ocTaTKaMH, 4TO ITIOMOKeT HaM PeIlaTh 0BOJIb-
HO coflepKaTeJbHBle 3alaud. Harpumep, BBI JIETKO
CMOKeTe HaWTH OCTaTOK IIPH JleleHuH umcia 521537
Ha 17. 31ech 5 IIPOCTO HAIIKCAJI [Ba CIy4alHbIX TPEX-
3SHAUHBIX YMCJIa U KaKoe-HUOYAL He 0YeHb 6OJILII0e
IBysHa4HOe. BBI ke MO)KeTe HaIMCaTh JIKOGBIE IpY-
THe YhCjia U COBCEM CKOPO Y6eHMTeCh, UYTO CMOYKeTe
PEIINTD JII00YI0 TaKyI0 3a/ady.

[ToHATHO, YTO BBl U CeMUac MOYKETe PeIlUuTh 3Ty
3aagy «pykaMu». CHagasia IIOCMOTpPeThb, KaKOi 0CTa-
TOK IIpH JesleHUU Ha 17 y umcia 521. IIoToM BBIYMC-
JUTh 5212 ¥ HaliTH, KAKOM 0CTaTOK y Hero. 1 Tax mpo-
IOJDKaTh UCKaTh OCTaTKH y umcesn 5213, 5214, 5215, ...,
II0Ka OHM He HAYHyT IIOBTOPATHLCI. 3aTeM [0Ka3aTh,
YTO OCTaTKHU 3aITUKJIIATCS, U I10CJIe 9TOT0 IIOHATH, KaKOM
ocTaTok 6yzmeT y umcia 521637,

Ho Takoe pelireHHe 6yIeT DOBOJIBLHO J[OJITHM U
CKYYHBIM. MBI 5Ke Hay4HUMCcs pelaTh Iofo6HbIe 3a/1a-
YU IIPOITE, GBICTPEE U JIJIST JTFOOBIX YKCEL.
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onATb OCTATKW

B mepBOH IV1aBe MBI C BaMHU YyKe TI0-
BOPUJIM IIPO OCTaTKH (cM. cTp. 30). Torga
MBI ITIOHSJIH, UTO /IS JIF060TO 11eJI0I0 YHC-
Jla a U HaTypaJIbHOTO uKciIa b cylecTByeT
IIpeficTaBJIeHHE YHUCJIa d B BUJE

a=kb+r,

e k — HEKOTOPOe ITeJI0e YHCJIO, a I' — IeJI0e YHUCJI0 OT 0
1m0 (b — 1). I[Ipx 3TOM YHCJIO ' Ha3bIBAeTCSI 0CMamxkom
IIPH JIeJIeHUH a Ha b.

JlaBaliTe 4yTh IOpo6Hee 0OCYyIUM, KaK Ha YHC-
JIOBOM IIPSIMOM pacIiojiararoTcsa YHucia C OAUHAaKOBBIM
OCTaTKOM IIpU [leJIeHMU Ha KaKoe-HUOy[Ib HaTypab-
HOe umuciao m. ITocMOTpuM, HallpuMep, Ha YHCIA,
HMeollye 0CTaTOK 2 IIPU JleJIeHU! Ha 7:

9=1-7+2, 2=0-7+2,
16=2-7+2, —5=(-1)-7+2,
23=3.7+2, —12=(-2)-7+2,
30=4-7+2, ~19=(-3)-7+2,
-12 -5 2 9
?3!#!#_!713115l(l)l=l¢l¢l7l=il¢

Bce sTu ymcia upyT c maroM 7. Kakmoe m3 HUX
Ha 2 60JIbIIIe KaKOTO-TO YHCJIa, KpaTHOTO ceMH. [1oaTo-
My, KOI7Ia HaC MHTepecyeT TOJIBKO OCTATOK IIPU JieJie-
HUM Ha KaK0e-TO YMCJIO0, MOXKHO BOCIIPUHUMATH YKC-
JIOBYIO IIPSIMYIO He KaK IIPSIMYVI0, @ KaK OKPY>KHOCTD, Ha
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KOTOPVYIO 3Ta YHCJIOBad IIpdAMasd «HaMOTaHa» TakK, 4TO
Yrcijia ¢ OMHAKOBBIMH OCTaTKaMH IIOIIaAalT B OJHH

U Te Ke TOUKHU:
4 3

0

ITpu 3TOM UMCIIO 7 TIOIAZAET B TOUKY 0, unciio 8 — B
TOUYKY 1, 4uMcyI0 9 — B TOUKY 2 ¥ TaK Jjajiee. B 4acTHOCTH,
BCe UNCJIa C 0CTaTKOM 2 IIPU JTeJIeHUH Ha 7

., —19, -12, -5, 2, 9, 16, 23, 30,

II0IIaAYT B TOUKY 2.

I103TOMY, €CJIH BaC HHTEePEeCYI0T TOJILKO OCTaTKH, TO
O4YeHb yA00HO CYUTATBh, UTO IlesIble YK CJIa PacIioIoyKe-
HBI He Ha YHUCJIOBOH IIPSIMOIA, a «GerarT» 110 OKPY»>KHO-
CTH.

Ha caMoM fieste K IIOI0OGHOMY OTHOIIIEHUIO K UK CJIO-
BOM IIPSIMOM BBI IIPUBBIKJIU C leTcTBa. Korga BBl CMOT-
pHTe Ha CTPeJIOYHBIE Yachl, BBl BUAUTE BpeMs, «HaMO-
TaHHOEe» Ha OKPY>KHOCTL. II0 CTpeJIOUHBIM YacaM BEI
He MOJKeTe OIpeJe/IMTh HHU T0J, HU Mecdl], HU JIeHb
HeJleJIu. BrI 1aske He MO>KeTe I10 HUM IIOHATH, YTPO Cel-
4Jac wiId Beuep. I1o cyTH, Yachl ITI0Ka3bIBAKT BaM, KaKOi
cenyac «0CTaTOK OT BpeMeHM» IIpU [leJIeHUH Ha 12 Ja-
COB.
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CPABHEHUME NO MOAYNHO

Ecsin Hac WHTepecyeT JIUIIEL 0CTaTOK E
IIpU [leJIeHUU YUCjIa Ha 7, HallpuMep, TO
It Hac yucsa 9 u 30 — 3TO OHO U TO JKe.
VM cOOTBeTCTBYeT O/iHA U Ta yKe TOUKa Ha E
Halllell OKPY>KHOCTH, Y HUX 060HX 0CTaTOK paBeH 2.

B MaTeMaTHKe, KOIZla YTO-TO C UeM-TO B KaKOM-TO
CMBICJIE OFHO U TO >Ke (MJIH, KaK TOBOPSAT MaTeMaTHKH,
9KBUBA/IEHMHO), 0OBIUHO HCIIOJIBb3yeTCsd 3HaK «=». Tak
U 3TOM CJIy4ae IIPUHATO THCATh

9 =30 (mod 7).
JlaBaiiTe maguM o6IIee oIlpe/iesieHue.

T'oBOpAT, UTO YHCIA a4 U b cpasHumel no
MO0Y/110 M, eCJIA OHU UMEIOT O[JUHAaKOBbIE
OCTaTKHU IIpH JleJleHuH Ha m. 1 o603Ha4da-
eTCs 3TO CIeYIOIUM 06pa3oM:

=

a = b (mod m) WIH a=bh.

JTo HpocTo KOpoTKasi ¢opMa 3aIllUCH YTBepIKIe-
HUS, YTO UUCAA 00UHAKOBble C MOUKU 3PeHUS 0eAUMO-

cmu Ha m.

Hampuwmep,
13 =5 (mod 4);
15 = 39 (mod 6);
—12 = 3 (mod 5);

14 # 21 (mod 3);
11 # -7 (mod 4).
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ITo aTM IIpUMepaM BHUIHO, UTO TpebyeTcss HEKOTO-
poe ycuine, 4TO6BI, UCII0JIb3YS OIIpeesleHHe, IIOHATh,
CpaBHUMEI JIH [jBa YUCJIA SPYT C IPYrOM II0 HEKOTOPO-
My MOAYJII0 m. [JI 9TOTO HYKHO HAUTHU I KaKI0ro
Yucja ero OCTaToK IIPU JeIeHUU Ha m U IIPOBEPHUTH,
O/IMHAKOBBIA OH UJIH HeT. HO MOYKHO IIOCTYIIUTE IIPO-
mre!l

Korzma MBI «<HaMaTHIBAIU» YHUCJI0BYIO OCh Ha OKPYXK-
HOCTb, MBI IIOHSJIM He TOJILKO TO, YTO YHCJIA C OLUHA-
KOBBIMH OCTaTKaMHU IIPU JIeJIeHHUU Ha 7 II0IIafaroT B O/I-
HY U Ty ’Ke TOUYKY, HO U TO, UTO II0IIaCTh B Ty K€ TOY-
Ky MO’KHO, TOJIbKO COBEPIIIUB HeCKOJILKO II0JIHBIX 060-
POTOB, TO €CTh HY>KHO M3MEHUTH YUCJIO Ha BEJIUYHHY,
KpaTHY ceMU. [103TOMY, [JI1 TOTO YTOOBI IIOHATH, YTO
Yy OBYX YMCeJ OCTaTKH IIPH [leJIEHUH Ha 7 paBHEI, [10-
CTaTOYHO IIPOBEPUTH, UTO UX PA3HOCTH JeJIUTCA Ha 7.
A 9T0 ciesiaTh ropaspio Ipolre.

JlaBaiiTe chopMyHpyeM 06Illee YTBEP KA eHIE.

VrBepxgenue. a = b (mod m) ToOrma ¥ TOJIBKO TO-
I7ia, KOIZla pasHoCTh (a — b) mesuTes Ha m.

JokasareabcTBO. Ecytvi a = b (mod m), To y unces
au b oTMHAKOBbIE OCTATKH IIPH JIeJIeHUH Ha M, 3HAUHUT,

a=km+r, b=fm+r.
Torga pasHOCTb

a—-b=(km+r)—(Im+r)=km+r—-£fm-—-r =
=km-fm=(k-£&m

OeJIUTCd Ha m.

JloKa’keM Tellepsb B IPYIYIO CTOPOHY. IIyCcTh H3BecCT-
HO, YTO Pa3HOCTh (a — b) meauTcsa Ha m. U mycTh yucaa
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aub HOar0T, COOTBETCTBEHHO, OCTAaTKH Iy K1 I'y IIPH eJIe-
HHWHM Ha m:

a=km+ry, b=tm+r,.
Torma

a—-b=(km+r)—(Im+ry))=km+r;—fm—-ry =
=(km—-fm)+(ri—-ry)) =(k—€m+ (ry —ry).

Ho eciut (a — b) genutcsa Ha m u (k — £)m mesuTcs Ha
m, To ¥ (r; — ry) JOJDKHO JeJTUThCS Ha m.

Ho yuciia ry; ¥ r, — 3T0O OCTaTKU IIPH JleJIeHUH Ha m.
3HAYUT, KaK/[0e U3 HUX MOYKeT MPUHUMATh 3HAYEeHUS
TOJILKO OT 0 710 (m — 1). ITosToMy pasHOCTE (I — I'y)
MO>KeT MPUHHMAaTh 3HaueHUd oT (0 — (m — 1)) mo
((m—-1) - 0). Ho cpenu unces oT —(m—1) 1o (m —1)
€CThb TOJILKO OTHO YHCJIO, KpaTHOe m, — 3T0 yucio 0,
TIOTOMY YTO OJIM>KAMIIIMe K HYJII0 YHCJIa, KpaTHBIE M, —
3TO (—m) M m, KOTOpble He IMOIAAAI0T B HY>KHBIMN
TTPOMEIKYTOK.

U MBI T0Ka3aJIH, YTO eCJIM Pa3HOCTh (a—b) meuTcs
Ha M, TO YMCJIa a U b Tal0T OJMHAKOBBIE OCTATKU TP
JeJIEHUH Ha m.

CBOWCTBA CPABHEHMSA NO MOAY/IO

A Tellephb /laBaliTe IOKa)KeM BaKHBIe
CBOMCTBAa CpaBHEHUS II0 MOJYJII0, KOTO-
phle KaK pa3 ¥ I03BOJISIIOT pellaTh MHO-
>KeCTBO 33/1a4 Ha JIeJTUMOCTb.
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VrBepkaeHue. IIycTs

a = b (mod m),
¢ =d (mod m).

Torma

a+c=b+d (modm),
a—c=b-d(modm),
ac = bd (mod m).

VHBIMU CJI0BaMH, CpPaBHEHUsI II0 OJIMHAKOBOMY
MOJTYJTE0 MO>KHO TIOYJIEHHO CKJIaJ[bIBaTh, BEIYUTATH U
YMHOKaTh.

JlokasaTeJbCTBO. MBI TOJILKO UYTO J0Ka3aJiH, YTO
ITBa YHCJIa UMEIOT OTHHAKOBEIA OCTATOK ITPH JIeJIEHUH
Ha m TOT/Ia ¥ TOJILKO TOT/[a, KOT/Ia UX Pa3HOCTD JIeJTUTCS
Ha m. TakuM 06pa3oM, MbI 3HaeM, UYTO pa3sHOCTHU (a— b)
u (¢ — d) messTca Ha M, ¥ XOTHM JI0Ka3aThb, YTO TOI7A
Ka’K/ast U3 pasHoCTeH

(a+c)—(b+4d), (a-=c)—(b-ad), ac — bd

OeJIMTCd Ha m.
3aMeTHuM, UTo Pa3HOCTb

(a+c)—(b+d)=a+c-b-d=(a-b)+(c—-4d)

JeJTUTCS Ha M, II0TOMY YTO PaBHA CyMMe JIBYX YUHCeI,
KpaTHBIX M.

AHaJIOTUYHO PasHOCTh
(a—c)—(b—d)=a-c-b+d=(a-b)—(c—-qd)

OeJIUTCAd Ha m, IIOTOMY YTO PaBHA Pa3HOCTHU ABYX YH-
CeJI, KpaTHBIX m.
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C mpou3Be/ieHNEM UyTh CJI0OKHee. Boo6IIe roBops,
B MaTeMaTHKe eCTh /[Ba OCHOBHBIX IpHUEMa, KOTOPEIe
TIOMOTAIOT CBOPauYUBaTh BhIPa’keHHUS — «yMHOKUTD Ha
eIUHUYKY» U «IIpUOaBUTH HOJIHUK». BOT 3/1ech momora-
eT fo6aByeHHe HOJTUKa. CMOTPUTe, y HAaC eCTh ac, a HaM
KaK-TO HY>KHO II0JIyYUTh, HAIIPUMep, (a — b), II0TOMY
4TO MBI 3HaeM, YTO 3Ta Pa3HOCTh [IeJTUTCSI Ha m. s
3TOr0 MO>KHO M3 aC BbIUeCTh bc. Ho UTOOBI BhIpakeHHUe
He U3MEHUJIOCh, HY>KHO 00paTHO 106aBUTH bC:

ac—bd =ac—-bc+bc—-bd=c(a-b)+b(c—-ad).

ITo cyTH, IJIs1 TOTO UTOORI C/lesIaTh 3TO IIpeobpa3oBaHIe,
MBI «IIPHO6ABUIN HOJIUK» ', @ KOHKPETHO — BBIPayKeHHe
(=bc + bc).

Ho c(a — b) gemutcsa Ha (a — b), 3SHAUUT, AEJTUTCI U
Ham, a b(c — d) mesutcs Ha (¢ — d), 3HAUUT, TeJTUTCI U
Ha m. [ToaToMy pasHocTh (ac — bd) meauTes Ha m.

U3 IIoc/IefHero J0Ka3aHHOTO CBOMCTBA €CTh Bajk-
Hoe cyecTBHe. [IyCcTh

a = b (mod m),

13ameTHM, 9TO OKA3aTh ETUMOCTH HA M pasHocTH (ac — bd)
MO>KHO OBLIO U «B JI06». IeHCTBUTEIBHO, IIYCTh YUCJIA d U b TaI0T
OCTaTOK I'7, @ YHCJIA ¢ ¥ d — OCTATOK 'y TIPH JIeJIEHUH Ha m. To ecThb

a=km+rq, b=~0m+rq, Cc=pm+rsy, d=qm+rs.
Torma pasHOCTB

ac—bd = (km+ry)(pm+ry) — (Im+r)(gm+713) =
= (kpm2 +ripm+rokm+riry) —
- (1’qu2 +rigm+ryfm+riry) =

=m- (kpm+rip+ryk —fqm —riq—ryf)

KpaTHa m.
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TOT7Ia, IPUMEHHUB IT0C/IeTHEE CBOHMCTBO K IIapaM YHCeJT
(a; b) u (a; b), MBI TIOJYUUM, UTO

a® = b* (mod m).

Temeph, IPUMEHHB II0C/IeJHee CBOMCTBO K IIapaM
(a; b) u (a?; b?), mosydrM, 9TO

a® = b® (mod m).
IIpuMeHUB ero K napaM (a; b) u (a®; b®), moayuum
a* = b* (mod m).

U Tak pasiee.

TeM caMbIM MBI JOKa3aJId CJIeAYIOIee yTBEpPIKe-
HHe.

VrBeprxaeHue. IIycTb
a = b (mod m).
Torma 14 Ir060r0 HaTyPaIbHOIO N

a® = b" (mod m).

HHaue roBOps, 06e YacTU CpaBHEHUSI MO>KHO BO3-
BOJIUTH B JII06YI0 HATYPaJIbHYIO CTEIIeHb .

1Ec/m 3HATH GOPMYJTY PA3HOCTH N-bIX CTEIICHEl
a'-bp = (a-b)(d" + a2+ a3 + .+ ab" 2+ b,

TO TIOCJTe/lHee YTBepsKJAeHHe MOJKHO J0Ka3aTh HMHade. /[eHCTBU-
TeJILHO, U3 3TOM pOPMYJIBI CaefyeT, uto (a" —b™) meautcs Ha (a—b).
IoaTomy, ecitu (a — b) meurcess Ha m, To U (a™ — b™) meuTcs Ha m.
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Hampuwmep,
16 =9 (mod 7) = 256 = 81 (mod 7);
5=2(mod 3) = 125 = 8 (mod 3);

10 = 3 (mod 7) = 10000 = 81 (mod 7).

Biarofiapsg aTHUM CBOMCTBAM MBI yoKe MOXKEM pe-
IaTh JI0BOJBHO CJIOKHBIE 33/ladyd Ha [IeJIUMOCTh.
JlaBaliTe IIOCMOTPUM HEKOTOPBIe U3 HUX.

3AAAUYN HA HAXOXXAEHWME OCTATKA

3apmaya 87. HarimuTe oCTaTOK IIpU JeJIeHUU YHCJIa
21111 pa 15,

Pemnenune. OCHOBHAA HJes PeIIeHUs
TaKMUX 3a7a4 3aKJIHYaeTcad B TOM, 4YTO
HY’>KHO HalTH TaKyI0 CTelleHb (B JTaHHOM
cydae) ABOMKH, KOTOpas HeJajaeKa OT T
umcIa, KpaTHoro 15. Hampumep, 2 = 16 Ha 1 6OJIBH_Ie
yeM 15. ITosTomy

2% =16 =1 (mod 15).
Hcmons3yda To, uto 1111 = 277 - 4 + 3, mosrydaem
21111 _ 93 1108 _ g (94)277 _
=8-16%"7 =8-1%"" = 8 (mod 15).

MEI IToKasasy, uto y uucia 21111 rakoif sxxe ocraTok mpu
JllesleHUH Ha 15, Kak ¥ y uucia 8. To eCcTh OCTaTOK pa-
BeH 8.

OTBeT. OCTaTOK paBeH 8.
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3amaua 88. HaiimuTe 0oCTaTOK IIPU JeJIEHUU YHCJIA
21111 pa 17.

Pentenue. Eciii MbI ITOIIpo6yeM HAWTU CTelleHb
IBOMKH, Y KOTOPOU MaJIeHbKHUI OCTaTOK IIPU JIeJIEHUU
Ha 17, TO OKaXkeTcs, YTO 3TO He OYeHb IIPOCTO. IIoka
CTeIleHb IBOMKH MeHbIIe 17, 0cTaToK OyZeT COBIAIaTh
C CaMUM YMCJIOM, a 9TO HaM HUUYEero He JaéT. Y uuncia
25 = 32 ocraTok paseH 15,y 2% = 64 ocraTox paseH 13,
a aJIbllle y>Ke He OUeHb X04YeTCsd CUUTATh.

Ho! TyT Ba’kKHO BCIIOMHUTB, UTO €CThb eIlé U OT-
puiatenbHble yuciaa. HaMm Heo6s13aTeJIbHO 3aMeHSIThb
HMEeHHO Ha 0CTaTOK. MOJKHO ’Ke CKa3aThb, UYTO

2% =16 = -1 (mod 17).

Torma

=8-(-1)?"7 =8-(-1) = -8 (mod 17).

21111

Takum o6pa30M, MBI ITIOKa3aJIy, 4YTO y UK Cjia TaKoM

>Ke 0CTaTOK IIPH JleJIeHUH Ha 17, Kak ¥ y uucia
—8=(-1)-17+9.

To ecTh OCTATOK paBeH 9.
OTBeTt. OCTaTOK paBeH 9.

3apmaua 89. HaliuTe ocTaTOK IIPH eJIeHUH YHCJIa
(75 - 56)%8 + (58 - 34)%!

Ha 19.
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Pemenue. 3aMeTHM, UTO

75 = -1 (mod 19);
56 = —1 (mod 19);

58 =1 (mod 19);
34 = -4 (mod 19).

Torma
75-56 = (-1) - (1) =1 (mod 19);
58-34=1-(-4) = -4 (mod 19).
3HauuT,
(75 - 56)%% = 128 = 1 (mod 19),
(58 - 34)%! E (—4)% = _4%1 = _4. (4%)15 = _4. 16" B

-
s

4. (=3)15=4.35-4.(3)5=4.2752
24.85-4.8-(8%)2=32-642232.72 =
~32.49 Z (=6) - 11 = —66 = 10 (mod 19).

B 9TOM UIMHHOM Iierouke! MBI BOCIIOJIb30BaIHACh

TEM, UTO
16 = -3 (mod 19); 27 = 8 (mod 19);
64 = 7 (mod 19); 32 = -6 (mod 19);
49 = 11 (mod 19); —66 = 10 (mod 19).

I HamroMHI0, 9TO IIPH OIIpejieIeHUH CPaBHEHHS II0 MOJYJIIO (CM.
cTp. 168) MBI JOTOBOPUJIKCE, UYTO €CTh /IBa PaBHOIIPaBHBIX 0003Ha-
YeHU:

a = b (mod m) u aZbp.
IIpu JJIMHHBIX [Ipe06pa3oBaHUAX MBI Yallle 6yieM HCII0/Ib30BaTh
BTOpOe 0603HaUeHHUe.
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B utore 1mmosiygaem, 4To
(75 - 56)% + (58 - 34)% =1+ 10 = 11 (mod 19).
OtBet. OcTaToK paBeH 11.
Ha mmpumepe 3TOM 3aziauul BUAHO, KaK paboTaer oc-
HOBHas uzies1. Mbl CHauaJia IlepeluIy 0T UCCIeJ0BaHUs
umcia (58 - 34)3! k uncy 431, morom k 3%° u Tax masee,

IIOCTEIlIeHHO ITIOHM>Kas I10Ka3aTeslb CTeIleHU, II0Ka He
JIOILIHU 10 umcia 10.

Tenepb MBI, HaKOHEII, TOTOBEBI O6CY,ELI/ITB 3a/iavy, Ko-
TOopas ObLIa AdHOHCHPOBaHAa B Ha4daJie IJIaBBbI.

3amaua 90. HadimuTe oCTaToOK IIPU JeJIEHUU YMCIIA
521%%7 ma 17.

Pemenue. 3ametum, uto 510 = 30 - 17, 1103TOMY
521 =510+11 =11 = -6 (mod 17).
3HauuT,
591637 v (—6)837 = —6537 = _g. (62)318 =
- _6.36318 2 _6.2%18 = _g.22. (2470 =

= 24167 2 —24. (-1)" = —24 . (-1) =

=24 =7 (mod 17).
3mech MBI BOCIIOJIB30BAJIHCh TEM, UTO

521 = -6 (mod 17); 36 = 2 (mod 17);
16 = -1 (mod 17); 24 =7 (mod 17).

U B utore IIOJIYYHJIH, YTO

521%7 = 7 (mod 17).
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I103TOMY OCTaTOK IIPH JieJIeHHH urcsia 521537

BeH 7.

Ha 17 pa-
OtBeT. OCTaTOK paBeH 7.

IloMmHHTE, B CaMOM Hauajle KHUTH MBI JOBOJIBHO
JO0JITO MCKaJIK OCTAaTOK IIPH JAeJIEHWH YK C/la

101000 21000

+1

Ha 11 (cm. 3agauy 6 Ha cTp. 39). Ceiiuac MBI MOJKEM Cfie-
JIaThb 3TO B OJHY CTPOUKY:

101000 . 191000 1 (—1)1000 4 11000 _ 9 4 9 _ 9

YT0o6BI yOeAUTHCS, UTO BbI IIOHSUIH, KaK paboTaeT
CpaBHEHUE 110 MOAYJII0, PEIIINTE CaMOCTOATEIbHO CJIe-

IYIOIIYe 3aZjavuM.
3agaua 91. HaiiuTe 0CTaTOK IIpH feleHUH urcia 1070
Ha 27.

3agaua 92. Haligure mocaegHion udpy gmcaa 21111,

3apmaua 93. HaliuTe oCcTaTOK IIPH [eJIeHUU YUCIa

21234 + 71234

Ha 11.

3amauya 94. HailijuTe aBe IociefHue LUQPHL YHC-
na 7",



APMO®METHKA OCTATKOB

onAaTb MPO NPN3HAKU AENTNMOCTU

B mepBO¥i I7TaBe MBI C BaMH y>Ke /[oKa- [w]3
3bIBQJIM HEKOTOpble IIPH3HAKH [eIMMO-
cTu (CM. cTp. 24), cefiyac >Ke IIOKaXKeM,
KaK CpaBHeHHe I10 MOJYJII0 II03BOJIIeT He -
IIPOCTO JOKa3aTh BCE 3TH (M HEKOTOpEIe NPyTHe) IIPH-
3HaKH, HO U OTBETUTDH Ha BOIIPOC, YeMY paBeH 0CTaTOK.

ITycts a = apan—1 . .. aiap, TOTHA

a=10-aan_1... 1 + ay =

= 0-a,a,_1...0a1 +ap = agp.

TaxuM 06pa3om, MbI TOKa3aJIH, YTO y YHUCJIa d TAKOU
’Ke OCTaTOK IIpU [leJIeHUHU Ha 2, Ha 5 1 Ha 10, Kak y ero
nocaeHer HUPPEI dyp.

AHaJIOTUYHO I1ojy4daeM, 4To

4,20, 25,50,100
a=100-a,an_1...a + a10) ===

4,20, 25,50,100

0-anpan_1...ax +ar1ag = a1ay.

JTO 0O3HAUAeT, YTO Y YHCJIa d TAKOH Ke 0CTATOK IIpU
JIesieHUH Ha 4, Ha 20, Ha 25, Ha 50 1 Ha 100, KaK y yucsia
a;ap, 06pasoBaHHOI0 IBYMs ero IocjaefHuMU rnudpa-
M.

ToYHO KaK ’Ke J0Ka3bIBAaIOTCS COOTBETCTBYIOIIIHE
«IIpU3HaKHU [IeJIUMOCTH» Ha JIFOOOM [esuTesb CTe-
HeH!u AecATKU. UT0o0bl yOeqUThCS B 3TOM, PpeIIuTe
CaMOCTOSITeJIbHO CIefyIoIre 3afayum.

3agaua 95. Kak 110 [eCITUYHOM 3alIMCH YHCJIa HAUTH
ero OCTaTOK IIpH JieJIeHUU Ha 8?

179



Bopuc TpywuH

180

3agauya 96. Kak 110 [eCITUYHOM 3aIMCH YHCJIa HAWTHU
ero OCTaToK IIPH JejieHuH Ha 167

WpéMm pasnsbime. [TycTs

a=nln_q1... 0100 = Ao + 10a; + 10%as + ... + 10"ay,.

IIpu pmesieHWH Ha 4TO 4YuCa0 10 UMeeT MajleHBKUU
octaTok? Ilpu gesieHuu Ha 3 U Ha 9 yuciao 10 maér
ocTaTok 1. [TosTomy

w
©o
w
©o

>

Il
[uy
~
I
Juy

10 = 1 = 10k =

U3 aToro ciaenyet, 4TO

a=ag+10a; +10%a; + ... +10%a, =

3,9

Ap+a,+az+...+ an.

TaxuM 06pasoM, MBI J0Ka3aJjIy, YTO Y YHCJIa d TAKOH
JKe 0CTaTOK IIPH JeJIeHUH Ha 3 M Ha 9, KaK Y eTr0 CYMMEI

I ¢p.

TyT Ba’>KHO OTMETUTh, YTO MBI IIOHSIN, YTO €CTh Ta-
KHe IIPOCThIe IIPU3HAKHU J[eJIMMOCTH Ha 3 ¥ Ha 9, He II0-
TOMY, UTO 3 — 3TO KaK0e-TO IIPUITHOe IIPOCTOe YUCIIO,
a 9 — ero KBazpat, a IIOTOMY, UTO 3 U 9 — 3TO [le/IUTeIH
ymcia (10 — 1).

Ecim 661 v Hac ObLIa, HaIlpUMeDp, IlecTHaAIaTe-
pUuYHag CHCTeMa CYMCIeHUs, TO TaKHe KpacCHUBBIe
OpHU3HAKU AeJIUMOCTH ObLIH OB AJIS leTUTe el Yuca
15 =16 — 1, To ecThb 1 3, 5 1 15. A ecstud 661 MBI II0JIb-
30BaJIMCh JBEHAAIlaTePUYHOMU CHUCTEMOM CUUCIIEHUd,
TO TaKOM IIPU3HAaK OBLI 6BI TOJIBKO 1 11 = 12 — 1.
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Ho ecTts uncIo, 110 MogyIr KoToporo 10 cpaBHUMO
¢ (—1). 3To uncio 11. lloaTomy

10=-1(mod11) = 10 = (-1)* (mod 11),

TO ecTb 10 B HEUETHOU CTelleHU cCpaBHUMO C (—1), a B
4éTHOU — ¢ 1 1o Mmoaysiro 11.

JTO 3HAYMUT, UTO

a=ap+10a; +10%a; + 10%as + ... + 10"a, =
=ag-m+ay;—az+...+(-1)" - a, (mod 11).

B uTore Mbl joKa3aJjIy, YTO y YHCJIA a TAKOM JKe 0CTa-
TOK IIpH JleJIeHUH Ha 11, KaK y ero sHakonepemeHHoU

CyMMbL yuPp:

ag—ai+ay—as+...+(-1D)" - ay.

ITomMHMTE, B CaMOM HauaJjle KHUTU MBI 00CY>KIaaIu
IiBa CI10c00a, KaK MO>KHO HaliTH OCTaTOK IIPH [leJIeHUU
uucia 123456 789 Ha 11 (cM. 3amagy 4 Ha cTp. 37). Celr-
4ac Mbl MOKeM OTBETHUTB Ha 3TOT BOIIPOC MTHOBEHHO:

123456789 =9-8+7-6+5-4+3-2+1 =5 (mod 11).

Mo>kHO 661710 OBI 0600IIIUTE TPU3HAKH AEJIUMOCTH
Ha 91 Ha 11, pa3buB YHCJIO He Ha OTe/IbHbIE paspsiibl,
a Ha TpYILILL I10 1Be IUQPHI

a=anan_1...a109 = ;0o + 100 - azaz + 100% - agaz +. . .,

U IIOCMOTPETH, I10 KAKOMY MOAYJIX0 urcsIo 100 cpaBHU-
Mo c +1.
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Ho, x coxajieHUI0, HUYero HWHTEPECHOIO 31eCh He
IIOJIYYHUTCHA, IIOTOMY YTO, €C/Ix

100 = 1 (mod m),

TO YHMCJIO M ABJIAeTCd fAeauTesieM unciaa 99. Ha 3, Ha 9
u Ha 11 y Hac ecTb 60Jiee IPOCThIe IIPU3HAKH JIEJIMO-
CTH, ¥ BPSJ, JIX HaM IIPUTOLATCI IIPU3HAKHU e TMMOCTH
Ha 33 ¥ Ha 99. Ho, eciit MHTEpecHO, TO U UX MOXKHO
cGOpMyJIMPOBATh:
a=as+100 - a3z +100° - Gsaz + ... =

33,99
= aqp+asaz+asas+...

C (—1) Bcé emié 60s1ee TPYCTHO, IOTOMY UTO, €CJIU
100 = —1 (mod m),

TO YHCJIO M SBJAETCA JejdTeseM uywucaa 101, Koro-
poe 1pocToe. [I03TOMy MBI CMOKeM CHOPMYJIHUPOBATH
JIUIIG IIPU3HAK TeJIuMocTy Ha 101:
S - 9 — 3 — 101
a=a;ap+100-asa; +100” - asas +100° - ayag+... =

101
= ai1ap —aza + asag — azag + ...

Ho maBaiiTe rmonpobyeM OpoAo/KUTh, Ppa3sbuB UHC-
JIO TPYITHI 110 TPU ITUQPPHI

a=anpdn-1...a10a9 =

= @za;ag + 1000 - Gsazas + 1000% - agarag + . . .

U IIOCMOTPEB, I10 KAKOMY MozyJI0 yucio 1000 cpaBHU-
Mo c =1.
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Ecnu
1000 = 1 (mod m),

TO YUCJIO M ABJISIETCA AeauTeseM unciaa 999. JlaBaiiTe
PassIoKUM ero Ha IIPOCThle MHOKUTEIU:

999=9-111=3%.3-37=3%.37.

Ho Ha 3, Ha 9 y Hac ecTh 60JIee IIPOCThIe IIPU3HAKH Jie-
JIMMOCTH, OCTaI0TCA He caMble MHTEepeCHEIe Je/IUTen
27,37,111, 333, 999. M1 mostyuaeM, UTO 110 KaKA0MY U3
9TUX MOJyJIel

a = aaap + 1000 - asazas + 1000% - Ggazag + ... =

= apaiqp + asasas + agazag + . ..

Ho Bps/ i MBI 6y/1eM HCII0JIb30BaTh TaKKe IIPU3HaKU
IeJTUMOCTH.

A BoT ¢ (—1) Bcé untepecHee! Eciiu
1000 = -1 (mod m),
TO YHCJIO M SIBJISIETCS IeJTUTEJIEM YK CIa
1001 =7-11-13.

U ecsimt Ha 11 y Hac ecTh 60J1ee IPOCTOM IIPU3HAK J[eJIH-
MOCTH, TO Ji/11 7 ¥ 13 (a 3204HO U [II1 He OUeHb UHTepec-
HbIX 77,91, 143 1 1001) MBI IOJIYYUJIH, UTO I10 KaXKIOMY
U3 3TUX MOZyJIen

a = azaiag + 1000 - asagas + 10007 - aga;0g + ... =

= aa10Qp — Asagas + agazag — . ..

JlaBaiiTe IIOCMOTPUM, KaK 3T0 pab0TaeT, Ha IIpHMe-
pe CIIeyoIUX 3a/1a4.
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3amaua 97. HaiimuTe oCTaTOK IIpU JejIeHWMW YHCIa
12345678 Ha 7.

Penrenue. MBI TOJIBKO UTO JOKA3aJIH, YTO
12345678 = 678 — 345 + 12 = 333 + 12 = 345 (mod 7).
VuuteiBag T0, yTO 350 fesiuTed Ha 7, II0JIy4aeM, UTo

345 = -5 = 2 (mod 7).

ITosTomy

12345678 = 2 (mod 7).

TakuM 00pasoM, OCTaTOK IIPHU [eJIeHHWH YHCJIa
12345678 Ha 7 paBeH 2.

OtBeT. OCTaTOK paBeH 2.

3amaya 98. Harimure 0CTaTOK IIpU JeJjIeHUM YMCJIa
123456 789 Ha 13.

Pemrenue. M5l 10Kasaaiy, 4To

123456789 = 789 — 456 + 123 =
= 333 + 123 = 456 (mod 13).

VuurtriBag 1o, uTo 390 mesmrced Ha 13, rmosygaem, 4To
456 = 66 = 1 (mod 13).
IToaTomy

123456789 = 1 (mod 13).

TakuM 06pasoM, OCTaTOK IIpKU JeJIeHWU 4Yucia
123456789 Ha 13 paBeH 1.

OtBeT. OCcTaTOK paBeH 1.

A 151 peltieHUs CIeYIOITNX 33/1a4 I0CTaTOUHO 3Ha-
HUMH, ITI0JTyYeHHBIX B 3TOM pasjieie.
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3amada 99. [loKa’KuTe, UTO eCJIU Y YUCeJI N U 2n OJUHa-
KoBas cymma [udp, TO YUCJIO0 N AejIUTCI Ha 9.

3amaua 100. CyiecTByeT JIM HaTypaJbHOE YHCI0, KO-
TOpOe IIPH [ieJIeHUH Ha CYMMY CBOUX ITU QP U B OCTaTKe,
¥ B HEIIOJTHOM YaCTHOM JaéT 1007?

3agaua 101. HatiguTte sHaueHUs Up a U b, ecyiu us-
BECTHO, YTO YUCJIO

1234...1234al1234b1234...1234
— —

1234 pasa 1234 pasa

IeautTcsa Ha 99.

3AZIAUM HA lOKA3ATE/IbCTBO
AENVMOCTU

Jlo 3TOTO MBI IIPUMEHSITA CpaBHEHHE
110 MOJIYJIIO JIISI TIOMCKA OCTAaTKOB Y KOH-
KPEeTHBIX YHCeJ. A B 9TOM pa3jieJsie II0ro-
BOPHM O TOM, KaK OHO ITOMOTaeT JI0Ka3bI-
BaTb JIeJTUMOCTD B 06II[EM BHJIE.

U1 HauHEM C COBCeM IIPOCTHIX 3a7a4.

3amaua 102. [Joka’kuTe, 4TO IIPU BCeX HAaTYPAJIbHEBIX N
ymcyo (7" — 1) geauTcs Ha 6.

Pemrenwne. Tak kak 7 = 1 (mod 6), To
7" =1" =1 (mod 6).
3HAUMT, pa3HOCTh (7" — 1) gesuTcs Ha 6.
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3amaua 103. [oka>KUTe, UTO IIPU BCeX HAaTYPAJILHEIX N
yucio (72 + 82™1) nenmrces Ha 57.

Pemrenuse. 3aMeTHM, UTO

T =72 T =49 . 77,
g¥*l =8.8%" =8.(8%)"=8-64" =8 7" (mod 57).

IToaTomy
742 4 8241 L 4q 7n 48 7" — 57.7% = 0.7 = 0 (mod 57).
To ecTh IIpU BCeX HATYPAJIbHBIX N YUCJIO

7n+2 + 82n+1

JeauTcd Ha 57.

3agava 104. /loKa’KuTe, YTO IIPU BCeX YETHBIX HATY-
PanIbHBIX n yucio (5" + 23) mesuTcs Ha 24.

Pemnenne. Tak Kak n — 4é6THOe YMCJIO, TO OHO PaB-
HO 2k, I1ie k — HaTypasbHoe. Torga

5" = 5% = (52)K = 25K = 1K = 1 (mod 24).
ITosTomy
574+ 23 Z 1423 = 24 = 0 (mod 24).

To ecTh IpuU BceX YETHBIX HATYPATbHBIX N YHCJIO
(5™ + 23) mesuTcs Ha 24.

3agaua 105. [Joka)kuTe, 4YTO IIPU BCeX HEUETHBIX HATY-
pasTbHEIX n umcio (5" + 11" + 2) mesutces Ha 6.
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Pemenue. Tak Kak n— HEYETHOE UHCJI0, TO OHO PaB-
Ho (2k + 1), Te k — 11eJ10e HeoTpHIlaTeaIbHOE. Toraa

5 = 5%+l _ 5. 5%k _ 5. (52)k =
=5.25¢=5.1K = 5 (mod 6);
11" = 5" = 5 (mod 6).
3HauuT,
5"+ 11" +2 254542 =12 = 0 (mod 6).

To ecTh MPH BCeX HEUETHHIX HATYPaJbHBIX N YHUCJIO
(5™ +11™ + 2) mesutcs Ha 6.

IToka BO BCeX 3ajjladyaxX HY’KHO OBLIO /IoKa3aTh jle-
JIUMOCTb Ha HEKOTOopoe GUKCUpPOBaHHOe YHciIo. Ho Te
JKe paccy’KIeHUs paboTaroT U B 60Jiee CI0KHBIX KOH-
CTPYKITHSIX, KOTJIa ¥ CAMO YHCJIO, U €T0 JIeJIUTEJh 3aBU-
CSIT OT IIPOU3BOJILHOTO HATypaIbHOIO N.

3amaua 106. /loka’KuUTe, YTO IIPH BCeX HATyPaIbHBIX
n > 1 4gucio
" -1n"-3

mesmures Ha (2" — 3).
Pemenwue. [Iycts m = 2" — 3, Torzma
2"-1=(2"-3)+2=m+2 =2 (mod m).
3HauuT,
(2”—1)"—322”—3:m50(m0dm).
To ecTb IIpU BCeX HATyPaJIbHBIX N > 1 YUCJIO
@"-1n"-3
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nmeuTces Ha (2" — 3).

A cyIefyronye 3aJjauu IOIPOOYHTE PENIUTh CaMo-
CTOSITEJTHHO.

3agauva 107. /lokakuTe, YTO IIPU BCeX HAaTyPaJIbHBIX N
yuco (24" — 1) geaures Ha 15.

3amaua 108. [lokaskuTe, UTO IIPU BCeX HAaTYPAJIbHBIX N
yncio (13" + 3™2) nemures Ha 10.

3agauya 109. /loka’kuTe, YTO IIPU BCEX YETHBIX HATY-
pastbHBIX n umcio (7" — 1) geauTcs Ha 12.

3apmaua 110. /[oka)kuTe, UTO IIPU BCeX HEUETHBIX HATY-
PaIBLHBIX n umcio (5" + 2") mexuTcs Ha 7.

3agava 111. /JJoxa’kuTe, YTO IIPU BCeX HEUETHBIX HATY-
PaJILHEIX N 9uciao (N2 + (n+2)") gemurcsa Ha (2n+2).

JlaBaliTe Teniepb 06CYAUM APYTOU THUI E J‘:'.-E
3agad. ITocMOTpUM, KaK MOKHO pPacCyX- »
JaTh, KOI7la IlepeMeHHast N HaXO[UTCd He %
B II0Ka3aTeJie CTeIIeHH, a B eé OCHOBaHHM. E

3agaua 112. JlokaykuTe!, 4To IpH BCex HATypaTbHEIX N
yucio (n® — n) genurcs Ha 3.

Pemrenne. YHCI0 n MOXKeT MUMeTh OLUH M3 TPEX
OCTATKOB IIpH JeJeHHUH Ha TpU — 0, 1 wu 2. [TocMoT-
pHM, KaK CBA3aHBl OCTAaTKU IIPU [JeJeHHH Ha 3 Yy
yucen nun:

1CTOMT OTMETHTB, UTO 3Ty 3a7[a4y JIETKO PEIITUTh U 6e3 cpaBHe-
HUS 10 MOJZYJI0. /leFACTBUTEILHO,

ng—n:n(nz—l) =n(n-1)(n+1),

II03TOMY OHO PaBHO IPOU3BEJIEHUI0 TPEX II0C/I€0BATEIbHBIX UU-
cex(n—-1),nu (n+1). A cpefu TPExX IocaefoBaTeTbHBIX YHCe eCTh
TO, KOTOPOE JIeJTUTCS Ha 3.
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n n
0/03=0
1]13=
2(23=822

9T0 03HAYAeT, UTO IIPH BCeX HATYPATbHBIX N
n® = n (mod 3).

[ToaToMy pasHOCTh (n — n) geauTcsa Ha 3.

TaxuMm 06pasoM, ues 3aKJIHYAETCI B TOM, YTO 110
MOZYJII0 3 YHCJIO N MOKeT OBITh TOJIbKO 0, 1 miu 2.
U pya mokasaTesbCTBa JEJIUMOCTH JAOCTATOYHO IIepe-
OpaTh 3TH TpU ciaydas. /laBalTe oTpaboTaeM 3TOT IIPU-
6M Ha CJIe[lyIollleli 3a/1aye.

3agaua 113. /loKa>KHTe, 4TO IIPH BCeX HaTypaJbHEIX 1
yucio (n® — n) JeJuTcsd Ha 5.

Pernenue. Uncio n MOKeT UMeTh OOUH U3 IIATH
OCTATKOB IIPH JleJIeHUU Ha I9Th — 0, 1, 2, 3 muau 4. Ilo-
CMOTpPHM, KaK CBg3aHbl OCTaTKU IIPU JeJIeHWU Ha 5 Y

YHces n U n°:

n|nd
0/0°=0
1]1°=1
22523222
3|35-24323
4] 45=102424

B MTOTe MBI ITOJIYYMJIH, YTO IIPH BCEX HATypasb-
HBIX N
n® = n (mod 5).
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[ToaTOMy PasHOCTE (n° — n) AeuTcd Ha 5.

3aMeTHM, UTO eC/IH He XOUeTCs CIUTaTh, YeMy PaB-
HEI 3HaueHus 3° U 4°, TO MOKHO IIOCTYIIMTh, HAIIPH-
Mep, TaK:

e
o

3=3.92=23.42=3-16

o

4= (2°)2 =2 =4
Ho MO’KHO U eIllé¢ CHUJIbHee COKPAaTUThb BBIYUCIEHUS.
JaBaiiTe ybemmMcs B 3TOM Ha CJIeyIOIIeH 3azaye.

3agauva 114. /lokakuTe, YTO IIPU BCeX HAaTyPaJIbHBIX N
yuco (n’ — n) geauTes Ha 7.

Pemrenne. Yucao n MOXKeT UMeTh OJWH M3 CeMU
OCTaTKOB IIpH JlesieHUU Ha ceMb -0, 1, 2, 3, 4, 5 viu 6.
ITocMOTpHM, KakK CBSI3aHBI OCTaTKU IIPHU JeJIeHUU Ha 7
y unces n ¥ n’. HauHéM 3aII0/IHATH Ta6IHUKY:

n|n’

0/07=0

1]17=1

2 27=92.8222.12=2
3(37=3.9323.23-2423

W BOT TYT, B CepeJHe, MOKHO OCTaHOBHUTBHCS U
6oJIbIlle HUYETo He fleslaTh. 3HaeTe moyeMy? IloToMy
4To

=
=

47 = (=3)"=-3"=-3=4;
572 (=2)7 =—27Z 2 L5;
67 Z(-1)" =-1Z6.
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7

To ecThb, KaK TOJLKO MBI loKasaad, 9To 37 = 3, MBI
7

MTI'HOBEHHO ITIOJIyYHJIH, UTO U 47 =4,

B MTOTe MBI MOJYUIM/IM, YTO IPH BCeX HaTypasb-
HBIX N
n’ =n (mod 7).

IToaToMy pasHOCTh (n’ — n) geauTcsa Ha 7.

ITocsie 3TOM cepHUH 3aJad MOJKeT IT0Ka3aThCs, UYTo
JUIs1 JTF060T0 HEUETHOTO K 6yIeT BepHO YTBEP K eHHe:

n* = n (mod k).
Ho gaBaiiTe IIOCMOTPUM, UTO 6yzeT IIpu k = 9.

3amaua 115. BepHo J1H, UTO IIPpU BCeX HATYPaJIbHBIX N
yncio (n® — n) gesurted Ha 9.

Penrenue. IIocMOTpHUM, KaK CB3aHBI OCTAaTKHU IIPU
meseHuy Ha 9 y unces n ¥ n°. HauHéM 3aI1oIHATh Ta6-
JINUKY:

n|n

0/0°=0

1]1°=

2 29=832 (—1)¥=-1238

9 9
To ecTh, ecid n = 2, To n° = 8. A 3HAYUT, He IIPH

BCeX HaTypaJbHBIX N UncII0 (n° — n) mesuTes Ha 9.

OTBeT. HeBepHO, He IIPH BCceX HaTypaIbHbIX N YHC-
710 (n® - n) gemuTcs Ha 9.

3HA4YUT, 9TO IpaBWIO He paboTaeT A JH0O0TO
He4YETHOTOo unciaa k. HermpaBza, 4To /11 BCeX TaKUX K
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OyZieT BepHO yTBep K eHUe:
n* = n (mod k).

A g xakux 6yzeT? UTo 00I1ero MesKAy YucjaIaMHu 3, 5
u 7? YTO 3TO 3a CBOMCTBO, KOTOPHIM 00JIaZlat0T 9THU UHC-
Jla 1 He obsamaet uynciao 9? OHH npoctele! Ha camoMm
Jlesie, BePHO CJIeiyIolllee YTBepKIeHUe.

IIycTh p — IPOCTOE YHCJIO, TOI/IA IIPU BCeX
HaTypaJbHBIX N uuciao (nP — n) menuTtcs
Ha p.

JTO yTBep)KJeHHe Has3bIBaeTCd MA/10l meopemotl
depma, U B CIIeAyIOIIel IJIaBe Mbl C BAMU JOKaKEM 3Ty
TeopeMy!

Ho 1 Ka)K[0T0 KOHKPETHOTO (He 09eHb O0JIBIIO0-
r0) IIPOCTOT0 YKCJIa MOXKHO JI0Ka3bIBaTh TEOPEMY «Py-
KaMHM», KaK MBI 3TO JieJiatu I 3, 5 1 7. UTOOBI B 9TOM
yO6eqUuThCs, faBaliTe BO3bMEM, HaIlpuMep, Yucyao 37 U
IIOKa)kKeM, KaK MO>KHO JlaKe /IS Hero JIeTKO J0Ka3aTh
Masyr TeopeMmy depma.

3amaua 116. [lokakuTe, 4TO IIPU BCeX HAaTYPAJIbHBIX N
uucyo (n¥’ — n) genurcs Ha 37.

Pentenue. TouHO Tax >Ke, KaK U paHb- E"i' E
111e, HaM HY>KHO IlepebpaTh BCe BO3MOXK- =
Hble ocTaTKU. C HYJIEM U eIMHUIIEN BCE
COBCEM OUEBHU/IHO: [w]

07=0, 1¥=1
IIpoBepHUM /IBOMKY:

237 =92 (25 =4.327 £ 4. (=5)7 = 4.5 =



APMO®METHKA OCTATKOB

—4.5.(5%)2=-20-1252 £ _20.14% =
= -20-196 2 —20-11 = -220 Z 2.

To>ke MOJIYIHUIIOCH, HO He 0YeHb GBICTPO. U KarKeTcs,
4TO JlajIbIle 6YIeT TOJIHLKO CI0KHEe.

JlaBaiiTe BBIITHIIIEM BCe 37 OCTAaTKOB IIPH JIeJIEHUH
Ha 37 " 6yZIeM BLIYEPKUBATD Te, JIJIT KOTOPBIX MBI yoKe
JIOKa3aJTH Hallle yTBepP K/eHHe:

g 1+ Z 3 4 5 6 7 8 9
10 11 12 13 14 15 16 17 18 19
20 21 22 23 24 25 26 27 28 29
30 31 32 33 34 35 36

.. .. 37
Ho ato e1é He BCE! MBI JKe IOMHUM, UTO 36 = —1,a
37
35 = —2.IlosaTomy

3637 £ (—1)%7 = —1 = 36 (mod 37);
3537 £ (Z2)37 = _237 = _2 = 35 (mod 37).
Ho u aTo e1rfé He Bcé! Ec/ii MBI I0Ka3aJIu I OCTaT-

Ka 2, TO MBI I0OKa3aau Ajd 4 = 22 8 = 23 u Tak Jasee,
IIOTOMY UTO

437 = (287)2 92 _ 4;

837 = (2%7)3 3 28 -3.
To ecTh MBI yoKe JoKasaIu 14 4, 8, 16 u 32:

g ¥ Z 3 4 5 6 7 g 9
10 11 12 13 14 15 ¥ 17 18 19
20 21 22 23 24 25 26 27 28 29

30 31 37 33 34 35 36
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Ho ecsiu MBI JToKa3aIu JjIst ocTaTKa 4, To J0Ka3aalu
37
" Ut 33 = —4; ecJTy OKa3aJIH JIJIT OCTaTKa 8, TO I0Ka-

37
3aJI4 U 14 29 = —8; eCJIv oKa3aJIu [JId ocTaTKa 16, To
JloKasau u i 21; ecoiu oKasau IJisd ocrarka 32, To
JloKa3aJu U I 5:

g ¥ 2 3 4 B 6 7 8 9
10 11 12 13 14 15 16 17 18 19
20 21 22 23 24 25 26 27 28 2§

30 31 37 33 34 35 36

W mpu 3TOM MBI II0OKAa YeCTHO CYHTaNH TOJIBKO
maa 237, Ho paBaiiTe npomo/oKuM! MEI JKe 3HaeM, UTo

ecma® 2 qu b’ 2 b, Ton
(ab)¥” = a® - b*" = ab (mod 37).

9TO 3HAYUT, UYTO MEI yoKe noKa3aau I OCTaTKOB

10=2-5,20=4-5,25:52,a3Han/IT,I/I/:UIHZ7SE7—1O,
17 € _20,12 € _25:
g r Z 3 4 3 6 71 g 9
W 11 ¥ 13 14 15 16 7 18 19
20 21 22 23 24 285 26 27 28 29
30 31 37 33 34 35 36

37
HUpem gamnbine: 34 = 2 -17,a 3 = —34. To eCTh MBI
JIOKasaJIu [ ocTaTKa 3. A 3HAUUT, yKe eCTb

6=2-3, 9 =132 15=3-5,

18=2-9, 24=3.8, 30 = 3-10.
g 1 2 3 4 3 6 7 8 9
W 11 7 13 14 15 16 17 18 19
20 21 22 23 24 25 26 27 28 29

30 31 32 33 34 35 36



APMO®METHKA OCTATKOB

Ho Tormga ectb

312 g, 28Y g, 2% 15,
19 2 _qg, 132 _oa, T 3.
g 1 2 3 4 3 6 1 g8 9
W 11 ¥ 13 14 15 6 17 18 19
20 A4 27 23 24 25 26 27 28 29

30 31 37 33 34 35 36

OcTajioch 3aMeTUTh, UTO 14 = 2 - 71 26 = 2 - 13,

37 37

all = -26 u 23 = -14. 1 B uTOre MBI IIPOBEPHIIH
Bce ocTaTKu! M MBI IIOJIYYUJIH, YTO IIPU BCeX HATYpaJslb-
HBIX N

n®” = n (mod 37).

IToaTomy pasHocTh (n3’ — n) menures Ha 37.

To ecTh OKa3asIoOCh, UTO IIPOBEPUTH HYKHO OBLIO
TOJILKO JTBOMKY, a BC& OCTaJIbHOE ITOJYYHUIOCH aBTOMa-
TUYeCKHU. TaKk YTO Ba>KHO UHOITA OBITH HEMHOTI'O JIEHH-
BEIM U He 6pocaThbcd cpasy UTO-TO JieIaTh, @ HEMHOTO
OyMaTh, YTOOBI B UTOT'€ BCE IIOJTYYHUIOCH CAaMO COOOM.






TEOPEMBbI
OEPMA U

LA SNEPA







0T MBI ¥ [OOpaJUCh /10 IJIaBbl, B KOTOPOM Ha-

KOHeI] IoKa>keM [IBe Ba>KHbIe TeOpeMbl TEOPHUU
yriceJs — MajIyro TeopeMy ®epma u TeopeMy Jitsiepa. Ho
II0Ka ZlaBalTe OTHNOXHEM OT TEOPUHU YHCesl U 06CyAUM
OJIMH KPaCHBBIA KOMOMHATOPHEIA CIOKeT!.

3AZIAYA MPO BYChI

3agauya 117. CKOJIBKO CYII[eCTBYeT pa3IMuYHbIX OYC, CO-
CTOSIIIIUX U3 p OYCHHOK OIMHAKOBOTO pasMepa (rae p —
IIPOCTOE), Ka’Kasi U3 KOTOPBIX OJHOTO M3 N IIBETOB?

Eci ogHU GyCHI IIepeXo/sAT B APyrue IIpU II0BOPO-
Te, TO 3TO OJTHU U Te ’Ke 6YCHI, HO IIPH 3TOM CUHUTAEM,

1Te 13 Bac, KTO yyke IPOYUTAIT MO0 KHEKKY TI0 KOMOMHATOPHKEe,
HaBepHsIKa IIOMHSIT 3Ty 3a/1auy. Ha MO B3IJIsiI, 3TO 0YeHb BayKHast
3ajiaua, CBsI3bIBAOINASI BOEIMHO KOMGMHATOPUKY U TEOPHIO YHICEIL,
TI09TOMY $1 PEIIIHI, UTO CTOUT O He#l paccKasaTh U B 9TOH KHHUTE TO-
Ke.
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4qTo 6YCBI JiesKaT Ha CTOJIe, TO eCTh IIepeBOpavuruBaTh UX
HeJIb34d.

Pemrenne. Cpasy KOJIMIECTBO pasnny- [m]
HBIX OyC TSOKeJI0 II0CUUTATh, IOTOMY UTO
HY>KHO KaK-TO y4ecThb, UTO 6yChI, IIepexo-
ISIIITHe IPYT B IpyTa IpU II0BOPOTE, — 3TO
OIHU U Te ke 6ychl. [I09TOMy maBaliTe cCHadasIa II0CUH-
TaeM KOJIMUeCTBO yenouek. Ilernouxa — 3To 6ychl, KOTO-
phle paspesanyd B KAKOM-TO MeCTe, TO eCTh 9TO IIPOCTO
OyCHUHKH, BEICTPOEHHBIE B psifi. V 11eII0YKHU eCTh HavaJIo
U KOHeIT;:

2l JOXOs 2@, o

CKOJIBKO pas/IMYHBIX I[elI0YeK MOKHO C/lesIaTh, ec-
JIY OJKHO OBITH p 6YCUHOK, KaXk/asi U3 KOTOPBIX OJHO-
TO W3 N IIBETOB? ITO COBCeM IpocTo. IlepBas — 1r060r0
IIBeTa — N BAPHAHTOB, BTOpasi — IF000T0 I[BeTa — N BapH-
aHTOB U TaK JlaJjlee. Bcero nosydaercan-n-n-...-n = n?
Pas/IMYHBIX IleII0YeK.

Teneps maBariTe ITIOMMEM, KaK CBSI3aHO KOJIMYECTBO
[eIl04YeK 1 KoJu4uecTBo byc. Kakzble 6yCchbl MOYKHO pas-
pesaTh B JIF000M U3 N MECT — MesKy JIF0OBIMU ABYyMS OY-
CUHKaMH. [109TOMy Ka’KeTCs, YTO KOJIMYeCTBO IeIIoUekK
IOJDKHO OBITH B N pas 60Jibllle, YeM KOJIMYeCTBO OyC.
Ho aTo He coBceM Tak, II0TOMY 4YTO eCThb O0yChI, KOTOPhIe
IIpHY paspe3aHHH B pasHbIX MecTaxX 06pasyroT OfHY U TY
Ke Ilentouky! HarpuMep, eciiu y 6yc Bce 6YCUHKH OJHO-
IO IBeTa, TO, I7ie OBbI BBl UX HU pPaspesasiy, Bbl II0JIyUUTe
OJIHY U TY 7Ke OJJHOIIBETHYIO IeII0UKY.

Ecsim 6B UMCI0 p He OBUIO IIPOCTBIM, HAIIpUMEP
ecsi 6bI OHO OBLJIO YETHBIM UMCJIIOM, TO OYCHHKU OBI
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MOIJIH Uepe/ioBaThCs, 1, pa3pe3aB UX B Pa3HBIX MeCTax,
MO’KHO OBIJIO OBl IIOJIYYUTH OFHY U Ty K€ ITeII0YKY.
Ho Kxorma p — mpocToe 4MCJIo, TO TaKas IIpobjeMa ecThb
JIUIIB Y OFHOIIBETHHIX OyC.

JleJio B TOM, UTO, €CJIU IPHU pa3pe3aHUH HEKOTO-
pBIX 6yC B pasHBIX MeCTax IIOJYy4arTCd OJAMHAKOBBIE
IeII0YKY, 3HAYUT, 9TU OYCHI IIePEXOAAT CaMH B cebs
IpU HEKOTOPOM I10BOpoTe. Ho Torma B 3TUX 6ycax ecTh
HEKOTOpasg NOBTOPAIOIIASsCA II0CJIeI0BaTEIbHOCTh
O0YCHUHOK. 3HAUUT, UHCJIO p NeJIUTCSI Ha KOJIMUeCTBO Oy-
CUHOK B 9TOM IIOBTOPSAIOIIEMCS I10CIel0BaTeJIbHOCTH.
Ho umcio p - mpocroe, II03TOMY [IeJIUTCS TOJIBKO Ha
eTMHUITY U Ha p.

B miepBOM CJTydae IIOJIy4aeM, UTO Bce OYCHHKU O]
HOTO IIBETAa. A BO BTOPOM — YTO 3Ta «IIOBTOPSIOIIASICS
T0CJIeI0BAaTEIbHOCTh OYCHHOK» COCTOUT U3 BCeX OyCH-
HOK, TO €CTb [IJISI TOTO, YTOOBI COBMECTUTH OYChI CAMU
¢ co6011, HaM IIPUIIIIOCH C/leJIaTh IIOJIHBIN KPYT, a 3Ha-
YUT, HeT IBYX Pa3HbIX MeCT, padpesaB O6yChl B KOTOPBIX
MBI ITI0JTydaeM OJUHAKOBEIE ITeII0YKH.

JlaBaliTe IT0Ka 3a0ymeM IIPO OHOIIBETHBIE OYCHI U
OJIHOITIBETHBIE IIeII0UKHU, TOTAA Oyc OyZ[eT pOBHO B p pas
MeHBIIIe, UeM IferiodeK. HeoTHOITBeTHHIX ITeII0U€eK BCe-
ro (n? —n), Tak Kak U3 Bcex nP 1ermoveK TOJBKO N ITEII0-
4eK OJHOTIO IIBeTa. 3HAUUT, HEOJHOIIBETHEIX OyC OyzeT
u. Ho ofHOIIBETHBIX 6YC TOKe N IITYK. B UTOTe I10-
JIydaeM, UTO CYIeCTBYeT

n? —n
p
pasIUUHBIX 6yC U3 p OYCUHOK, KaXkas U3 KOTOPBIX O
HOTO U3 N IIBETOB.

+n

n’ —n
OTBerT. (T + n) oyc.
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Ha 1mepBBIi B3IJISI HEIIOHATHO, 3a4eM MBI 06CyAH-
JIML TYT 3Ty 3aiauy. Ho maBaiiTe MpUCMOTPUMCS K OTBe-

n?’ —n
Ty! MBI 0Ka3aau, YTO BCErO CYIIleCTBYeT (T + n)

pasiuuHbIX 6yc. Ho KomdecTBO 6yC — 3TO IieJI0e YuCc-
n? —n

J10. CirtemoBaTeIbHO, U ——— — 3TO L[eJI0e YUCJI0. A 3TO

03HaydaeT, 4yTo unucio (n? — n) geautes Ha p. Y1 MBI € Ba-

MH TOJIBKO UTO JJOKa3aJId Majyro Teopemy ®Pepmal

HeosxupmanHo, He 11paBza Jiv? MBI IIPOCTO PeluiIf
He CaMyH CJIOKHYI KOMOMHATOPHYIO 3aJady U CJIy-
YalHO J0Ka3aJIu BaXKHYIO TEOPeMYy TeOPHHU YHUCeJL.

Ho He 3psi )Ke MBI C BAMH IISITh IJ1aB 006CY>KIAJTH TE€O-
puro urces! [I03TOMY B CIeIyIoIleM pasjiesie MbI II0JTy-
YUM JIpyTroe, 60J1ee TeOPEeTHUKO-UYHCI0BOEe 0Ka3aTehb-
CTBO.

MAJIAA TEOPEMA ®EPMA

Haunéwm uspgasneka. [laBatiTe o6cynum
TaKOM BOIIpPOC. MBI ¢ BaMH J[0Ka3aJIH, 4TOo
CpaBHEHUs II0 MOJYJIK0 MOXKHO CKJIAJbI-
BaTh, BEIUUTATh U YMHOXaTb. A MOXXKHO

JIM IeTUTH? Ha aTOT BOIIPOC 4acTO HEBEPHO OTBEYAOT
Te, KTO TOJIbKO HadaJsl 3aHUMaThCs TeopHel yuceJl. Jla-
BalTe pelllrM TaKylo 3a7aqy.

3agaua 118. IlycTh JJ19 HEKOTOPHBIX I1eJIbIX YHCeI a, b,
C ¥ HaTypaJIbHOT0 YK CJIa M U3BECTHO, UTO

ac = bc (mod m).

BepHo ju TOT@, 4TO @ = b (mod m).
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Pemnrenue. VITak, MbI 3HaeM, UTO Pa3sHOCTh (ac — bc)
JeJIUTCSI Ha M, TO eCTh 4TO c(a — b) JeyiuTCcd Ha m, u
XOTUM HOHSTh, IpaB/a JIl TOT/a, YTO U Pa3HOCTH (a—b)
JeJIUTCS Ha m.

Ho eciin 651 3TO OBLIO TaK, TO 9TO 6BI 03HAUAJIO, UTO
MHO>KHTEJb ¢ HUKaK He IIOMOTaeT IeJIUThca Ha m. Of-
HaKo IIOHSITHO, YTO TaK OyJeT He BCeTrna, IIOTOMY UTO
IJIS1 9TOTO HY>KHO, UTOOBI Y YHCeJI ¢ ¥ m He OBLI0 06111e-
IO IeJINTeJIsI, OTJIMYHOIO OT e UHUITEL.

Tenephb yKe He CJI0’KHO IIPUBECTU IIpUMep, KOIZa
yTBep K/ eHHUe 3a7laull HeBepHO. HarmpuMep, MBI 3HaeM,
4To

6 =2 (mod 4).

Ho npu sTom

3 # 1 (mod4).

3HAUUT, IIPOCTO TaK COKPAIATh HesIb3s!
OTBeT. YTBep KeHIe HeEBEPHO.

Taxk 4T0 B 0611[eM CJIydae Heslb3sl CPaBHEHHUE 110 MO-
IyJII0 COKpaIaTh Ha KaKoe-To 4yuciio. Ho, TToKa MEI pe-
I1aJI¥ 3Ty 3aj[ady, MbI IIOHSJIN, KOTZa COKpallaTh MOX-
HO!

Ecytit umca ¢ 1 m B3aUMHO ITPOCTHI, TO Pa3HOCTh
(a — b) menuTCca Ha m TOTrAAa U TOJIBKO TOTMAA, KOIJa U
c(a — b) menmutcst Ha m. /leJlo B TOM, UTO €CJIU B pas-
JIO’KEeHHH Ha ITPOCThIe MHOKHUTEIN YHCIA C HET TAKUX
>Ke MHOJKHTEJIEH, KaK B Pa3I0KeHHUH M, TO e TUMOCTh
yrciaa c(a — b) Ha m 3aBUCHT TOJBKO OT JeJTHMOCTH
(a—b) Ha m. TakuM 06pa3oM, MBI TOJILKO UTO JI0KA3aJIH
CyIefIyIolliee Ba>KHOE YTBEPIKIeHHUE.
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VrBepKaeHne. [IycTh 1151 HEKOTOPBIX ITeJIbIX YH-
ces a, b, c ¥ HATypPaJIbHOTO YKCJIA M U3BECTHO, UTO

ac = bc (mod m), HO/(c, m) = 1.

Torga a = b (mod m).

Bbiiaroaps sToOMy YTBEePIKAEHUI0 MBI cefidac JoKa-
’KeM MaJIyio TeopeMy ®epmMma.

MaJsiasa reopema Pepma. IIyCcTE p — IIPOCTOE YUCIIO,
TOIZA [JIs IF000T0 HAaTypaIbHOIOo N

nP = n (mod p).

JAokasaTeJabCTBO. ECIIM n eJIUTCI Ha p, TO YTBEp-
JKIeHe 0Y4eBHUAHO. /IeMiICTBUTEIEHO, B 9TOM CIydae

n=0(modp), n?=0"=0(modp).

IIycTh Temephb YHCJIO N He JeJUTCcI Ha p. PaccMoT-
puM umcaan, 2n, 3n, ..., (p— 1)n ¥ AJ151 KaYKI0T0 U3 HUX
HaUIEM ero OCTaTOK IPH JIeJIEHUH Ha p: I'y, Iz, I'3, ...,
rp-1. Torma

n =ry (mod p);
2n = ry (mod p);
3n = rs (mod p);

(p—1)n=rp_q (mod p).

UTo MBI 3HaeM IIpo 4Yucja ry, I, I3, ..., 'p-1? Bo-
IepBBIX, HA OJHO U3 HUX He PaBHO HYJIIO, II0OTOMY YTO
YHCJIO N He IeJINTCS Ha p, U HU OJIUH U3 MHOXKUTEJIEH 2,
3,..., (p—1) He mesUTCs HA P, TaK KaK BCe OHU MeHBIIIE,
4eM p.
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Bo-BTOPBIX, /JaBalTe IIOKa)KeM, YTO Cpefgu 3THUX
OCTaTKOB HET OAWHAKOBBIX. [leMCTBUTEJLHO, €CJIH
IPeII0JI0KUTh, UTO B KAKUX-TO JBYX CTPOYKaxX OJU-
HAKOBBIN OCTATOK:

¢n =r (mod p),
kn =r (mod p),

TO MBI ITOJTYYUM, YTO
n = kn (mod p).

Ho YHCII0 n He JeJIUTCS Ha IIPOCTOE p, a SHAYUT, OHU
B3aMMHO TIPOCTHL. TOT7a, BOCIIOJIH30BABIITHCH ITPE/IbI-
IOYIIHUM YTBEP KIEHHEM, MBI IT0JTyYaeM, UYTO Ha N MOXK-
HO COKpPaTHUTh:

€ = k (mod p).

U ripu 3ToM £ 1 k — 3T0 umciaa ot 1 7o (p — 1). UX pas-
HOCTBb He MOJKET JIeJIUThCS Ha P, II0TOMY UTO OHA MeHb-
1ITe, UeM p.

HTak, MbI 3HaeM, YTO BCe OCTATKH I'1, I'2, I'3, ..., I'p_1
IPUHUMAIOT 3HaueHus1 oT 1 710 (p — 1) U cpe/iu HUX HET
OJJMHAKOBBIX. A TaK KaK UX POBHO (p — 1), To cpeiyt HUX
MPUCYTCTBYIOT BCe umcya oT 1 710 (p — 1) B HEKOTOPOM
nopsake! 13 3TOro cjaenyet, 4YTo

ri-ry-rz-...orp1=1-2-3-...-(p-1)=(p-1.

Torzma IepeMHO>KHUB Bce (p — 1) cpaBHeHHUH, MBI I10-
JIy9UM, 4TO

n-2n-3n-...-(p-1n=ry-ry-r3-...-rp_1 (mod p),
a 3HAYUT,
(p-1D!-nP"t = (p-1)! (mod p).
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OcTaoch 3aMeTHUTh, UTo yuciaa (p—1)! 1 p B3auMHO
TIPOCTHI, IOTOMY YUTO YHCJIO p —IIPOCTOE, a (p—1)! paBHO
IIPOM3BEe/IeHUI0 HECKOJIPKUX YHCeJsI, MEHBIITHX, UeM P.
[To3TOMYy MO’KHO COKpPaTUThb Ha (p — 1)!:

n?~1 =1 (mod p).

JTOMHO>KHB 3TO CpaBHEHME Ha N, I0JIydaeM yTBeprKe-
HUe TeOpeMBl.

OTMeTHM 3[]eCh, YTO YaCTO UMEHHO TaK U $opMy-
JIUPYIOT MaJlyio TeopeMy depma.

Manas Teopema ®epma (anbrepHaTUBHaAA ¢op-
MYJIHPOBKA). [IyCTh p — IPOCTOE UMCJIO0, TOTAA JIJI JII0-
60ro HaTypaJJIbHOTO N, HEe KPaTHOIO p,

n?~! =1 (mod p).

3amgauda 119. [oka)XuTe, UTO €CJIU p — IIPOCTOE YUCJIO,
TO
(a+b)? —aP — b?

JIeJTUTCS Ha p TIPU JIFOOBIX HaTypPaIbHBIX a U b.

Pemnenue. BocrosibsyeMcsl MaJIoM TeopeMoi dep-
Ma. MBI 3HaeM, 4To

a’ = a (mod p);
bP = b (mod p);
(a+b)? =a+b (mod p).

Ho Torma

(a+b)? —a? —b? = (a+b) —a->b =0 (mod p).
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To ecTh UHCIIO
(a+b)? —aP — b

OEJIUTCA Ha p.

3amada 120. IIycTs p — IIPOCTOE YKCJIO U HaTypalbHOe
YHCJI0 N He KpaTHO p. U mycTh k — HaMeHbIIlee HaTy-
pajIbHOE YMCJIO, IIPH KOTOPOM

n* =1 (mod p).
Jokaxute, uTo (p — 1) mesuTcs Ha K.

Pemuenue. biarogapss Mason teopeme depma MBI
3HaeM, 4To
nP~! =1 (mod p).

ITostomy p -1 > k.

[IpeonoxuM, uTo (p — 1) He genuTcs Ha k ¥ ocTa-
TOK IIpU JieJieHuu (p — 1) Ha k paBeH T

p—-1="¢k+r, 0<r<k.

Torma 13 cpaBHeHUSA

n* =1 (mod p)
CIIeJIyeT, UuTo
nP=t = n® = (n*)f " =18 0" = n" (mod p).
Ho
n?~! =1 (mod p).
3Ha4uT,

n" =nP~! =1 (mod p).

W npu atomr < k.

207



Bopuc TpywuH

Ho 1o ycioBHI0O K — HauMeHbIIlee HaTypaJbHOe
YHCII0, IIPU KOTOPOM

n* =1 (mod p).

[Tpuiin X IpoTUBOpPeUno! 3HAYUT, Hallle IIPeIII0JIo-
JKeHHe 0 TOM, UTo (p — 1) He fesiuTcs Ha K, OBLJIO HEBep-
HO.

Biiaromaps Masoi TeopeMe depMa MBI MOXKEM ellé
OpICTpee MCKATh OCTAaTKU M [OKa3bIBaTh JEJIUMOCTD.
Y6emuMcs B 3TOM Ha IIpUMepe CJIeyIoINX 3afad.

3amaua 121. /lokakuTe, UTO YUCJIO
150 4 950 | 350 4 450 | 550 , 50
IesuTcsa Ha 13.

Penrenue. Mo)KHO 6BLIO GBI, KOHEUHO, PEIITUTE TaK
’Ke, KaK MBI JIeJIaJIF 3TO B IIPebIAYINeH IJ1aBe, UCCIIe-
Iysl OTZIEJIBHO Karkjoe caraemMoe. Ho masast Teopema
depMa I103BOJISIET CPa3y CKa3aThb, YTO JIJIS JIFOGOTO Ha-
TYpaJILHOTO N, He KPaTHOTO 13,

n'?2 =1 (mod 13).
IToaToMy
n*® = (n'%)* . n? = n® (mod 13).
Taxkum 06pasom,
150 4250 4 350 4 450 4 550 4 650 L 12, 92,32, 42 52 62 =
=1+4+9+16+25+36 =91 =0 (mod 13).

910 03HauvaeT, 9To (15042504 35044504 5504 650) nemres
Ha 13.
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3agaua 122. JlokaxxuTe, uTo urcso (1001144 -1) gesmt-
cs Ha 323.

Pemenune. 3ameruM, uto 323 = 17 - 19. IloaToMmy.
eCJIM MBI I0OKa’kKeM, YTO Hallle YHCJI0 TeJIUTCI 1 Ha 17,
U Ha 19, To MBI JOKa’XeM, UYTO OHO JIeJIUTCA Ha 323.

Tak xak yucio 1001 = 711 - 13, To OHO He JeJIUTCA
HU Ha 17, Hu Ha 19. [IoaToMy U3 MaJioii TeopeMbl Pepma
cienyert, 4To

1001'® = 1 (mod 17);
10018 = 1 (mod 19).

Ho Torma

1001 = (1001%)° = 1° = 1 (mod 17);
1001 = (1001%8)® = 1% = 1 (mod 19).

OTKyZia cIeflyeT, 4To pasHocTh (1001144 — 1) nemurca u
Ha 17, 1 Ha 19, a 3HAUYUT, OHa JIeJIUTCAI Ha 323.

TEOPEMA 3JIEPA

Masas Teopema Pepma oyeHb 06JIer-
4JaeT pellleHHe 3a/a4, HO TOJIBKO, KOITa
HaCc UHTEPEeCYIT OCTaTKU IIPU JeJIeHHH
Ha ITpocThIe uncia. Torja MeI MOKeM cKa-  [] s,
3aTh, YTO JJI JII060T0 HATYypaJbHOIO N, He KPaTHOIO
IIPOCTOMY p, OCTATOK IIpH fesieHUH nP~! Ha p paBeH
eJUHUIIE.

A 4To fresiaTh B 00111eM ciaydae? Ha 3TOT BOIIpOC OT-
BeuaeT meopema IJiisepa. Ho mpexxze deM eé chopMy-
JINPOBATh, JaIlUM CJIe/lyIolllee Ba)KHOE OIIpe/ie/IeHIe.
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dyHKyuell IJiinepa @(m) HaTypaIbHOTO
YHCJIa M Ha3bIBaeTCs KOJIHYECTBO HATY-
PATBLHBIX YHCeJ, MEHBIHUX M U B3aUMHO
IIPOCTHIX C M.

Hampumep, ¢(6) = 2, TIOTOMY 4YTO CpeTx HaTypasib-
HBIX UMCeJI, MeHbIIUX ItecTu — 1, 2, 3,4 1 5, TOJILKO UMC-
Jia 1 1 5 B3aMHO IPOCTHI € 6. A 17151 TF060TO0 IIPOCTOTO P
¢yHKITUS Jiepa @(p) = p — 1, IOTOMY UTO BCe HATy-
paJsibHbIe Yuciia, MeHbIIHe p, B3aUMHO IIPOCTEIL C p.

3amaua 123. IIycTh p ¥ q — pa3IMUHEBIe IIPOCTHIE YK CJIA.
Hoxaxute, uto @(pq) = (p —1)(q - 1).

Teneps MBI TOTOBBEI CHOPMYIUPOBATh U OKas3aTh
TeopeMmy JdUiepa.

Teopema Jiiepa. IIyCcTh n ¥ M — B3aUMHO IIPOCThIE
HaTypaJIbHbIe YKCJIa, TOIfa

n?™m =1 (mod m).

AokasaTeabCcTBO. IIyCTh 04, A7, ..., Ap(m) — BCE Ha-
TypaJbHble YMCia, MEHBIINe M U B3aUMHO IIPOCTHIE
C M. PacCMOTPUM YHCJIA 011, Q21 ..., Qp(m) N K IJIT KaXK-
JOTO M3 HUX HaWNIEM ero OCTaTOK IIPU JeJIeHUU Ha m:
1, T2, o5 To(m)- TOLAA

on = ry (mod m);
oon = ry (mod m);
Qo(m)N = I'p(m) (Mod m).

JlaBaiiTe TIOKa’keM, UTO CPEIH ITUX OCTAaTKOB HET
OMHAKOBBIX. /IeHICTBUTENBHO, €CTH ITPEJII0I0KUTD,
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YTO B KAKHUX-TO IBYX CTPOYKaX OAI/IHaKOBBII‘/’I OCTaTOK:

on =r (mod m),
o = r (mod m),

TO MBI IIOJIYYHUM, UTO
on = ogn (mod m).

Ho uucya n ¥ m B3aMHO ITPOCTHI. Torga MBI MOXKeM
9TO CpaBHEHME COKPATUTH Ha n:

oy = o (mod m).

U mpu 3TOM oy ¥ 0 — 3TO yncsaa oT 1 1o (m — 1). Ux
PasHOCTb He MOXKeT AeJUTHCSI Ha m, IIOTOMY YTO OHa
MeHbIIle, YeM M.

[Toka>keM TeIlepb, UTO BCE OCTAaTKH B3aWMHO ITPO-
CTHI ¢ m. [Ipe/IIToJI0>KKUM, YTO 3TO HE TaK U B KAKOH-TO
CTPOYKe

an = r (mod m)

CTOUT TAKOI OCTATOK I', UTO M U I UMEIOT OOIIIHH JeJTH-
Tesb d > 1.

Ho ecsit pasHoCTb (an — r) JejIUTcst Ha m, TO OHA
IleJINTCS U Ha ero JleJIuTesb d. Y TIpU 3TOM 1 IeJTUTCS
Ha d. 3HaUYUT, U YUCJIO an JeJauTcsd Ha d. MTHBIMH CJI0-
BaMHM, MBI IOJTYYIJIH, UTO Y UKCEJI M U 0N eCTh 00T
nenuteynb d > 1. Ho ¥ 4YMUCJIO o, ¥ YUCJIO N B3aUMHO
OPOCTHI ¢ M. IIPUITIN K TPOTUBOPEUHIO!

HTaK, MBI 3HaeM, YTO BCe OCTATKH Iy, I'y, ..., F'p(m)
B3aMMHO IIPOCTHI C M U CPeIU HUX HeT OJIMHAKOBBIX.
Ho MBI 3HaeM, YTO CyIecTBYET JIUIThL ¢ (M) HaTypaslb-
HBIX UMCeJl, MEHBIITHX M ¥ B3aUMHO IIPOCTHIX C M, — 3TO
A1, A, ..., Ag(m)- A 3TO O3HAYAET, UTO CPEJH UHCeTI T, I'2,
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..+» Tp(m) BCTPEUALTCS KAXKI0€ U3 1, A2, ..., Ap(m) U IIPH
3TOM POBHO OUH pas. [loaTomy

r-rg-...:Tom) =01 -0 ...  Ap(m)-

Torma, ITIepeMHOKUB Bce @ (m) cpaBHeHUH, MBI I10-
JIyIUM, YTO

QM- 0N+ ...  Oym)yN =T1 T2 ... Tym) (Mmod m),
a 3HAUWUT,
00 . . . Op(m) M = ey . .. Op(m) (mod m).

OcTaIoch 3aMeTHUTh, UTO YHCIA 01Xy . .. 0p(m) X M
B3aHMHO ITPOCTHI, IIOTOMY YTO Ka’KIbIH MHOYKUTEH
B3aHMHO IIPOCT C M. [109TOMy TIOC/IeIHee CpaBHEHHE
MO>KHO COKPATHTh Ha 13 . . . Qg (m):

n?™ =1 (mod m).

W MBI foKasaau TeopeMy Jitiepal

3amauga 124. IIycTh 4yuCJI0 m = pq, Ie p U  — pasinud-
HBbIe IIPOCThIe uncia. Torma g JIr06bIX HaTypaJIbHbIX
n ¥ k cripaBe/JINBO, UYTO

nk(Mm+1 = n (mod m).
Permenue. 3aMeTHM, UTO €CJIM YMCJIA N 1 M B3aUM-

HO IIPOCTHIe, TO YTBEPXKeHUe 3a/laul HAIIPAMYIO CJle-
IyeT 13 TeOpeMEbl Jiijiepa:

nke(m+l — p . (n“’(m))k =n-1¥=n (mod m).
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ITosToMy MHTEpEeCeH JIUIIb CIydai, Korja Yucia n
B M UMEIOT 0OIIHM neuTesab. To ecTh n = Ep“qﬂ, rme
HaTypaJIbHOe YHCJI0 £ He IeJINTCSI HU Ha p, HA Ha ¢ (TO
eCTh B3aUMHO IIPOCTO C M), a II0Ka3aTeu o ! B —IesIble
HeOoTpHULlaTeJbHbIe, U XOTS OBl OJUH U3 HUX He paBeH
HYJII.

JlaBaiiTe moKa>keM, HAaITpUMeEP, UTO

pk?m+1 = p (mod m).

JleliCTBUTeJILHO, MBI yoKe 3HaeM (cM. 3azady 123 Ha
cTp. 210), uTo B faHHOM ciaydae ¢(m) = (p—1)(q —1).
ITosTomy

_\k(p-1)

pk(a(m)+1 =p- (pq 1) ]

Ho us Teopemsl PepMa ciieyeT, UTO
p? ! =1 (modq).

A 3HauwurT,

pk(o(m)+1 =p- (pq—l)

ITosToMy pasHOCTh

k(p-1)
= p- 1P~V = p (mod q).

ko(m)+1 _

p p

IesiiTcda Ha . Ho oHa, 0ueBUIHO, AeJIUTCd U Ha p. Ilo-
39TOMY OHA [IeJIUTCS Ha M = pq. A 3TO 1 03HA4YaeT, 4TO

p*e(M+ = b (mod m).

OTcrofia cpasy IoJIydaeM, YTo IJIsI IF0GOTO o BEPHO,
YTO

(pa)k‘ﬂ(m)+1 — (pk(o(m)"'l)a = p“ (mod m).
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AHaJIOTUYHO IIoJjgy4aem, 4To
ko(m)+1 B
(qﬁ) = (qua(m)+1) = ¢? (mod m).

A yUUTHIBas TO, UTO YHCJIa £ ¥ M B3aUMHO IIPOCTEHIE,
gke(m+ = ¢ (mod m).

O6BeuHsIS BCE 3TO, TIOJIyYyaeM TpeGyeMoe yTBep-
JKIeHUe:

ko(m)+1
nko(m)+1 _ (gpaqﬁ) _
ko(m)+1

— pko(m)+1 (pzx)k(l’(m)"'l ] (qﬁ) =

=¢-p*-qP =n (mod m).

TEOPUA YUNCEJ1 B KPUNTOTPADPUN

YacTo IIKOJBbHUKH, U He TOJIbKO, EI{ ! E
CIIpAllIMBAKOT: «A 3aueM BCE 3TO HYX-
HO? ECTh i BCEMY 3TOMY XOTh KaK0oe-TO
IIpUMeHeHUe, WIX 3TO Ta caMasd YUCTas E
MaTeMaTHKa, Y KOTOPOY HeT HUKAKOTO0 IIPUIOKEHUI?»
Tak BOT, B 9TOM pasjiejie MbI IIOTOBOPUM 06 OTHOM
Ba’XHOM IIPUMEHEHUU TeOPUH YUCeJL.

Ha camoM pesie, BBl HUCIIOJIb3yeTe TEOPHUI0 UHCEN
KaXnbl¥ eHb! Hy, He coBceM BBbI. Baliu rajpkersl eé
UCIIOJIB3YIOT U JIeJIat0T 3TO IIOCTOSIHHO. U 6e3 Teopuu
4quces He 6BLJI0 6B TOTO MUPa, B KOTOPOM MBI cerdac
KUBEM.

214



TEOPEMEI ®EPMA U 3MJIEPA

Ho HauHéM Hu3fasieka. JIFOH, C TOTO MOMeHTa KakK
HOIBWIaCh MTUCHMEHHOCTD, XOTEJIH HAYUYUTHCA UG-
poBaTh MHGOPMAIIUI0, KOTOPYI OHU IIepefaroT ApPYyT
IpyTy. X0TeJIu Hay4YUThCA JleJIaTh TaK, YTOOBI TOJIBKO
oJiydyaTesb MOT IIOHSITh, YTO eMy HalHcau, II0TOMY
YTO II0 JOPOTe TOHIIA MOIJIM YOUTH, a ToJIy0sl IIepexBa-
TUTB. 1 JTIOIM XOTEeJI0Ch, YTOOBI MHPOpMaIHsd, KOTO-
PYI0 TOHeIl WU rojyOb JO/DKHBI OBLIN IlepefaTh, He
Obl7Ia MOHATHA TPOTUBHUKY. TaK MOSIBIJINCH IIEPBBIE
1110500 0) 38

CaMBbIil IPOCTOM U Haubosee U3BECTHHIU U3 HUX —
wu@p Ile3aps. 1 X0Ts1 OH Ha3BaH B yecThb s [esapsi,
KOTOPBIN UCIIOJIH30BAaJI €r0, YTOOBI 3aIlIUTUTHL CBOH BO-
eHHBbIe CO0OIIeHuUs, 3TOT CII0co6 MUPOBaHUSI 0UeHb
OPOCT U 6BLT HPUAYMaH 3a/I0JIT0 10 poskaeHUs Iesaps.

Tudp Iesapd 3axiaroyaeTcs B CIeAyrolieM. Pac-
CMOTPUM KaKOU-HUOyAb andaBUT (HAIpUMep pyc-
CKHUI) U 3aIUIlleM Bce OYKBEI 10 Kpyry: A, B, B, I, I u
Tak gasee. 1 moBepHEM 9TOT KPYT, HAIIpUMep, Ha OHY
6ykBy. Tak uTO A 1epeiifiéT B b, b mepeiinét B B u Tak
Iasee, a 5 mepergét B A. I BMeCcTO KaKIou U3 OYKB,
IIUIIIeM Te, B KOTOPble OHU IIepelllIn:

IIE3APb — YEHWBCI

A pyist Toro uTo65I paciiu$poBaTh, HY>KHO IIPOCTO II0-
BEPHYTH KPYT C 6yKBaMHU B JPYIYI0 CTOPOHY.

KoHeuHO0, MO>KHO II0BOpa4YUBaTh He Ha OHY OYKBY,
aHa 2, Ha 3, Ha 5, Ha 10, Ha cKoJIbKO XoTUTe!. [71aBHOe,
4TOOBI I10JIy4aTesIb TOXKE 3HaJI, Ha CKOJIBKO BBI II0BO-
paurBaeTe. BOT Tak I10o/1ydaeTcs LJOBOJIbHO MHOTO pas-
HBIX IMUQPOB.

1Ecu BepuTh 6uorpadam FOms Ilesaps, To caM OH HCITOJTB30-
BaJI C/[BUT Ha TPU OYKBEI.
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Ho y mmudpa Ilesapss KpoMe ero 04eBUJHOIO IIpe-
UMYIIeCTBa — [IPOCTOTHI (MM 04YeHb ITPOCTO U 3a1udpo-
BaTh, U paciiupoBaTh TEKCT), ECTh OOJILIIION He0CTa-
TOK. EcJIM TOT, KTO IlepexBaTHJI Ballly MHPOPMAIIUIO,
3HaeT, YTO TeKCT ObLI 3allIM$pPOBaH C IIOMOIILIO0 IITH}-
pa Llesaps, To eMy OCTaTOYHO (fa’ke eCIM OH He 3Ha-
eT TO, Ha CKOJIbKO BBI C/IBHUTaJIH aJlpaBUT) IIPOCTO IIe-
pebupaTh BCe BapHUaHTHI CABUIA, II0Ka ITUGPOBKA He
IIPeBPaTUTCS B OCMBICIEHHBIN TEKCT.

CleAyOIIUM 3TAIlOM OBLI wWugp nodCmMaHo8KuU, B
KOTOPOM 3aMeHa IIPOUCXOIUT He I10 KPYTY, & MBI IIPo-
CTO 3aMeHsIeM KaXKyl0 OYKBY Ha KaKy-TO Apyryo. U
JIlacKe He 00s513aTeIbHO Ha OYKBY, a KaKOM-TO CUMBOJI. To
€CTb KaXK/IoH OYKBe COTIOCTaBJIsIEM KaKOM-TO CUMBOJL.

Takoit mudp obcyrKrascs, HalpuMep, B poMaHe Ko-
HaH Jlotig «IIITyIye YeJ0BeuK». TaM KarKas 6yK-
Ba 3aMeHsIach Ha n30bpakeHUe YyeJ0BevYKa:

97 93000909¢

TyT y>Ke KakeTCs, UTO pasrajarb IIHGP ropaszo
ciIokHee. [IoToMy YTO B OT/IMYHe OT IIUQPoB Ile3aps,
KOTOpPBIE He TaK CJI0KHO IlepebpaTh — UX BCET0 OKOJIO
30 wTyK (B 3aBUCUMOCTHU OT TOrO, CKOJIBKO OYKB B
UCIIOJIb3yeMOM aJyipaBUTe), TYyT BapUaHTOB TOpPaszo
bosb1te.

Ecsnu cuurathk, 4yTo B andaBuTe 30 6YKB, U IIOIIBI-
TaThCs IlepebpaTh BCe BO3SMOYKHEIE CIIOCOOBI COIIOCTa-
BUTH CUMBOJIy OYKBY, TO IIOJIYYUTCS, YTO HY>KHO Ilepe-
6path 30! BApHaHTOB. A 3TO OUeHb MHOTO!

C TakuMu mEPpaMU IPOCTHIM IIePeE6OPOM YrKe He
CIIpaBUTHCI. U OBOJILHO [JOJITO 3TO OBLI OJWH U3 Ca-
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MBIX 3QPeKTUBHBIX CIIOCOO0B IIHUPPOBKHU, IIOTOMY UTO
Ia>ke COBPeMEHHBIM KOMIIBIOTEDP He CMOXKeT OBICTPO
nepebpars Bce 30! BApHaHTOB.

Ho okasajsoch, 4TO U 3TH IIUQPHI paciuppo-
BaTh TO’Ke HE OUeHb CJIOKHO. Ha ITOMOIIE IIPHITIEN
CTAaTHUCTHUYECKUM aHau3 TeKcTa. OKas3bIBaeTcs, UTO
€CJT B3SITh HECKOJIBKO JIOBOJILHO GOJIBLIIIHX OTPHIBKOB
TEKCTa, TO YacTOTa BXOXKIEHUS Ka>KI0M KOHKpPeTHOM
OYKBEI OyZeT 60Jiee-MeHee 0TMHAKOBOM JIJISI BCEX 3THUX
OTPHIBKOB. TO ecTh, IIpoaHaJIH3UPOBaB HECKOJIHLKO
OOJIBIITUX TEKCTOB, MBI JJIS1 KaKAOU OYKBBI, HaIIpH-
Mep, pycckoro aapaBUTa CMOXKeM Y3HATh €€ CPeTHIO
YaCTOTY BXOXKIEHUS B JIFO60M TEKCT.

JTO 03HAUAeT, UTO ec/IM KTO-TO 3alIn(poBaI HEKO-
TOPBIHM TEKCT, TO, PACCUUTAB YaCTOTY BXOK/IEHUS KaXK-
ZOTO CUMBOJIA B 9TOT TEKCT ¥ CPAaBHUB 3TH YaCTOTHI C
U3BECTHBIMU CpPeIHUMU YaCTOTaMU BXOXK/IeHUs OYKB
B TEKCTBI, MBI CMO’KeM J0BOJILHO OBICTPO ITOHATH, Ka-
KOMY CIMBOJIy COOTBETCTBYeT KaKas 6yKBa.

[ToaToMy BOT TaKasi IIpOCTasi 3aMeHa XOTs ¥ TOpaszio
60J1ee cJI0>KHA JIJIs1 paciIuPOBKHU, HO He TIO/IXOTUT /LIS
TepeIavH IeACTBUTEIHHO Ba>KHBIX ITOCTaHUH.

YTo >Ke [es1aTh fasbline? Mo>KHO, HAaIIpUMeD, ITHQ-
poBaTh CiefyOINUM 06pasoM — 6paTh He II0 OFHOH
OyKBe, a CKaXkeM, II0 ZiBe. bpaTh [iBa COCeHUX CUMBO-
Jla ¥ 3alIUQPOBBIBATH 3Ty IIapy KaKMM-TO 3HAYKOM.
B 3aToM ciy4dae 3amiQpoBBEIBaThH U pacCIIu$POBHIBATH
BPYYHYIO y’Ke HeBO3MOXKHO, IIOTOMY 4YTO IIap OYKB
mpuMepHo 30?2 = 900 — 0KO0JIO THICSYM PasHbIX cOYeTa-
HUH. Hy’>KHO UMeThb 60JIBIIYI0 TaOJIUITy COOTBETCTBUM
nap 6yKB 3HaUYKaM.

U 1mpu 3TOM BCé paBHO, €CIH 3alTU(POBAHHBIN
TEKCT TOBOJILHO 60JIBINOH, TO TOT YK€ CTAaTUCTUUECKHUH
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aHaJsus, IIyCTh U Xy’>Ke, HO BCé elllé paboTaer.

W BOT TyT Ha IIOMOIIIb IIPUIILJIA TEOPUA YHCEJI. ITO
CJIyYUJIOCH He TaK JaBHO —JIeT IIAThAECAT Hasaz, 1 npu
aTtom 50 JieT Hasaf i1 pa3paboTKHU TOro crrocoba mud-
PpOBaHUs, KOTOPBIU UCII0JIL3YEeTCSI U cervac, ObLIN IIPU-
MeHEeHBI MeTObl MaTeMaTHUKH, pa3paboTaHHbIe 3a 200
JIeT 10 3Toro!

MeTo[, IIp0 KOTOPBIH 5 X0Uy BaM pacCKasaTh, Ha3bl-
BaeTcs as120pummom RSA. OH Ha3BaH IIO IIEPBHIM OYK-
BaM $paMIINI aBTOPOB 3TOT0 MeToa — Rivest, Shamir
u Adleman. U ecsiv 3HaTh BCE TO, YTO BBl U3YUIJIH, I10-
Ka YUTaJIU 3Ty KHUTY, TO OH He II0Ka)keTcd BaM OUYeHb
CJIO’KHBIM.

Tak B 4éM Ke OH 3akuIro4aercsd? I[IycTs n = pq, rae p
U ¢ — pas/JIM4HbIe IIPOCThIe urcia. Torga Mel 3HaeM (CM.
3azauy 123 Ha cTp. 210), UYTO KOJIMYeCTBO HaTypaIbHBIX
4riceJsI, MEHBIIINUX N ¥ B3aUMHO IIPOCTHIX C N, PABHO

p(n)=(p-D(q-1).

0603HaYUM 3Ty BeJIMUUHY yepes N.

[JlaBaliTe BbIOepeM KakKuhe-HHOyJb He OUYeHb Ma-
JIeHbKHe HaTypaJbHble YHCjJa o U B, TaKhe, YTO UX
Ipou3BeJieHUe off aéT ocTaTok 1 IIpH /lejieHUH Ha N.
CyIiecTBOBaHHME TAaKOU Maphbl BHITEKAeT U3 CIIE[ICTBUS
u3 cooTHoleHus besy (cM. cTp. 52).

JleiCTBUTEILHO, B KaUueCTBE O MO>KHO B3SITh JIIO-
60e 4urCiI0, B3aUMHO IIpocToe ¢ N (HalpuMmep, joboe
IIPOCTOe, He SABJIAIOIeecs AeauTesneM unrciaa N). Torma
CIe[iICTBHEe U3 COOTHOIIIEeHUsS be3y yTBeprKAaeT, UTo
HaNJIyTCsa TaKue I1eJible yucaa £ U m, 4To

o+ mN = 1.
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Torza, ecyiv B3sITh B Ka4eCTBe  OCTAaTOK IIPU JieJIeHUHU
{ Ha N, MBI IIOJIyYUM, YUTO

N

op

To ectb af = kKN + 1, r1ie k — HaTypaJIbHOE YHCJIO.

foa=1-mN =1 (mod N).

U BOT ceffuac HauMHAETCs MIpoIlecc IMTHGPOBaHUS.
[IyCcTh eCTh HEKOTOPBIHA TeKCT. Ho YTO TaKoe TEKCT st
KOMIIbIOTEpa? ITO BCETO JIMIIb I10C/Ie/[0BAaTeIHbHOCTh
U3 HyJIed U equHUI]. TO eCTh 3TO IIPOCTO HEKOTOPOE
OueHb 6oJIbIIoe yrcao. 0603HaYKUM ero uepes I ¥ Ha-
JIOYKUM eTHHCTBEHHOE YCJIOBHE, YTO 3TO HATypaIbHOE
YHCJI0, MEHbITIee N. I MBI XOTUM 3TO YHCJIO IIEPe/IaTh
OT OJTHOTO YeJIOBeKa K IPYyTOMY.

YTo sKe MBI Jies1aeM? MBI 9TOMY UesI0BeKY, KOTOPBIH
XO04eT IlepeiaTh UHOPMAIHIo, CO00IIIaeM 1Ba YK CIa —
YHCJIO N ¥ YUCJIO . Y OH [I0JDKeH CBOI0 MHpOpMaIio I
BO3BECTHU B CTEIIeHU A 1 HAUTU OCTaTOK IIPHU JieJIeHUHU
IIOJTyYHBIIIETOCS YHMCJIa Ha N:

I* = J (mod n).

[Mosry4rIoch YUCI0 J. ITO U eCTh HAIa 3aITuPppPoBaH-
Hasi ”HOOpPMaIHsL.

U oH coob1aeT, KOMy HYXKHO, 3TO yucio J. Ilpu
9TOM U YHUCJIO N, U YHCJI0 & He CeKpPeTHHI, UX MO>KHO
nepefaBaTh OTKPBITHIM CI0CO60M. MOKHO IIPOCTO 110
TesiepOHY, HalpuMmep, COOOIUTHL. Y II0OydUBIIIEeecs
YUCJIO | He ceKpeTHO. Eciiu ero XTo-To I1epeXBaTUT, OH
He CMOJKeT, 3Hasl YK CJjIa N, A U |, BOCCTAHOBUTH YUCJIO I,
IIpU YCJIOBUH, YTO YHCJIO N LOBOJBHO 60JIBIIOE (4yTh
I1037Ke MBI IIOMMEM, II0UeMy 3TO TaK).

A fasbllle IIPOUCXOJUT ciaefyrolee. ITosy4daresb
6epeT 4ucio J, BO3BOAUT €T0 B CTENEHDb f§ ¥ HAXOQUT
OCTaTOK IIPHU JeJleHUU IIOJYUYUBIIErocs YHUciIa Ha N.
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IIpy 3TOM umcJ0 B 3HaeT TOJNBKO OH (UyTh II03Ke
MBI 00CyZIMM, TIOYEMY €er0 CJIO0XKHO momobparts). U
CMOTPUTeE, YTO II0Iy4aeTCs:

]B
A MBI ¢ BamHu 3HaeM (cM. 3azavdy 124 Ha cTp. 212), 4TO
eCcJIv N = pq, TO

=

IC(B — IkN+1 — Ik(p(n)+1.

1MW+ = 1 (mod n).
Taxkum o6pasomM,
JP =1 (mod n).

To ecTh OH IIOJIYYHJI UCXOJHOE YK CJIO 1.

B uTore MbI oKasanu ciaenpyromiee. Ilycte I < n, 1
MYCTh | — 3TO OCTATOK IIpHU JleJieHuH yucia I* Ha n. To-
I7la 0CTaTOK IIpH JieleHuH uucia [P ma n pasen I.

A 4TO [les1aTh, €CJIM HEOOXOAUMO IIepefiaTh YMCIIO,
KoTOpoe 6oJibllle n? Ero IpoCTO «peXyT Ha KYCKHU»,
Ka’K/IbIF U3 KOTOPBIX MeHBbIIIe N, ¥ IMUPPYIOT KaKAbIA
«KYCOK» II0 OT[eJbHOCTH. B KaKOM-TO CMBICJIE 3TO U
eCTh TOT CaMbI¥ 06006IIleHHBIN MU IOCTAHOBKY, B
KOTOPOM MBI IITUGpPyeM He 110 OFHOU OYKBe U [TaskKe He
IIO /IBe, a Cpasy OJIOKOM K3 COTeH OYKB.

JleJ1o B TOM, 4TO cefiyac IIpU UCIIOJIb30BaHUU aJl-
ropurMa RSA 6epyT IIpOCThIe UmcIa p U  HACTOJIBKO
60JIBIINMU, YTOOBI UX IIPOU3BEZIEHIE N ObLIO IIOPS/IKa
1099, a B 0c060 BaskHBIX caydasx — gaxke 101°%°, To ectn
3TO Ype3BbIYAMTHO TPOMaiHOe YrcIo! [0BOPS KOMIIBIO-
TEPHBIM 3bIKOM, MBI PeKeM BCI0 Hallly HTHPOPMALIHI0
Ha KyCOYKH 110 2048 miu fnake 110 4096 6UT U 110 ITOMY
QIITOPUTMY 3aMeHseM KaK[bII KyCcOoueK Ha JIPYroi Ky-
COYeK TaKOMU yKe AJINHEBI. EC/IM cuuTaTh, YTO HAM J[OCTa-
TOYHO 8 OMT, YTOORI 3aIIHCATh JIFOOOM CHMBOJI, TO KasK-
IBIM TaKOM KyCOUYeK Co/lep>XKUT oT 250 1o 500 6yKB!



TEOPEMEI ®EPMA U 3MJIEPA

JlaBaliTe IIOMMEM, II0YEeMY TaKOHM IITHUQP OUeHb Ha-
IéxxeH. Kak MBI IOMHUM, YHCJIA N U & He CeKPeTHBI, a
YMCJIO0 f 3HAeT TOJIBKO IT0JIy4daTeb. IIyCcTh yaalocs I1e-
pexXBaTUTD YUCJIO J, TOTAA JJI1 BOCCTAHOBJIEHUSA UCXO-
HOTO YMcjIa I HaM HY>KHO I10 YHCJIaM N U & BOCCTaHO-
BUTH 4UCJIO . Ho B — 3TO Takoe 4mMCiIo, YTO IIPOU3Be-
IeHue off BaéT ocTaTok 1 Ipu meseHUU Ha N = @(n).
A 4T06BI Y3HATH @(N), HAM HY>KHO PasJIoKUTh Ha IIpo-
H3BeJleHMe [BYX IIPOCTBIX U3BECTHOE YUCJIO N.

U BOT B 3TOM MeCTe U eCTh OCHOBHAsI CJI0KHOCTb.
OKasbIBaeTcs], YTO cerfyac HeT aJrOPUTMOB, KOTOPHIE
3a KOPOTKO€ BpeMs CII0COOHBI pasIoKUTh 600-3HaUYHOe
4HCJIO Ha IPOCThle MHOXKUTENU. [IpuuéM, Korza s ro-
BOPIO IIPO «KOPOTKOE BpPeMsi», I M€ B BU/Y TO/IBI BHI-
YUCJIEHUU Ha CyIIepKOMIIBIOTEpE.

B uToOre mosiyyaeTtcs, YTO €CIU BRI He yMeeTe pac-
KJIaZIbIBaTh OOJILIITHE YHCJIa Ha IIPOCThie MHOYKUTEIH,
TO, /IadkKe UMesI MTHPOPMAIIHI0 0 TOM, YeMY PaBHHI N U
o, BBl HUKaK He y3HaeTe, YeMy PaBHO f3, ¥ He CMOYKeTe
pacimdpoBaTh HHGOPMAITUIO!

Ha aToM sToM IpuHIIHIIe Pab0Tal0T, HalIpUMeD,
CceKpeTHBIe UaThl B MecceH/Kepax. Balle ycTpocTBO
6epét Jr0bble Ba OGOJIBIIMX HPOCTHIX duciaa (Y HEro
€CTh CIelMaJbHBIM TPOMaJHBIM MAacCHUB TaKHUX YH-
ceJI, U3 KOTOPBIX MO>KHO BBIOMpATh), IIepeMHOKaeT
UX U II0JIy4YaeT n, 3aTeM BBIUHCAAeT N U II0 HEMY
noxbupaeT o ¥ B. 3aTeM IlepechbliaeT uyrcaa N 1 A B
MecCeHpKep Balllero Apyra, KOTOPBIM C KX IIOMOIIIbI0
mupyeT KarkK[oe OTIIpaBisieMoe APYIOM COOOII[eHHe.
U1 To Xe caMoe [lejlaeT MeCCeHpKep BalIllero Apyra —
6epéT KaKue-TO CBOU JABa OOJIBIIMUX IIPOCTBIX UMCIA,
BBIUMCIIAET CBOU n’, o’ U B’ W oTHpasJsgeT yuciaa n’
U o B Balll MecCeH/[Kep. B uTore KaXkjjoe coo6IleHre
mupyeTcd, HO IIPOYUTATH €r0 MOYKeT TOJBKO TOT
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MecCCeH/Kep, KOTOPEIHM 3HaeT CBOE f.

BoJsiee TOTO, €CIU 3TO CyIlepCeKPETHHIN 4UaT, TO Ba-
IITH MeCCeHKePhI MOTYT 7T Ka>K/TOTO CIeyIOIIero Co-
0011eHUS ITOI0UPATh HOBYIO I1apy OOJIBIIMX IIPOCTHIX
uqnices1. II09TOMY, Zla’ke eCJIU BEI IIepeXBaTUTe KaKoe-TO
coobIieHre U OyeTe 3HaTh, C IIOMOIIIBI0 KaKUX N U
OHO 3alIU$POBAHO, Y BAC MOTYT YUTHU TOZbI HA TO, YTO-
6bl pacidpoBaTh OJHO 3TO COOOIeHHE, B KOTOPOM
MO’KeT OBITH HaIlMCaHO JIUIIL: «[IpuBeT, Baca! Kak fe-
Ja?»

OCHOBHOE IIPeUMYIIeCTBO 3TOI0 IIKdpa B TOM, UTO,
Iake mMMesl K04, KOTOPBIN MHGpyeT UHPOPMAIIUIO,
BCé paBHO HEBO3MO>KHO IIOHATH, KaK pacliiudpoBaThb
00paTHO. ITUM COBpeMeHHasl Kpunrorpadus oTinva-
eTCsI OT BCEero TOT'0, YTO OBIIO PaHBbIIIe.

dakTHYeCKH Y BaC UMeeTCd CllellralbHas IIKaTyI-
Ka, KJII0Y 0T KOTOPOH eCTh TOJIBKO Y Bac. BEI ItepeckLia-
eTe eé B OTKPBITOM BH/le 0OBIYHOM II0YTOM CBOEMY IPY-
ry. OH KIaJET B He€ ceKpeTHOe IIMChbMO, 3aXJ/I0IbIBaeT
U OTIIpaBJIsieT 06paTHO BaM. U Bcé! OTKPBITH CMOJKeTe
TOJIBKO BBL.

U BCE 3TO OCHOBAHO Ha TeOpPHUH umces! 370poBo,
npaBfa? A 3TOT Croco6 muUdpoBaHUSA UCIIOIb3YeTCs
MHOTO TJle: OT 3aIl[UThl IPOTPAaMMHOT0 06eCIIeueHusT
U 1MOPOBBIX Hojmuced M0 6aHKOB. IloaToMy ITOKa
OJTHU HWITyT BCE HOBBIE W HOBBIE OOJIBIIIHE ITPOCTHIE
4yucia, Ipyrhe MeuyTalT HaWTU OBICTPBIA aJTOPUTM
pasJioskeHUs JII060T0 YMCIa HA IIPOCThle MHOXKUTETH,
KOTOPBIH IT03BOJIKJI 651 MM B3JI0MAaTh JIF060i mudp’.

1Crout oTMeTHTD, 4TO 3HaKOMBIe IT-ITHUKH, IPOYUTAB 3TOT
pasfiesI, cKasajIH, UTO B pea/IbHBIX 3ajladax MCII0JIb30BaTh RSA fo-
BOJIBHO CJIO’KHO. OGBIYHO €r0 HCIOJIb3YIOT JIMIIb IS Ilepefadu
KJII0Yell KaKoro-HUOYAb aJrOpuTMa CHUMMeTPHUYHOro IIudpoBa-
HH3, a IIOTOM BCe IaHHble MTUQPYIOT y>Ke 3TUM aITOPUTMOM.



HEBOJIbLLOW 3AAAYHUK

OT MBI U IIOJIOILIN K KOHITy! K 3TOMy MOMeH-

TY MBI 06CYIMIN 60JIBIIIOE KOJIMUECTBO GaKTOB
U MeTOZ0B M3 TEOPHHU YMCeJ U OTpellaau 6ojee COT-
HHU 3a/iad. Tereps y Bac eCTh BOSMO>KHOCTb IIPOBEPUTH,
HaCKOJILKO XOPOIIIO Y BacC II0JIyYaeTcss CAMOCTOSITeILHO
pelaTh TaKue 3a/ja4yu.

B aTOM paszesie coGpaHbl IOIIOJHUTETLHBIE 3a/1a-
YH JIJII CAMOCTOSITEJIbHOTO PellieHus. S ITocTapasIcs OT-
COPTHUPOBATH HX /IS BAac OT MPOCTHIX K CJI0KHBIM, HO
He BCeIJia TO, UTO KaKeTCS IMPOCTBIM MHE, OKaYKeTCs
IIPOCTO U /i1 Bac. [[03TOMY He pacCTpauBalTeCh, €CITH
KaKHe-TO 3aJIa4H Y Bac He IIOJIYYHUTCS OBICTPO PEITUTh.

3agmaua 125. M0>KHO JIM BCe KJIeTKHU:

a) TabJIHITRI 2 X 3,

6) TabIUITLI 3 X 4,
3all0JIHUTh HATypaJIbHBIMU YHCIaMHU TaK, 4YTOObI B
Ka)K[JOM CTOJIOIle U B KaKAOU CTPOKe CyMMEI YHCEN
OKas3aJIUCh PasIUMUYHBIMHU IIPOCTHIMU UUCTIaMU?

3amaya 126. Kakoe HaubOJIbIllee KOJIMYECTBO [BY-
3HAYHBIX COCTaBHBIX YHCeJ MOKHO BbIOpATh TaK, YTO
JIr00BIe 1Ba U3 HUX B3aUMHO IIPOCTHI?
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3agaua 127. Haujgure HaubOoJIbIlllee HaTypasJbHOE N,
[JIS KOTOPOI'O BEPHO CJIeAyIolllee YTBep KAeHUe: I
JIF060r0 IIPOCTOr0 YMCJIA P, TAKOrO, UTO 2 < p < n, pas-
HOCTB (n — p) TaKyKe SIBJISIETCSI IPOCTHIM UM CJIOM.

3amaua 128. CKOJIBKO CYII[eCTBYeT HaTypPaJIbHBIX UH-
ceJ1, mesArnyxcsa Ha 1001 1 umerorux posHo 1001 pas-
JINYHBIN IeJIUTEb?

3amaya 129. Halimurte HauMeHblllee HaTypajbHOe
4HCJI0, KOTOPOE IIPH JIeJIeHUH Ha 2 aéT 0CTaTOK 1, IIpu
JleJIeHUU Ha 3 JaéT OCTaTOK 2, IIPHU JleJIEeHUU Ha 4 TaéT
OCTaTOK 3, ..., IIpH AeyieHHH Ha 10 1aéT 0CcTaTOK 9.

3aga4va 130. MosxHO Jii yucao 2024 IIpeCTaBUTh B BU-
Jle CYMMBbI YeThIPEX KBaZPaTOB HEUETHBIX UK CeJI?

3apmaua 131. Spssercs siu uncio (3290 + 4% + 619) mpo-
CTBIM?

3amaua 132. IIpocThle YHcCIa p, ¢, ' TAKOBBI, UTO
p+q+r =250, pq+qr+rp = 647.
Hariure nipousBejieHue pqr.

3agauva 133. Harigure Bce ITapbl TAKUX HATYpPaJIbHBIX
ymcesl m ¥ n, 9o mn = 1000 000 u mipu aToM (m? + n?)
geautcs Ha 1000 000.

3amaua 134. OTMeTHM BCe HaTypaJIbHEIe YHCJIA, Y KO-
TOPBIX CYMMBI ITUQP ABJIAIOTCI IPOCTHIMU YUCIaMHU.
Kakoe HanboJIbIllee KOJIMYECTBO OTMEUEHHBIX MOKET
OBITH Cpefiu IIATH IIOAPA[ UAYIIUX HaTypaJbHBIX UH-
ceiu?

3agmaua 135. /lokakKuTe, UTO I JIFOO0TO IIPOCTOTO P,
60JIbIIIero IsATH, HakaéTcs uncio 111...11, cocTosiee
U3 OJHUX eIUHUL], KOTOpPOe JeJIUTCSI Ha p.



HEBOJIBIION 3AIAYHUK

3agauva 136. Hariiiure Bce TaKUe HaTypasbHbIe YUHC-
Jia n, uto yuciaa (4n+9) u (9n+4) IBIAI0TCA KBajiparTa-
MU HaTypaJIbHBIX YHCeJL

3amaua 137. IlycTh HaTypaJIbHOE UMCJIO N He TeJIUTCSI
Ha IIpocToe p. IoOKa’kKuTe, YTO TOTr/a CYIeCTBYeT TaKoe
HaTypaJbHOe YHUCJIO M, YTO mn AaéT 0CTaTOK 1 IIpH fe-
JIEHUH Ha p.

3apmaua 138. Ilyctb p1 =2, p2 =3, p3=5,pa=7,...,TO
eCTb px —3TO k-e IIpoCTOoe YKCJI0. MOKET JIU IIPU KaKOM-
HUOYIb n > 1 cpenHee apudMeTHUUECKOE

p1+p2+...+DPn
n

OKa3aTbCAa ITPOCTBIM 4yuCcIoM?

3agaua 139. /loka)kuTe, YTO IIPU JIOOBIX HaTypaslb-
HBIX N ¥ K 4uCII0

n2k+1 )k+2

+(n-1
IeauTcs Ha n® — n + 1.

3amaua 140. Kakoe HambOJbIIee KOJUYECTBO UKICEJT
MO>KHO BBIOpaTh U3 Habopa {1; 2; 3; ...; 1001}, 4T06HI
Pa3sHOCTH JIFOBIX IBYX BRIOPAHHBIX UM CeJI He SBJISLIacCh
IIPOCTBIM YHCIOM?

3agaua 141. /loxka)KuTe, YTO /LI JIIO60T0 HaTypaIbHO-
ron > 1 Mexnay uncjgaMu n U n! ecThb 110 KpaiHen Mepe
OJIHO IIPOCTO€ YHCJIO.

3agaua 142. Msbl 3HaeM', UTO CyIECTBYeT MMLIHOH

II0CJIe/[0BaTeIbHBIX HaTypaIbHBIX YHCeJI, Cpefiu KOTO-
PBIX HET HU O[THOTO IIPOCTOT0 YMCJIA. A CyIlecTBYeT JIU
MWIJTHOH TI0CJIe/I0BaTebHBIX HATYpaJbHBIX YHCEJ,
Cpey KOTOPHIX POBHO JIECIThH IIPOCTHIX UK CeJI?

1em. 3amavy 26 Ha cTp. 76.
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3agava 143. Haipure Bce Iapbl IIPOCTBIX YHUCET P
U ¢, 1JI1 KOTOPBIX BEPHO CJIefyIolllee CBOMCTBO: YHUCIIO
(5p + 1) penuTcs Ha q, a uucio (5q + 1) KeaUTCs Ha p.

3anmaua 144. HariguTe Bce Iapbl HaTypabHBIX YHCEI,
JJIs1 KOTOPBIX CIIpaBeJINBO PaBEHCTBO:

m? =n!+5n+13.

3amaua 145. /11 HaTypajJIbHOIO YMCJA N BBIIIHCAIH
BCe ero JieJIUTeJIN B IIOPs/IKe BO3pacTaHUs:

1=ki<ky<...<kp=n

HaiiuTe Bce BO3MOYKHBIE 3HAUeHHS KOJMUeCTBa AeIH-
Teseil yuciIa n®, ec/IM M3BECTHO, UTO Ky - ks - kg - kg > n2.

3amaua 146. HatimuTe HauMeHbIllee HaTypaJIbHOe N,
IJI1 KOTOPOTO BBIIIOJIHEHO C/Ie/lyIolllee yCIOBHeE: eC/In
p — IPOCTOe YMCJI0 W YUCJIO N IeJuTcd Ha (p — 1), To
OHO JIeJIUTCA U Ha P.

3agaua 147. IIpocThle yucia ai, dg, ..., Ay 00pasywoT
apudMeTHUYeCKYH IIPOTPECCUI0, BCe UIEHBI KOTOPOU
6osbmre 11. /loKaKyTe, UTO PA3HOCTH IIPOTPECCHU
IeuTcs Ha 2310.

3agaua 148. [loKa>kuTe, YTO CYIIeCTBYeT 6€CKOHEUHO
MHOTO IIPOCTBIX YHCeJI, JAIOLIUX 0CTaTOK 3 IIPH JieJle-
HUU Ha 4.

3apmaua 149. HaiimyTe Bce TPOMKU HATypabHBIX UH-
CceJI, 711 KOTOPBIX CIIpaBe/ITMBO PaBEHCTBO:

4.-kl=m!-2-nl.

3agaua 150. ITycTh P(X) = apX"+a,_ (X" 1+.. .+a;x+ag
— MHOTOYIEH CTEITeHH N > 1 ¢ MeJIbIMU K03 OUITHEeH-
TaMu. MoryT sia Bce 3HaueHwus1 P(0), P(1), P(2), ... oka-
3aThCSI MPOCTHIMU YK CIAMH?



PELUEHNA SAAAM

1. IIpusHak geaumocTtH Ha 20. Eciu 1Be 1mociesn-
HUe U phI yrcsiaa 06pasyrT uyuciio, KpatHoe 20 (00, 20,
40, 60 vz 80), TO ¥ CaMO YHUCJIO AeuTcsa Ha 20.

JokasaTeabCcTBO. IIycTh 1Be mociaegHue IUGPHI
Yucia a = dpdp_1 . - . d1Ag 00PasyIoT YUCIIOo ajdg = 20k,
KpaTHoe 20, Torzma

a=100-anan_1...ay + a1a9 =

=20-(5-apan_1...a; +k):20.

IIpusHaK AeJIMMOCTH Ha 25. EC/IM Be I10CIe/Hue
UQPEI yrciIa 06pasyrT Yucio, KpatHoe 25 (00, 25, 50
wiu 75), TO ¥ CaMO YMCJIO AeJIUTCS Ha 25.

JokaszaTeabCcTBO. [IycTh [Be mociaeqHue ITUPPHI
4ucia a = dpdn-1 - - - A1ap 00Pa3yI0T YUCJIO0 aiagy = 25K,
KpaTHoOe 25, Torga

a=100-an,an_1...ay + a1a9 =

=25-(4-an,an,_1...a; +k):25.

IIpusHak aesmuMocTH Ha 50. Eciu yncio okaH4H-
BaeTcda Ha 00 uau 50, To oHO menuTcda Ha 50.
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Joka3aTeabCTBO. [IyCTh YUCTIO0 A = Andp—1 - . - A10p.
Eciu a;ag = 00, TO
a=100-ana,—1...az =
=50 (2 anan-1...az) : 50.
Ecsu >xe ajag = 50, TO
a=100-anan,—1...a; +50 =

=50-(2-apap_1...a;+1):50.

2. llpusHak aeaumMocTH Ha 16. Eciau yeTsIpe 10-
caemHAe ITUPPHI YUCaa 06pasyloT YHUCI0, KpaTHOe 16,
TO M CaMO YHCJIO JeJIUTCd Ha 16.

JokasaTeabCTBO. [IyCcTh UeThIpe IIocjaefHue [TUG-
pBI Uncia
a=anpan-1...a1Qp

00pa3yroT YncCII0 asd,a;dp = 16k, kpaTHoe 16, Torma

a=10000- a,a,_1...a4 + asaza,ag =

=16 (625 - anan_1...a4 + k) : 16.

3. OTBeT. HeT.

MO>KHO 110106 paTh KOHKPETHOE YUCJIO, He JeJisIile-
ecsg Ha 27, cymMMa TP KOTOPOTO JeJIUTCS Ha 27, HO MBI
IOCTYIIUM HHayve.

3aMeTHM, UTO Y KaXKgoro 13 urces 9990 u 9981 cyMm-
Ma nudp paBHa 27, HO UX pasHOCTb paBHA 9, I09TOMY
oba ynciaa He MOIYT JIeJIUTHCA Ha 27. A 3HA4UT, Cyllle-
CTBYeT UMCJIO, He JeJidlreecd Ha 27, cymMma [udp KOTo-
poro menutcd Ha 27.



PENIEHUS 3AJAY

7. OTBeT. 6, 12, 18 1 24.

Yucsia IIpu JleJiIeHUU Ha 5 MOT'YT 1aBaTh OUH U3 IT-
TH 0CTaTKOB — 0, 1, 2, 3 vytut 4. Ecsiu y uncsia ocTaToK pa-
BeH I' ¥ HeII0JIHOe YaCTHOe PaBHO OCTATKY, TO 3TO YHUC-
JI0
5.-r+r=6r.

3HaUYMT, HaM IIOAXOIAIIIH e Y Cla UMEIOT B 61, TIIe
r npuHHMaeT sHaueHus oT 0 1o 4—-9sTo uuciaa o, 6,12, 18
U 24. Ho uuciio 0 He gBJgeTcsa HaTypaabHBIM. [IoaTOMY
OCTAIOTCS TOJIBKO 6, 12, 18 1 24.

8. OTBerT. 2024.
[TycTh UMCIIO n yA0BJIETBOPSET yCa0BUI0. Torna
n =100k + 24, n=101¢+4,

e k ¥ £ — HeKOTophle HaTypaibHbIe YHCJIA.
OTcroza ciienyet, uTo

100k + 24 = 101¢ + 4,

TO €CThb
100 - (k — €) + 20 = 2.

Ilycte m = k — ¢, Torma £ = 100m + 20. A 3Ha4HT,

n=101¢+4 =101 (100m+20) +4 =
=10100 - m + 2024.

Ectum > 1, To yucao n > 10000 1 He MOYKeT OBITH
4eThIPEX3HAUYHBIM. OCTaéTcs eJUHCTBEHHBII BO3MOXK-
HBIN caaydau: m = 0.

ITpu sToM umciio 2024 neiCTBUTEIBHO IIOXOIUT:

2024 =100 - 20 + 24, 2024 =101-20 +4.
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10. OTBeT. HeT.

CyMma nudp 3TOro yrcjiaa paBHa
10-0+10-1+10-2 = 30.

Tak kak cymma rudp AesuTcs Ha 3, TO U caMO YHCJIO
TesnTcs Ha 3. Ho cymMa iudp He fesiiTcs Ha 9, 3SHAUUT,
U CaMO YMCJIO He [esuTcd Ha 9. [loka’keM, UTO Tak He
6pIBaeT!.

IIpeAIIoI0KKM, UTO Hallle YHC/I0 paBHO n’. Torma
YUCJIO N IIPU JeJIeHUH Ha 3 MOKeT UMETH O/IUH U3 TPEX
oCTaTKoB - 0, 1 uiIu 2.

Ilycthb n = 3k, e k — HEKOTOpOe HaTypabHOe YHC-
0. Torma n? = 9k? nesured Ha 9. Ho MBI 3HaeM, 4To n?
He TeJIuTCA Ha 9.

Ilyctb n = 3k + 1, roe k — HEKOTOpPOe HaTypaJIbHOe
yucio. Torga

n* =9k +6k+1=3-(3k*+2k)+1

He JenuTcs Ha 3. Ho MBI 3HaeM, 4To n? je/IUTCS Ha 3.

Ilyctb n = 3k + 2, rie k — HEKOTOpPOe HaTypaJlbHOe
yucso. Torga

n? =9k +12k+4=3-(3k* +4k+1) +1

He fleamTcs Ha 3. Ho MBI 3HaeM, 4To n? e/ INTCS Ha 3.

B KaXK[T0M U3 TPEX CJIy4YaeB Mbl IPUITLIN K TPOTHUBO-
peunio. 3HaUUT, Hallle IIPeII0JI0KeHHe 0 TOM, UTO JIaH-
HOEe YHCJIO SIBJIAeTCS KBa[paToM HaTypaJbHOTO UHCIa,
OBLJIO JIOKHBIM.

1Ecu 651 MBI yoKe 3HaJIM OCHOBHYIO TeopeMy apuPMeTUKH, KO-
TOPYIO I0Ka’keM JIUIIL B TPeThel IJIaBe, TO B 9TOM MeCTe MO>KHO
6BLI0 OBI 0CTAHOBUTLCS, CKas3aB, UTO eC/IM KBaJpaT YucJla JeIUTCI
Ha 3, TO OH 00513aH JIeJIUTHCS U Ha 9.
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11. 3ameTHM, UTO paccMaTpUBaeMoe YUCJI0 KaK MU-
HUMYM YeThIPEX3HAYHOE, II03TOMY, ECJIH OHO U SABJISET-
csl CTeIIeHbI0 IBOMKH, TO 3Ta CTEIIeHb JJ0BOJILHO 00JIb-
1rad.

Tax Kak Jiro6as CTelleHb ABOMKHU — 3TO YETHOE UMC-
JIO, TO OHa JI0JDKHA OKaHYMBAaThCI Ha YETHYIO IUpY.
KpoMe TOro, HMKakKas CTelleHb [BOMKU He [eJIUTCI
Ha 10, mo3TOMy He MO>KeT oKaHUYMBaThbcd Ha 0. Ocra-
JIOCH PacCMOTPeTH YeThIpe ciay4das — 2222, 4444, 6666 u
8888.

CTreneHb ABOUKU [eJIUTCA Ha 4, II03TOMY YMUCIIO,
COCTaBJIeHHOE W3 [BYX IIOCHeAHUX LUOpP, AOJDKHO
IenuThesa Ha 4. Ho 22 1 66 He fesisaTesd Ha 4.

CTelleHb JBOMKH [eJIUTCH Ha 8, II03TOMYy YHCJIO,
COCTaBJIEHHOE U3 TPEX IMOoCIeIHUX IUp, AOLKHO
IeJuThcd Ha 8. Ho 444 He pesdTcd Ha 8.

CTelleHb ABOMKU JeJIUTCI Ha 16, II03TOMYy 4HCIIO,
COCTaBJIEHHOE U3 YeTHIPEX ITOCIeTHUX [TUP, AOHKHO
IeauThbcda Ha 16. Ho 8888 = 8 - 1111 He gesuTcda Ha 16.

3HauMT, HUKaKas CTelleHb rE(BOI‘/JIKI/I He MO>KeT OKaH-
YUBATLCA YETBIPbEMSA OMHAKOBBIMH L[I/I(l)paMI/Il.

14. HatiiéM HauO0IbIITHH 0OITUM e TUTe b YKCeI
(27n+4) u (18n+3):

(27n+4,18n+3) = ((27n+4) — (18n+3), 18n+3) =
=9n+1, 18n+3) =
=9n+1, (18n+3)—-2-(9n+1)) =
=09n+1,1)=1.

lormernm 3/1eCh, YTO CYIIECTBYIOT CTeIleHU [IBOMKH, KOTOpbIe
OKaHUYMBAKTCI TpeMs OJMHAKOBBIMU Ilmppamu. Kak cieznyer us
HaIllero pellleHus, OHM MOI'YT OKaHYMBAaThCs JIUIIE Ha 888. Hampu-
Mep, 239 = 549755 813 888.
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JTO 03HAYAEeT, YTO ITPU JIF060M HAaTypaJIbHOM N YHC-
Jaa (27n+4) u (18n + 3) B3aUMHO IIPOCTHI.

18. 0603HaUMM JaHHBIE YHNCTA 4, b, ¢, d 1 e. VI3 yciio-
BUA CJIEAYeT, YTO YHCJIa

a+c+d+e, b+c+d+e
Jesarcs Ha 3. Ho Torma ¥ UxX pasHoCTh
(a+c+d+e)—(b+c+d+e)=a->b
Iesutcd Ha 3. VI3 9TOTo cileflyeT, 4To y uuces a u b onu-

HaKOBBIN OCTaTOK IIPpH JeJIEHUH Ha 3.

Paccysxzast aHaJIOTUYHO, II0JIy4YaeM, UTOo Y BCeX IId-
THU 4MCeJI JOJHKeH OBITh OJJTHAKOBBIN OCTaTOK IIPH Jie-
JIeHUH Ha 3.

Ho ecsiu y Bcex 4wucesl IIpU JleJleHUU Ha 3 OyfeT
0CTaToK 1, TO ¥ y CYMMBI JIFOOBIX UETBHIPEX U3 HUX OY-
JleT 0CTaToK 1. A ec/i y BCeX YHCeJI IIpU JleJleHUH Ha 3
OyZeT 0CTaTOK 2, TO ¥ Y CYMMBI JIFOOBIX UeTHIPEX U3 HUX
OyZeT 0CTaToK 2.

ITosTOMy eMHCTBEHHBIH CIyyal, KOT/a y BCeX UU-
CeJI OIMHAKOBBIM O0CTATOK IIPH /leJIeHUHM Ha 3 U CyMMa
JII00BIX UEeTHIPEX U3 HUX JeJUTCSI Ha 3, — 3TO KOTAa y
BCEX YHCeJ OCTaTOK IIPH ieJIeHUH Ha 3 paBeH HYJIIO.

19. 3ameTHM, UTO

999999 999 999 999 999 999 999 999 =
=9-111111111111111111111111111 =
=9-111-1001 001001001 001001 001 001.

IIpu sTOM M3 IIPU3HAKOB [eJIMMOCTH Ha 3 ¥ Ha 9
cienyeT, 4To yucesio 111 meaured Ha 3, @ YUCIIO

1001001001001 001001001001
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JleJuTcd Ha 9.

ITosToMy umciO
999999 999 999 999 999 999 999 999
JeauTcaiHa9-3-9.

20. OTBeT. 1001.
Brruuciaum

HOZ(5a + 3b, 13a + 8b),
HCIIOJIB3Ys aJITOPUTM EBKJII/I,I[aI

(5a+3b, 13a+ 8b) = (5a+ 3b, 13a+ 8b — 2(5a + 3b)) =
= (5a+3b, 3a+2b) =
= ((5a+3b) — (3a+2b), 3a+2b) =
= (2a+Db, 3a+2b) =
= (2a+b, (3a+2b) — (2a+Db)) =
=(2a+b,a+b) =
=((2a+b)—-(a+b),a+b) =
=(a,a+b)=(a, (a+b)—-a) =
= (a, b) = 1001.

21. OTBerT. 9.

W3 KpuTepus [eJUMOCTH Ha 9 CjIefyeT, 4TO eCIu
YHCJIO AeJUTCSI Ha 9, TO U CyMMa ero Iudp JeJUTCsS
Ha 9.

CymMa 1udp THICIUe3HAUHOI'0 YHUCJIa a He IIPeBOC-
xomuT 1000 - 9 = 9000. [TosToMy B umciie b He 60Jiee
4eTHIPEX U P U OHO JleJIUTCA Ha 9.
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Cymma nudp uucia b He npeBocxomut 4 - 9 = 36.
[TosTomy B 4ucie ¢ He 6osiee IBYX IUOP, KOJTUIECTBO
[IeCITKOB He IIPeBOCXOAUT 3 ¥ OHO JleJIUTCA Ha 9.

CymMa 1iudp 4ymciia ¢ He IIpeBoCXoAuT 3 + 9 = 12.
ITosToMy uuciio d He IIPEeBOCXOLUT 12 U OHO JEeJIUTCSI
Ha 9. 3Hauurt, d = 9.

24. OTBeT. 2.
ITocMOTpUM Ha IlepBBIe HECKOJIBLKO yucesa EBKIH-
za:

2+1=3;
2-3+1="7,
2-3-5+1=31;

2-3-5-7+1=211;
2-3-5-7-11+1=2311.

BuiHO, UTO ITIepBhIe [BA YK C/Ia 3aKaHUYMBAIOTCA He Ha 1,
a BCe oCcTaJIbHbIe —Ha 1.

JleiCTBUTEILHO, eCJTH U3 urciaa EBKIn/A (HaunHas
C TPeThero) BEIUECTh eJUHUILY, TO IIOJIyIUTCS IIPOH3Be-
NleHHe, co/lepsKallee 2 U 5, TO eCTb KpaTHOE JIeCSITH:

2.3.5=3-10;
2.3.5.7=(3-7)-10;
2.3.5.-7-11=(3-7-11) - 10;

A 3HauuT, camo yuciao EBkira sakaHuMBaeTcd Ha 1.

34. OTBerT. 2.

3aMeTHM, UTO eCJIM IIPOCTOe YHCIO p HEUYETHO,
TO 4yuciao (3p + 1) 4éTHO U GOJIbIIle JIBYX, II03TOMY
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He MOKeT OBITh IIPOCTBIM. 3HAYUT, UYHCJIO p YETHO.
Ho efuHCTBeHHOe YETHOE IIPOCTOE YWCJI0 — 3TO 2.
OcTaJIoCk IIPOBEPUTH, YTO IIPU p = 2 YUCJIO

3p+1=3-2+1=7

TOKe IIpoCToe.

TaxuM o6pa3om, urciaa p v (3p + 1) MOTyT GBITE O
HOBPEeMEeHHO IIPOCTHIMHU, TOJIHLKO €CJIU p = 2.

35. OTBeT. 79.

IIycTh p — HaUMeHBbIIlee IIPOCTOe YHCJI0, KOTOpPOe
MO>KHO IIPeJICTaBUTh B BUJe CYMMBI CEMH PAa3THYHBIX
IIPOCTHIX urcesI. CpeIy IPOCTHIX YK CeJI CTh TOJIBKO O/
HO YETHOE — 3TO YUCJIO 2.

[loaTOMy BCE CeMb CJIAaTaeMbIX JOJDKHBI OBITH
HEYETHBIMU YHCJIaMH, II0TOMY YTO HHAade YHUCI0 P
PaBHO CyMMe TBOHKHU U IITeCTH HEYETHHIX IPOCTHIX, TO
eCTh PaBHO YETHOMY UMCIY, 60JIbIIIEMY /IBYX, TO €CTh
COCTaBHOMY.

CYMMa CeéMH CaMBbIX MaJIEHBKHX ITPOCTBIX HEUET-
HBIX YHCeJI paBHa

3+5+7+11+13+17+19 =75.

3HauuT p > 75. HauMeHbIIlee IIPOCTOE YUCJI0, KOTOpPOe
He MeHbIIe 73, - 3T0 79.

ITompobyeM mo06paTh CEMb IIPOCTHIX CIaraeMbIX
TaK, YTOOBI II0JIYYHUJIOCH YUCJIO 79. IJI1 9TOT0 0CTaTOY-
HO B IIpeJbIAyIe CyMMe YBEJIMUUTH OHO U3 cjIarae-
MbIX Ha 4. OCTaJIoCh JIUIIb 3aMeTUTh, UT0 19 + 4 = 23 -
npocToe uyuciao. [TosTomy

3+5+7+11+13+17+23=179.
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Taxum 06pasoM, MBI ITI0Ka3aIH, UYTO e€CJIU IIPOCTOe
4YUC/I0 MeHblle 79 (a 3SHa4YWUT, MeHbIlle U 75, IOTOMY
4TO MeXXIy 75 ¥ 79 HeT IIPOCTHIX UMCeJI), TO €er0 Hellb-
351 IIPe/ICTaBUTH B BHUJe CEMU Pa3/IMYHBIX IIPOCTHIX, U
IIpUBeJIU IIpUMep, KaK MO>KHO IIpe/ICTaBUTh TAKUM 00-
pasoM uwucio 79.

3HauuT, 79 - HaUMeHbIIlee IIPOCTOe YKCJIO, KOTOpoe
MO’KHO IIpe/ICTaBUTh B BHUJle CYMMBI CEMU PasInUYHBIX
IIPOCTHIX YUCeJL.

36. OTBeT. 5.

Tak KaK MCKOMOE YMCJIO p PaBHO CYMMe JIBYX IIPO-
CTBIX YHCeJI, TO OHO TOYHO 60JIbIlle, UeM 2. 3HAUUT, p —
HEeYETHOEe YHCJIO.

Ho umcJio p [o/pKHO 66ITH PABHO CYMMeE U Pa3HOCTH
IBYX IIPOCTHIX YHCeJ, 3HAUUT, U B CYMME, U B pa3HoO-
CTH y4aCTBYIOT YMCJIa Pa3HOU YETHOCTH, IIOTOMY YTO
U CyMMa, U PasHOCThb YMCeJ OJUHAKOBOU YETHOCTHU —
YETHOEe YHCJI0, @ HICKOMOE YHCJIO p HEUETHO.

Ho eguHCTBEHHOE YETHOE IIPOCTOe YHMCJIO — 3TO 2.
IToaTomy
p=q+2, p=r-2,

I7ie q U r — IIpocThle yncia. To ecTh TpoiKa Yuces

q=p-2, p, r=p+2
IOJDKHA CoZep>KaTh TOJILKO IIPOCThIe YK CIa.

W3 3amaun 27 MBI 3HAaeM, YTO eCTh TOJILKO OJHAa
TpPOMKa YHCeJI C TAKUM CBOHMCTBOM — (3; 5; 7). 3HAUHT,
CYIIIeCTBYeT TOJILKO OJHO IIPOCTOe YUCJIO, KOTOpOoe
MOJKHO IIpeICTaBUTh U KaK CYMMY [ABYX IIPOCTBIX
yuces, U KaK PasHOCTL [OBYX IIPOCTHIX YMCeJI — 3TO
YUCJIIO 5:

5=3+2, 5=7-2.
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37. OcTaTKOM IIpU JieJIeHUU HATypabHOI0 YHCiIa
Ha 30 MOIyT 6BITH TOJIBKO umcsia oT 0 1o 29. Belnuirem
HX BCe U OTMETHM Te, KOTOpPbIe He SBJIAITCI HU IIPO-
CTBIM YHCJIOM, HU eJUHUIIeN:

o] 1 2 3 [4] s

6] 7 9] 1
13 [14] [15] [16] 17
19 [20] [21] [22] 23
124 [25] |26] [27] [28] 29

Ecyi HaTypajIbHOe YHUCJIO IIPU JesleHUuH Ha 30 faéT
ocTaTok 0, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26 viu 28,
TO OHO JIeJIUTCS Ha 2 U 60JIbIIe, YeM 2. 3Ha4YUT, OHO CO-
CTaBHOe.

Ecsix HaTypasIbHOE YMCJIO0 IIPU iejieHUuH Ha 30 1aéT
ocTaTok 9, 15, 21 vum 27, TO 0HO e TUTCI Ha 3 U 60JIbIIIE,
yeM 3. 3HAUHUT, OHO COCTAaBHOE.

Ecin HaTypasIbHOe YHCI0 IIpU feseHUH Ha 30 na-
6T 0CTaTOK 25, TO OHO JIeJIUTCI Ha 5 U O0JIbIIIe, UeM 5.
3Ha4yuT, OHO COCTAaBHOE.

TakuM 06pa3oM, HH OJHMH B3 OTMEUEHHBIX OCTaT-
KOB He MOKET IOJIyIUTHCS IPH ieJIeHHH Ha 30 y Impo-
CTBIX YHCEJI. A 3TO 03HAYAET, UTO OCTATOK IIPH IeJIEHUH
mpocToro yrcaa Ha 30 — 3T JIL60 ITPOCTOe YKCJIO, JIH-
60 1.

38. Tak Kak n > 4, TO cpe/ix MPOCTHIX umcesa (n — 1)
u (n+1) HeT 2 u 3. 3HAUYUT, OHU 06a HEUETHBHI U He Jie-
JiaTcsI Ha 3. Ho ecyiit OHU HEUYETHBI, TO N IeJIUTCI Ha 2.
Kpome Toro, 113 TPEX ITocaeoBaTeJbHBIX unces (n—1),
n, (n+1) oHO TOJDKHO eJTUThCI Ha 3, 1 3TO HU (n— 1),
HU (n + 1). [Io3TOMy YHCJIO N JeJUTCd Ha 2 U Ha 3, a
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3HAUMT’, leTUTCS Ha 6.
41. IlycTs 15t yucsa n BepHo, uTon : 5un : 7. Torna
7n: 35 u 5n : 35. CiremoBaTe/IbLHO,
n—-5n=2n

IesuTcda Ha 35. Ho Torma ¥ 4uciio 2 - 2n = 4n AeJuTcs
Ha 35.

OcTajioch 3aMEeTUTh, UTO U3 JeJIMMOCTH YHCeJ 5n U
4n Ha 35 C/IeyeT, UTo

5Sn—4n=n
IeJuTcd Ha 35.
42.TlycTb U3BeCcTHO, uTon : 7un : 11. Torma 11n : 77
u 7n : 77. CiaemoBaTebHO,
1liIn—-7n=4n

IeauTcd Ha 77. Ho Torga v 4ucio 2 - 4n = 8n gejnuTcd
Ha 77. OCcTasoCh 3aMeTUTh, UTO U3 JIEJTUMOCTHA YHCE
8nu 7nHa 77 claenyeT, uTo

8n—-7n=n

1Ha camoM fieJTe, 10 TOTO KaK MBI [OKA3aJIH OCHOBHYIO TEOPEMY
apudMeTHKH (CM. IVIaBY 3), HY>KHO 060CHOBBIBATH, KaK U3 IeJIUMO-
CTH Ha 2 ¥ 3 CJIefjyeT eJIMMOCTb Ha 6. 3TO MOKHO C/eJIaTh, HAIIPH-
Mep, TaK: eCJIM YUCJIO JIeJIUTCS Ha 2, TO Y HETO MOTYT GBITH OCTaTKU
0, 2 UK 4 1IpU fleJIeHUU Ha 6; eC/Id YHCJIO JeIUTCS Ha 3, TO y Hero
MOTYT OBITh OCTAaTKU 0 UK 3 IIPU [jeJIeHUU Ha 6. 3HAYUT, eC/IU YHC-
JIO IeJIUTCA U Ha 2, U Ha 3, TO Y HET0 MOJKeT OBITh TOJILKO OCTaTOK
0 1Ipu fesieHUH Ha 6, a 3HAYUT, OHO JeJIUTCSA Ha 6.

IIpo mpyroit crioco6 060CHOBaHUA MBI TOBOPUM B 3ajiade 39 Ha
cTp. 95.
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IeauTcd Ha 77.

UTak, MBI yoKe AoKasanay, 4To n: 77. Ecau Ke f1o-
TIOJIHUTEJIbHO U3BECTHO, UuTo n : 13, Torma 13n: 1001 u

77n :1001. Ho Torma u 6 - 13n = 78n menutcs Ha 1001.
Ocrasioch 3aMeTUTh, UTO U3 [IeJIUMOCTH uucesx 78n
u 77n Ha 1001 cienyet, UTO

78n—-T7In=n
Ieautcd Ha 1001.

43. OTBeT. 2, 6, 10, 14, 18, 22, ... — BCe UETHELIE YIC-
Jia, KOTOpBIE He [eIaTcs Ha 4 B 00BIYHOM CMBICIIE.

Ecsu unciio us «MHPa YETHBIX UMCeJI» HH Ha UTO He
OEJINTCsA, SHAYHUT, €ro HeJIb34d IIPEACTaBUTE B BHU/I€E IIPO-
HU3BeIEeHUA IBYX YETHBIX YMCeJI. SHaUUT, OHO He OeJInuT-
cs1 Ha 4 B 0OBIYHOM CMBICJIE.

C Opyroi CTOPOHBI, eC/Id YHUCJIO JeJUTCA Ha 4 B
0OBIYHOM CMBICJIE, TO €r0 MOXKHO IIPeCTaBUTh KakK
IIpousBeZleHHe YKcjla 2 ¥ HEKOTOPOIo YéTHOIO YHCIa.
3HAUUT, B «MHpe YETHBIX UMCeJI» ¥ HETO eCTh XOTs OBl
OJIUH [eJINTeJb — 2.

TakuM 06pa3oM, UHCIa U3 «MHpPa YETHBIX UHCETI»,
KOTOpBIE B 9TOM MHUpE He JeJIITCI HU Ha OJHO YHCJIO, —
aTo 2, 6, 10, 14, 18, 22, ... — Bce UETHBIE YHCJIa, KOTO-
pble He 1esIITCsl Ha 4 B 0OBIYHOM CMBICIIE.

44. OrBeTt. Hammpumep, 84, 100, 132, 140 u 196.

JlaBaiiTe ITOMMEM, YTO €CTh 0COGeHHOTO B YUMCJIaX
36 1 60. Ecyoti X pasjio’KUTh Ha OOBIYHBIE IIPOCTHIE
MHOKHUTEJIH

36=2-2-3-3, 60=2-2-3-5,
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TO MO>KHO YBHU/JIeTh, UTO KpOMe /IBYX /IBOEK (6e3 KOTo-
PBIX YHCIIO OBLTI0 OBI «IIPOCTBHIM») B PasIOKeHUH eCThb
JIBa HEYETHBIX MHOKUTEJIA.

NMeHHO 1103TOMY 36 MOJKHO IIPeCTaBUTh U KaK
2-(2-3-3),ukak (2-3) - (2-3). Aunucio 60 MO>XKHO
OpeAcTaBUTh U KaK 2 - (2-3-5),mkak (2-3)-(2-5).

Terleph HECJIOXKHO MPUAYMAThH eIé MSITh YUCes C
TaKHM CBOMCTBOM'. HammpuMmep,

84=2-2-3-7,
100=2-2-5-5;
132=2-2-3-11;
140=2-2-5-7,
196=2-2-7-7.

JIefiCTBUTE/IHHO, Y Ka)KI0T0 M3 HHUX JIBa PasJjioyKe-
HUS Ha «IIPOCThIE» MHOYKUTEJIH:

84 =2-42=6-14;
100 =2-50=10-10;
132=2-66=6-22;
140 =2-70=10- 14,
196 =2-98 =14 - 14.

1Ha camoMm fesTe HeoGsI3aTeTHEHO OIpaHUYMBATLCS YUCTIaMHU C
TaKHM CBOMCTBOM. CJies1aB 3TO, MBI IIPOITYCTHIIH, HAlIpUMeEp, YHC-
ma72 =2%-321108 = 2% . 33, TIJIST KoK 0r'0 M3 KOTOPEIX eCTh [IBa
pasyoyKeHUs Ha «IIPOCThbie» MHOKUTEeJIH:

72=2-2-18=2-6-6, 108 =2-54=6-18.

A miponryieHHOe umcio 180 = 22 .32 . 5 MOKHO PpasIoKUTE Jake
TpeMs criocobaMu:

180=2-90=6-30=10-18.
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45. OTBeT. Hanipumep, 9240 wu 22 - 320,

IlepBoe penrenue. PaccMOTpUM, HAIIpUMe], YUCIIO
9240 =2%-3-5-7-11.

Ero mo>xHO PAa3sJIOKUTH Ha «IIPOCThIE» MHOKUTETIHU
boJiee yeM OEeCATBHIO Pa3/IMYHBIMK cIrocobamMu:
9240=2-2-(2-3-5-7-11) = 2 2 - 2310;
9240=2-(2-3)-(2-5-7-11) =2 -6 - 770;
9240=2-(2-5)-(2-3-7-11) =210 - 462;
9240=2-(2-7)-(2-3-5-11) = 2 14 - 330;
9240=2-(2-11)-(2-3-5-7) = 2- 22 - 210;
9240 =(2-3)-(2-5)-(2-7-11) =6-10 - 154;
9240=(2-3)-(2-7)-(2-5-11) = 6 - 14 - 110;
9240 =(2-3)-(2-11)-(2-5-7) = 6-22 - 70;
9240 = (2-5)-(2-7)-(2-3-11) =10 - 14 - 66;
9240 = (2-5) - (2-11)-(2-3-7) =10 - 22 - 42;
9240 =(2-7)-(2-11)-(2-3-5) = 14 - 22 - 30.
U 9TO eIlé ajeKo He BCe CII0CO6BI .

Bropoe pemenue. EC/IM He IBITaTLCS IPUAYMAaTh
«He 04eHb GOJIBIIIOe YHCJI0» C TAKUM CBOMCTBOM?Z, TO
MO>KHO B35ITh, HaIIpuMep, 9rciIo 22 - 32°, Ero Toxke MOX-
HO Pas/IOKUThL Ha «IIPOCThIe» MHOKUTENH 60JIlee yeM
IeCATHI0 Pa3JTUUYHBIMU CIIOCOOAMHU:

22.320=2.(2-32)=(2-3)-(2-3"9) =

1M1, HaIIpEMep, cOBCeM He HCII0Ib30BaIH Pas/IoKeHHs TAKOT0
THIIA:
9240=2-(2-3-5)-(2-7-11) =2-30-154.

2MO’KHO TIOITPOGOBaTH PacCMOTPETh BOIPOC O HAXOMKIEHHH
HAUMEHBIIIero YMCaa ¢ TAKUM CBOMCTBOM, HO TIOOGHBIN BOIIPOC
GOJIBIIIE TTOIOUAET /ISt KOHTECTA 10 IIPOrPaMMHUPOBAHUIO.
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=(2-3%)-(2:3%)=(2-3%-(2-3") =
=(2-3)-(2:3%=(2-3%)-(2:3") =
=(2:3% (23" =(2-3)(2:3%) =
=(2-3%)-(2:3%)=(2-3%) - (23" =
=(2-319). (2310,

47. OTBeT. 32.

Passioxum o6a duciia Ha IIPoCThle MHOKUTEeJIH:
4000 = 2° - 53, 4608 = 2° - 3°.
IToatomy HO/[(4000, 4608) = 2° = 32.

48. OTBeT. 2024.

PelreHue. Z[J'IH Ka’X7a0ro HpOCTOI‘O qucJiia, KOTOpOE
BXOJIHT B Pa3/IO’KEeHHE 000UX YUCesI
23.5%2.11%2.13%.23%.29, 25.3%.72.11-17%- 23

(a aTo TONIBKO 2, 11 1 23), BEIGMpaeM HAUMEHBIITYIO CTe-
IIeHb, B KOTOPOM 3TO IIPOCTOE YHUCJIO B BXOAAT HUX.

ITosyuaewMm, uTo
HOZ(2%-5%.112.13%.23%.29, 2°.3%.72.11-17%.23) =

=23.11-23=8-11-23 = 88 - 23 = 2024.

50. OTBeT. 3600.

Pentenue. Pa3io)kuM 06a 4yrcsa Ha IIPOCThIe MHO-
KUTEJIN:

144 = 2% . 32, 300 = 2% .3 .52,
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IToaTomy HOK(144, 300) = 2% - 32 . 52 = 3600.

55. OTBeT. a) 4; 6) 6; B) 16; 1) 12; 1) 64; e) 24; €) 36;
7K) 48.

Us TeOpeMBbI 0 KO/IMYECTBE rZ[e.JII/ITeJIeI‘/JI MBI 3HAEM,
YTO KOJIYECTBO ,I[EIIHTGJIEﬁ quciia

_ ki ko k
n=p; P, R

paBHO (k1 +1)(ka+1)...(kp+1).
a) IlycTh KOJIMYeCTBO JeUTesIen

(k1 +1)(ky+1)...(km+1) =3.

Torga, y4UTHIBad TO, YTO 3 — IIPOCTOE YKCJIO, II0JIydaeM,
YTO 3TO BO3MO>KHO, TOJIBKO ectim = 1k, = 2. To ecTh
n = p? rme p - mpocroe yuciaol. HauMeHbIllee 4uCI0
TaKoro Buja — 22 = 4.

6) IlyCcTh KOJIMUECTBO JleJIUTes e
(ki +1)(ky+1)...(km+1) =4

Torga, yYUTHIBAs TO, YTO 4 = 22, TI0JIyYaeM, 4T 3TO BO3-
MOXKHO, ecium =1, ky =3mmum =2, k; =k, = 1. To
ecThb Iu60 n = p3, 60 n = pq, TAe p U q — PasJTUYHEIe
IIPOCTHIE YHCIIA.

HauMeHbIllee YncsIo BUga n = p° —arto 2% = 8; a
HauMeHbIllee YHCJI0 BUA N = pq — 3TO 2 - 3 = 6. IloaTo-
My HauMeHbIIlee HaTypajJbHOe YHCJIO, KOTOpoe UMeeT
POBHO YeThIpe PasIuYHBIX JeIUTeJId, — 3TO 6.

B) IIyCTh KOJIMUeCTBO JleJIUTeseN

(k1 +1)(ky+1)...(kpn+1) =5.

1MosKkHO 6ELTO Cpasy 9TO CKasaTh, COCJIABIIHCE Ha 3afady 52.
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Torga, yUYUTEIBAs TO, UTO 5 — IIPOCTOE YHCJIO, I10JIy4a-
€M, 4TO 3TO BO3MO>KHO, TOJIbKO ecitum = 11 ky = 4.
To ectb n = p*, e p — mpocToe uuc/o. HauMeHbIee
YHCJI0 TaKoTo BUza — 24 = 16.

1) IlyCcTh KOJTUUECTBO JleJTUTeer
(k1+1)(ky+1)...(kpn+1) =6.

Torma, yuuTHIBad TO, YTO 6 = 2 - 3, IIOJIy4aeM, 4TO 3TO
BO3MOXKHO, ectum = 1, ky = 5uwmum = 2, k; = 1,
k; = 2. To ecTb 160 n = p°, MU60O N = pq>, Te p U q —
pasMYHbIe IIPOCThIE YKCIIA.

HanMeHbIIlee YHCIO BUa n = p° — 310 2° = 32; a
HaMeHbIIlee YKMCIO BUa N = pq’ — 3to 3 - 22 = 12
[TosTOMy HauMeHbIllee HaTypaJbHOe YMCJI0, KOTOpPoe
UMeeT POBHO LIECTh Pa3/IMYHBIX JIeJIUTesIel, — 3To 12.

1) IIyCcTh KOJIMUECTBO AeTUTe e
(k1 +1)(ky+1)...(k;m+1)=17.

Torma, yIUTHIBasg TO, YTO 7 — IIPOCTOE YHCJIO, HOJIyYa-
eM, YTO 3TO BO3MOYKHO, TOJLKO eciu m = 1 u kg = 6.
To ecTb n = p%, Ie p — mpocToe uucio. HauMeHbIIee
YHCJI0 TaKoro Buja — 28 = 64.

e) ITycTb KoJIM4ecTBO AeiuTesield
(ki +1)(ky+1)...(km+1) =8.

Torga, yauThIBasi TO, UTO 8 = 23, II0JIy4YaeM, UTo 3TO BO3-
MOXKHO,ectum =1,k =7, umum = 2,k; =1, ky = 3,
wmm = 3,ky = kg = k3 = 1. To ectb tu6o n = p’,
60 n = pq®, mubo n = pqr, IAe p, q U I — pasIAdHbIe
IPOCThIE YUCIA.

HauMeHbIllee YHUCJIO BUAa N = p’ — ato 27 = 128;
HauMeHbIIlee YUCJI0 BUIa n = pq° — 310 3 - 23 = 24; a
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HauMeHBbIIlee YUCJIo BUga n = pqr —3Tto 2 - 3 - 5 = 30.
ITlosToMy HauMeHbIllee HaTypajJlbHOE YHCI0, KOTOpoe
HMeeT POBHO BOCeMb Pas/IMYHBIX TeJIUTeJIeN, — 9TO 24.

é) IlyCcTh KOJIMUeCTBO Jle/IuTesien
(ki +1)(ky+1)...(km+1)=09.

Torza, y9UTEIBas TO, 9TO 9 = 3%, mosryuaem, 4To 3TO BO3-
MOXKHO, ecmum =1, ky =8mwmum = 2, ky = ky = 2. To
ecTh JIu60 n = p8, 1160 n = p*q?, I7ie p ¥ q — pasIUUHbIe
IIPOCTHIE YHCIIA.

HauMmeHbIllee 4KCJI0 BUAa n = pS — aro 28 = 256; a
HaVMeHbIIlee YHCI0 BUfa n = p>q> — ato 22 - 3% = 36.
[ToaToMy HauMeHbIllee HaTypaJbHOe YHCJIO, KOTOpoe
HMeeT POBHO JIeBATH Pas/INYHEIX JejuTesel, — 3To 36.

k) IIyCTh KOJIMYECTBO JIeTUTeeH
(ki +1)(ky+1)...(kpn+1) =10.

Torma, yauTeIBas To, 4T0 10 = 2 - 5, ImosiygaeMm, 4To 3TO
BO3MOXKHO, ectum = 1, ky = 9mimum = 2, k; = 1,
k; = 4. To ectb 60 n = p°, mubo n = pq*, e p u q -
pasyiuyHble IIPOCThIE UKCIA.

HaumeHbIllee yncio Buga n = p° — ato 2° = 512;
a Ha“MeHbIIlee YHUCJI0 BUAa n = pq* —ato 3 - 2% = 48,
[TosToMy HauMeHBbIIlee HaTypaJIbHOE UHCJI0, KOTOpPOe
UMeeT POBHO JeCATh Pas/IMYHbIX JIeJIUTesel, — 3TO 48.

56. OTBeT. 3040.
Ilyctb n = pkqerm, I7e p, q U r — pasjInuHble Ipo-

CThIe YHciIa, a k, £ 1 m — HaTypaJbHbIe yncaa. Torma

n? = p?kq**r’™, u U3 TeopeMbI 0 KOJHUECTBe JieJIhTe-

Jlel Mbl 3HaeM, UTO KOJIMYECTBO ero JeJuTes el paBHO

2k+1D(2¢+1)(2m+1).

245



Bopuc TpywuH

246

Ho 110 YCIOBHIO 33/1aYH 3TO KOJTMYECTBO JI0J/KHO OBITH
paBHoO 1001 =7-11-13.

VUHUTHIBasI, UTO KaKAbIM U3 MHOKUTeseH (2k + 1),
(2€+1) u (2m+1) GoabIlle e AUHUIIBL, a yncaa 7,11 113 -
IIPOCTHIE, II0JIy4aeM, UTO PaBEHCTBO

(2k+1)(2¢+1)(2m + 1) = 1001

BO3MOJKHO, TOJIBKO €CJIM YHcIa K, £ © m B HEKOTOPOM
IIOpsiKe paBHEI 3, 5 U 6.

TaxuM o6pasom, n = p3q°rS, e p, q u r - pasmuu-

HbIe TIpocThle uncta. Torma n® = p°q°r!® uxomuuecrso

ero JeJIuTesIe paBHO

(9+1)-(15+1) - (18 +1) = 10 - 16 - 19 = 3040.

57. OTBerT. 2025.

s T€OopeMBbI O KO/IM4YeCTBe ﬂEHHTEHEﬁ MBI 3HaeM,
YTO KOJIMYECTBO rE[e.J'II/ITe.JIeI‘/JI quciia

_ ki ke k
n=p; b, R

paBHO (k1 +1)(ky + 1) ... (km + 1).

ITo ycomoButo (k1 +1) (kg +1) ... (kpy+1) =15=3-5.
IoaTomy /60 n = p'4, mubo n = p*q?, e p u q - pas-
JIMYHBIE IIPOCThIE YHCJIA.

IIycTh n = p'4, Torma cymMMa JeMTesIeii paBHa

1+p+pi+...+pt

Ho p* > 2% = 16 384. [TosToMy cyMMa Bcex leTUTeei
He MOJKeT 6bITh paBHa 3751.

Iycts n = p*q?, Torma cymMmma jiesmuresteii paBHa
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1+p+p*+p°+p*+q+pg+p’q+ pPq+pia+
+q°+pq* +pq" + p°q° +piqt =
=(1+p+p*+p°+pH(L+q+q).
ITosTomy
A+p+p*+p*+pH (1 +q+q*) =3751.
Pasioxxum yucsio 3751 Ha IPOCThIe MHOKUTEIH:
3751 =11-341=11-11- 31.

3aMeTHM, UTO

P> 14+2+22+28+2% =31;

=
>1+2+22=7.

1+p+p*+p¥+p
qZ

1+q+
IT03TOMY eCThb JIUIIBb TPU caydas. JIn6o
1+p+p*+p3+p*=31, 1+q+q*=121,
160
1+p+p?+p3+pt=121, 1+q+q* =31,
60
1+p+p*+p¥+p*=341, 1+q+q¢ =11

IMyctb 1+ p+p?+p3+p*=31u1+q+q*=121.Ho
npuq <7

1+q+q* <1+7+49=57 <121,
amnpuq > 11 yxe
1+q+q*>1+11+121 =143 > 121.
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A Mexxnay 7 1 11 HeT IIPOCTHIX YHUCeJI. 3HAYUT, 3TOT CJIy-
4al HeBO3MOJKEH.

ycte 1+ p+p?+p3+p* =121ul1+q+q* = 31.Ilpu
p=3
1+p+p*+p3+p*=1+3+9+27+81=121,
Ho sHauenue (1 + p + p? + p + p*) pactér ¢ pocrom p.
IMTosTomy ipu p < 3 0HO MeHbIlle 121, anpu p > 3
0HO 60J1bIIe 121. 3HAUUT, PABEHCTBO BO3MOYKHO TOJIb-
Ko IIpHu p = 3.

AHaJIOTUYHO 3aMevaeM, UTo IIPU q = 5
1+q+q* <1+5+25=231,

U PaBEHCTBO BO3MOYKHO TOJIBKO IIPHU G = 5.

3HAUUT, B 3TOM CJIy4yae
n=p*¢* = p* 5% =81-25=2025.

Oycte 1+ p+p?>+p>+p*=341u1+q+q*> =11.Ho
pu q = 2

1+q+q* <1+2+4=7<11,
aITpu q = 3 yxe
1+q+¢*>1+3+9=13> 11,

A Mexay 2 1 3 HeT IIPOCTHIX YHces. 3HAUUT, 3TOT CJIY-
Yal HeBO3MOJKEH.

B uTore mosrydaeM, 4To 2025 — 3TO eUHCTBEHHOE
HaTypaJIbHOEe YU CJI0, Y KOTOPOIo POBHO 15 fesnTesiel,
a CyMMa 3THX JleJIuTesIeit paBHa 3751.
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63. OTBeT. 2569.

3aMeTHM, YTO [TPOM3Be/leHHe ITUPP UCKOMOTO UHC-
JIa JOJDKHO 6BITE 540 = 5 - 33 .- 22, [TosToMy, ec/tu pas-
JIOKUTH KKy ero MUPy Ha IPOCThIe MHOMKUTEIH
U [IePeMHOKHUTb, J0JLKHO MOTydInuThes 5 - 33 - 22,

IIpocToe yucio 5 B pasioKeHUH MOIJIO ITOSIBUTh-
€S TOJILKO U3-3a UQPHI 5. [IponsBeeHre 0CTaBIINXCS
udp AO/DKHO O6BITH paBHO 108. 3HaUUT, UX He MeHee
TPEX, TaK KaK IPOU3BeJ[eHUE IBYX QP He IIPeBOCXO-
IuT9-9 = 81. [ToaTOMY HCKOMOeE UK CJIO UMeeT He MeHee
4eTHIPEX IUpP.

ITomblTaeMcsl HAaUTHU HauMeHbIIlee YeThIPEX3HAU-
HOe 4YHCJI0 C IIpousBegeHueM Iudp 540. OueBUIHO,
4YTO B HauWMeHBIIIeM 4HCje HeT IUOPHl 1, TaK Kak
OHa JIUIIb YBeJIUYHBaeT KOJINYeCTBO IUQpP, HO HUKAK
He BJIMFeT Ha IIpousBefeHue. KpoMe TOro, B HEM Bce
nudpsl UAYT B IOPSAKe BO3pacTaHUs, 4TOOBI camasi
MaJIeHbKas O0TBevasa 3a KOJIMYeCTBO THICAY, a camMas
60JIbIIIas — 38 KOJIMYECTBO eIUHMULI.

YVuutsiBasd, 4To UQpLl 1 B YKUCjIe HET, caMoe Ma-
JIeHbKOe 3HaueHNe I I1epBOY IUQPEI — 2. A B UHCIIe
elé ecTh Idpa 5, 103TOMY IIpOU3BeZieHHe [BYX OCTaB-
muxcd 1udp paBHo 54 = 33 - 2. To ecThb [Be ApyTHe
UGPEI — 3TO 6 U 9 (II0TOMY UTO OfHA W3 HUX B pas-
JIO’KeHHUH Ha IIPOCTEIe JOJDKHA CoJepsKaTh IBOMKY, U B
Ka’kK[JOM M3 HUX OJJHa WJIH /IBe TPOMKH). HauMeHbIIee
YHCJIO0 ¢ TAKUMHU ITppamu — 3To 2569. Eciiu ke mepBast
mudpa 6yzeT 60IbIIIe BOWKH, TO UHCJIO OYET O0JIbIIIE,
yeM 2569.

TaxuM 06pasoM, MBI I0Ka3aJIH, 4To 2569 — 3To Hau-
MeHblllee HaTypaJIbHOE YUCJIO, IIpou3BefieHue TUp
KOTOpPOTro paBHO 540.
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64. IlepBoe penteHue. B 3agade 60 (cM. cTp. 125) MbI
II0Ka3aJId, 4To IIPH BCeX IIPOCTHIX p > 3 umcio (p? — 1)
menuTcsd Ha 24. 3HauwmT, U (p? — 1), u (¢* — 1) genarcs
Ha 24. IIoaTOMy UX PasHOCTb

(P*-1D-(*-1)=p*-¢

JleJIUTCd Ha 24.

Bropoe peurenue. 3aMeTUM, UTO

PP-q*=(p-q(p+9.

IIpu 3TOM 4HCJIa p U q IPOCThIE ¥ He paBHEI [IBYM, I10-
3TOMy OHM 06a HeuéTHBL Torma (p — q) u (p + q) — ABa
YETHBIX YHCJIa, KOTOPhIe 0TJIMYAKTCA Ha 2q. Ho 2q He
nesuTcs Ha 4. IIoaToMy U3 YETHBIX UHces (p—q) U (p+q)
OJTHO JIeJTUTCS Ha 4, a IPyroe — HeT. 3HAYUT, UX ITPOU3-
BemeHue (p — q)(p + q) nenutcs Ha 8.

C Ipyro¥ CTOPOHBL, 2¢ He eJIUTCA Ha 3, TaK Kak (q —
IIPOCTOE U He PaBHO TPEM. 3HAUUT, y UHcea (p — q) |
(p + q) pasHBIe OCTATKH IIPHU JleJIeHUH Ha 3. IIpefrroJio-
>KHM, YTO HU OJTWH 13 0CTAaTKOB He paBeH HYJII0, TOT/a y
OZTHOT'0 M3 HUX OCTATOK paBeH 1, a y IPyroro — paBeH 2.
Ho Torma ux cymma

(p-@+(p+q) =2p

JOJDKHA TesIUThCA Ha 3. UTO HEBO3MOYKHO, TaK Kak p —
IIPOCTOE U He PaBHO TPEM.

3HauUT, OHO U3 umces (p — q) U (p + q) UMeeT
ocTaTok 0 mmpu mesieHuH Ha 3. To ecTh IIpoH3Be/ieHUe
(p—q)(p+q) memurcsa Ha 3. Ho ecsu umco (p? — %) fie-
JIUTCSA ¥ Ha 8, M Ha 3, TO B €I0 PasIOKeHUH Ha IIPOCThIe
MHOKHATEJH ecTh 23 - 3. [I09TOMY OHO JIeTUTCS Ha 24.
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65. OTBeT. 59.

IockoabKy 250000 = 2% - 5% u oHO mo/mxHO fe-
JIUNTHCS Ha KaK/[0e M3 YHCeJI ITaphl, TO Pa3IoKeHHe Ha
MIPOCTHIE MHOYKHTEH Ka>K/IOT0 M3 HAIIIUX YHCEJ Me-
eTBUA 2 -5V, THe 0 < x <4m0 < y<6.

Jl71s1 ToTO YTOORI HAUMEHbBIIIee 06IIlee KpaTHOe Ta-
KHX 4YHCeJ 0Kasasaoch paBHO 250 000, Hy>KHO, UTOGHI pe-
aJM30BasIach OHA U3 IBYX BO3MOYKHOCTEL:

* ofHO M3 umces paBHO 250000, a gpyroe 4ucio —
J060H JenuTe b yucia 250 000;

°* HU OJHO U3 yuces He paBHO 250000, HO B pas-
JIO’KEHUHU OJJTHOI'0 U3 UM CeJI T0JDKEH IIPUCYTCTBO-
BaTh MHOYKHTeJb 24, a B pas/Io»KeHHH JIPYTOTO —
MHOKHTeJHb 5°.

B mepBOM Ciiy4yae BTOPOE YU CJIO — 3TO JIFO0H [1es1u-
Tesb urciia 250 000. A y Hero Bcero (4+1) - (6+1) =35
PasIUYHBIX fejIuTesIel.

Bo BTOpOM ciIy4dae I10JIy4aeM, UTO HalllK YHCJIa PaB-
HbI 2451 258 e 0 < m < 5,0 < n < 3, Tak Kak HA
0JTHO U3 HUX He paBHO 250000. TakuM 06pas3oM, ecThb
LIeCTh BO3SMOJKHBIX 3HAUEHUH I1epBOr0 YHMCIa U Hesa-
BHUCHMO OT 3TOIO YeThbIpe BOSMOJKHBIX 3HaUYeHUs BTO-
poro uucia. To ecTh B 3TOM CJIydae UMeeTca 6 - 4 = 24
BO3MO>KHBIX ITaphIL.

B uTore nmosiygaem, uto CcyiecrByeT 35+24 = 59 map
HaTypaJbHBIX YHCeJ, Y KOTOPhIX HaNMeHbIIlee 0611iee
KpaTtHOoe paBHO 250 000.

66. OTBeT. 82.

Pemrenue. 3amMeTuM, uTo 80> = 6400, 812 = 6561,
moaTomy 80?2 < 6500 < 812. 3HaumT, yrcyIo 6500! TOU-
HO JeJIUTCA Ha Kk npu k < 80, Tak KakK Cpefy 4uces
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oT 1 10 6500 ecTb He MeHee k UuceJI, TeIIIuXcs Ha k.
U TouHO He fleuTcs Ha 8383, Tak kak 83 — mpocToe unc-
JI0O ¥ cpenu umces oT 1 1o 6500 MeHbIe 83 yrices, Je-
JIAIIUXCI Ha 83, U HEeT HU OJHOI0, KOTOpoe OBl JlesTH-
Jlock Ha 832, 03TOMy B pasjio’KeHHH uucia 6500! Ha
IPOCTHIE MHOYKUTEIU 83 BXOIUT B CTEIIEHU MEHBIIIEH,
yeM 83.

OcTajsioch JIUIIL IIPOBEPHUTH, AEJIUTCSI JIU UYHCIIO
6500! Ha 8181 11 1Ha 8282,

Cpenu unces oT 1 1o 6500 6osiee 2000 messaTcs Ha 3.
3HauuT, ymcso 6500! geurces Ha 32090, a 32000 nejmrea
Ha 818! = 3324, TTosTomy umcito 6500! memres Ha 8181

Cpenu unces oT 1 710 6500 ecThb 60s1ee 100, KOTOpbIE
IesaTcs Ha 41, u 6ostee 3000 dmcest, KOTOPbIE AEJISATCA
Ha 2. 3HauuT, uncjao 6500! memmrcsa Ha 23000 . 41100 4
2300041100 nejrpres Ha 8282 = 2824182, TToaTomy umcio
6500! memTcs Ha 8282,

B uTOTE MBI IOJIYUYMJIH, UYTO h = 82 — Haub6OoJIbIlIee
HaTypaJIbHOe YMCJIOo, JIg KoToporo 6500! meaurcs Ha
KaK/oe U3 urces BUIa Kk npuk=1,2,3,...,n.

67. OTBeT. 78.
PenteHue. 3aMeTHM, UTO ecJIH 06a unciaa (17n + 5)
# (19n+ 1) genaTcsd Ha HEKOTOPOE YHUCIIO d, TO ¥ YHUCJIO

19- (17n+5) —17- (19n+1) = 78

IesuTcs Ha d. 3HA4YUT, JIF000M 06IIHUN TeJIUTeb 3TUX
IBYX UMceJ He mpeBocxoauT 78. IlorpobyeM HaUTH Ta-
Koe n, yTo o6a yuciaa (17n+5) u (19n+1) gesnsrcs Ha 78.

Ecoi yrcsa (17n +5) 1 (19n + 1) mensarcs Ha 78, TO
H YHCJIO
(19n+1) — (17n+5) =2n -4

JleJIuTCs Ha 78.



PENIEHUS 3AJAY

Takoe BO3MOJKHO IIpU h = 2. Ho Torma
17n+5=34+5=39, 19n+1=38+1=239.

U nx HauboJIbIINI 061U [TeJIUTe b paBeH JIUIIb 39.

Cienyroliiee n, IIpyU KOTOPOM TaKOe BO3MOYKHO, —
aTon =41, Tak KakK 2 - 41 — 4 = 78. Torna

17n+5=697+5=702, 19n+1=779+1 ="780.

ITpu atom 702 = 9 - 78, a 780 = 10 - 78. [IosToMy HUX
Han6O0JILIITUY 06IIUH NeJIUTeIb PaBeH 78.

TaxuM 06pa3oM, MBI [I0Ka3aJy, YTO0 HU IIpHU KaKOM
HaTypaJIbHOM N HanuOOJILIITHHI 00U IeTUTEb YUCE
(17n+5) 1 (19n+1) He TPeBOCXOAUT 78, U HAILIU h = 41,
IIpU KOTOPOM OH paBeH 78.

3HauuTt, 78 — 3TO0 HauboJIblllee 3HAUEHHe, KOTOPOe
MoKeT mpuHuMaTh HOA(17n + 5, 19n + 1).

74. OTBeT. (-7; 1), (2; —=17), (3; 21), (12; 3).
Pemenue. lcxomHoe paBeHCTBO PaBHOCHUJIBHO
KasK/IOMy U3 CIeyIOIITHX:

2mn-4m-5n=29,
2Zmn—-4m-5n+10 =19,
2m(n-2)-5(n—-2) =19,
(2m-5)(n-2) =19.
Tak kak 19 —1pocToe Yucsio, To ero MOKHO ITpe/icTa-

BUTH B BUl€ IIPOU3BEACHUA NBYX II€JIBIX YK CEJI JIUIITb
YeTbIPpbMA crrocob6aMm:

19=1-19=19-1=(-1) - (-19) = (-19) - (-1).

PaCCMOTpI/IM 9TH YeThIpe ciay4dad:
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1 19 21
19 1 12 3

-1 -19 2 | =17
-19 -1 -7 1

ITosryyaeM, YTO BCETrO CYIIeCTBYeT UeThIpe pellle-
"y (3; 21), (125 3), (2; =17), (=7; 1).

75.0TBeT. 3 X 6 14 X 4.

IIycTh CTOPOHBI IIPSIMOYTOJILHUKA PaBHEI a U b. To-
I7ia eTo IUIONIAb paBHa ab, a mepuMeTp paBeH 2(a+b).
MBI XOTHUM, YTOGHI BHIIIOJIHSJIOCH PaBEHCTBO:

ab =2(a+Db).
OHO PaBHOCHJIBHO CJIETYIOIITIM PaBeHCTBAM:

ab-2(a+b)=0,
ab-2a-2b=0,
ab-2a—-2b+4=4,
a(b-2)-2(b-2) =4,
(a-2)(b-2)=4.

Terlephb HaM HY>KHO IlepebpaTh Bce IIaphl IIeJIBIX
qmCeJ1, IPOU3Be/leHHe KOTOPHIX PaBHO 4:

4=1-4=2-2=4-1=
= (=1 (-4) = (=2) - (=2) = (-4) - (=1).

Ho a u b — HaTypaJIbHBIE YUCJIa, I09TOMY
a-2> -2, b-2>-2.
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A B 110CJIeJHUX TPEX I1apax X0Ts 6Bl OHO U3 UMceJl He
IPeBOCXOUT (—2). 3HAUUT, HU OffHA M3 ITHUX Iap He
TIO/IXOMUT.

PacCMOTPHUM TPHU OCTABIIIHECS ITAPBIL:

a-2|b-2|alb
1 4 316
2 2 4 | 4
4 1 6|3

Ho npsaMoyToJIbHUKU 3 X 6 U 6 X 3 —3TO OMH U TOT
JKe IIPSIMOYTOJIbHUK.

B uTOre MBI IIOJIYYWIH, YTO CYI[eCTBYeT /ABa IIpd-
MOYTOJIbHUKA, CTOPOHBI KOTOPBIX BHIPA’KalTCSd HaTy-
paJIbHBIMU UHCIaMy, a IUIOIagb YMC/IeHHO paBHa I1e-
pUMeTpYy, — 3TO IIPAMOYIOJIBHUKHU 3 X 6 1 4 X 4.

77. IlepBoe peiaeHue. IIpefrosio’kKuM, 4YTO Ha-
LIUIACh HaTypajbHble YHCJIa M U N, IJ1 KOTOPBIX
BepHO paBeHCTBO 2n% = m?. Torma m? = 2 - n® - uéTHOe
quciio. IToaToMmy m — 4éTtHoe uucio. Ilyctb m = 2my.
Ho Torma

2n* = (2my)?,
2n* = 4m3,
n* = 2mé.

3HauuT, n® — YETHOe UUCJIO. ITosToMy n — 4éTHOE
yucsio. [Iyete n = 2ny. Ho Torga

(2ny)? = 2m?,
2 2
4ny = 2my,

2 _ 02
2nj] = my.
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3HauuT, m% —4éTHOoe yucio. [loaToMmy my — 4éTHOe
yucso. Ilycte my = 2my. Ho Torga... Hy BeI moHsIu. ¥V
Hac HoJry4Ymniics 6eCKOHEUHBIN CITYCK.

IIpe/II0I0KKB, UTO PABEHCTBO 2n% = m? BepHO 15
HEeKOTOpOH Taphl (n; m) HaTypadbHBIX UHCes, MbI
II0Ka3aJId, YTO OHO OyfleT BepHO U J/Ig MeHbIIIei Ia-

)38 (%, n). A 3HAYUT, MBI BCeIzma CMOKeM I10JIy4aTh
HOBYI0 I1apy pPelleHUl, TesIs OHO U3 YKCeJI I10II0JIaM.
Ho uwmciio He MoKeT 6eCKOHEUHO JeJUThCI Ha 2. U
MBI IIPULIN K IPOTUBOpedrio! 3HAaUUT, ypaBHeHUe

2n? = m? He MMeeT pellleHUi B HaTypaJIbHBIX YHC/IAX.

Bropoe peirenue. Ecii BOCIIOJIL30BaTLCA ITPUH-
IIUIIOM KpauHero, TO MOYKHO He 3aHUMaThbCs 6ecKo-
HeYHBIM CIIYCKOM. /laBaliTe CHOBA IIPEAIIOI0KHUM, UTO
ypaBHeHHe 2n?> = m? UMeeT pellleHus B HaTypPaJbHbIX
yHciaax, 1 U3 BCeX pellleHUN BhIOepeM TO pelleHue
(n; m), B KOTOPOM YHCJIO N — cCaMOe MaJIeHbKOe U3 BCeX
BO3MOJKHBIX pellleHUN.

A JasIblile OIIATh 3aMedaeM, 4To m? = 2-n? —4éTHoe
gci10. [I0aToMy m — 4éTHOe umc/I0. M ecii m = 2myq, TO

2n® = (2my)?,
2n® = 4m%,
n? = Zm%.

Ho 3To 03HayaeT, YTo Iapa yucesa (mp; n) — ToXxe

2
n
pellleHre UCXOTHOTO YpaBHEHUS. U ITpH 3TOM m% = ?1

3HA4MUT, m; < n. Ho MbI ke BbIGpasIK pelteHue (n; m)
TakK, 9YTO B HEM UYHCJIO N — caMOe MaJIeHbKOe M3 BCeX
BO3MOYKHBIX peIlleHUH, U IIPHU 3TOM HAILTU pelleHHe
(m1; n), BKOoTOpOoM My < N. I[IpUITIIN K IIPOTUBOPEYHUIO!
3HauuT, ypaBHeHHe 2n’ = m? He UMeeT pellleHU B Ha-
TYpPaJIbHBIX YHCJIAX.
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TpeThe perteHue. A MOXHO 6bLJI0 060MTUCH OCHOB-
HOU TeopeMou apuoMeTUKU. [IpeAIiosoXuM, 4To Ha-
LIJINCH HAaTypaJIbHbIe YICa M U N, 1JI1 KOTOPBIX BEPHO
paBeHCTBO 2n? = m?. PasjIoKUM KX Ha IIPOCThIE MHO-
JKUTEJIN:

_ ok Y
n=2"-..., m=2"-...,

I1e k u £ — Ijesible HeOTpHUIlaTeJIbHbIe YHCJIA.
Torma

2n?=2.(2k. )t =2%1. |

m?=(2%-..)2=2%. ..

Ho 2n? = m?, moatomy 2n? 1 m? — 3T0 O[HO H TO 7Ke
YHCII0, a pasjiosKeHUe Ha IIPOCThble MHOXKUTEH e/IH-
CTBeHHO. U IIpK 3TOM B pas/oyKeHHe YHcIa 2n’ TBOM-
Ka BXOJUT B HEUETHOM CTeIIeHH, a B pasIoyKeHUe UuC-
Ja m? — B 4éTHOM cTemeHH. IIpoTHBOpeure! 3HAUMT,
ypaBHeHHe 2n’ = m? He UMeeT pelleHUl B HaTypa/lb-
HBIX YUCJIaX.

78. IIpeAII0/I0KUM, YTO HAIIUIUCh TaKKe HaTypaJib-
HbIe YHCJIa, 151 KOTOPBIX BEPHO PaBEHCTBO

27k* + 9¢* + 3m* = n*.

Torga umcio n* = 3 - (9k* + 3£* + m*) xparHo TpéM.
3HAYUT, U N — KPAaTHO TPEéM (TaK KaK, eCJId YHCJI0 He CO-
IIep>KHT TPOMKHU B Pas/IoKeHHH Ha IIPOCThIe MHOYKHTe-
JIH, TO ¥ eT0 YeTBEpTas CTelleHb He CO/lePKUT TPOMKH
B pasioykeHun). IIycTs n = 3ny, TOrma

27k* + 924 + 3m* = 3m)*,
27k* +90* + 3m* = 81n],

9k* +3¢* + m* = 27n].
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Torga uncao m* = 3 - (9n] — 3k* — £*) kpaTHO TpéMm.
3HauuT, ¥ m KpaTHo TpéM. IIyctb m = 3m,, Torga

9k* +3¢* + (3my)* = 27n],
9k* + 3¢* + 81m} = 27n],

3k* + £* + 27m} = 9n].

Torga uucio £* = 3 - (3n] — k* — 9m{) KpaTHO Tpém.
3HauuT, u £ KpaTHO TpéM. IIycTe £ = 344, TOorNa

3k* + (361)* + 27m{ = 9n],
3k* +81¢; + 27m] = 9n],

k* + 278 +9m] = 3n].

Torga umnciao k* = 3 - (nf — 9¢] — 3m{) kpaTHO Tpém.
3HauuT, ¥ k KpaTHO TpéM. ITycTh k = 3kq, TOTA

(3ky)* + 2767 +9m] = 3n],
81Kk; + 274 +9m] = 3n],

27k; + 987 +3m] = nj.

U MBI moJyy4miiy, uTo eciau Habop (k; & m; n)
HaTypaJbHBIX YHCeJ SIBJAETCS peIleHHeM HaIIlero
ypaBHEHHd, TOIZa OHU BCe KPATHBI TPEM M YHCIA

k € m n
5; 5; E; 3 TOXKe SIBJIAIOTCS PeILIeHUAMH HaIllero
ypaBHeHUdA. Ho Torga OHM TOXKe BCe KpaTHBI TPéEM,
k ¢ m n
U 4YuciIa 5; 5; 3; 3 TOXKe SBJIAIOTCS PeLIeHUsIMU
Hallero ypasHeHusd. Ho Torma. ..

B nTOre MBI IIOJYYUIN O€CKOHEUHBIN cIyck! MBI

TIOJIYYMJIH, UTO eCJIM HaTypaJbHbIe uncia (k; £; m; n)

ABJIAIOTCA peEIleHreM Halllero YypaBHEHHS, TO OHH
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LeATCd Ha JII00YyI0 CTelleHb TPOMKH, Yero He OBIBAeT.
[TpHUIIIIK K IIPOTUBOPEUHIO! 3HAUUT, ypaBHEHHe

27k* +9¢* + 3m* = n*

He nMeeT pe]_T_IE‘HI/If/'I B HaTypPaJIbHBIX YHCJIaX.

79. TIpeAIIOI0KHUM, UTO PeIleHHe eCTh. 3aMeTHM,
qTo HpaBaH qacCTb paBeHCTBa
2 +m?+n®=2tmn

JIeJIUTCA Ha 2, SHAYUT, U JieBasd J0JDKHA JeJINThHCI Ha 2.
CiremoBaTeIbHO BCe TPU CjlaraeMbIX B JIEBOU YaCTU He
MOTYT OBITh HEUETHBIMU (TaK KaK CyMMa TPEX HEUET-
HBIX yMceJs HedyéTHA). IIoaToMy X0Td OBl OHO cjIarae-
MOe€ JIOJIDKHO OBITh UETHBIM.

IIycTh, HaIIpUMep, uuc/ao £2 uéTHoe. Torga U camo
yucso € 4étHo. IlycTh € = 244, Torma

e)l+m*+n®=2-(24) -mn,

4% + m* +n® = 4¢;mn.
OTCIOfia CJIEAYeT, UTO YKCIIO
m’+n®=4. (& ymn — Bf)

JleauTcd Ha 4.

A MBI 3HaeM (cM. pelreHHe 3a7a4du 76 Ha cTp. 150),
49TO CyMMa JByX KBaJpaToB MO>KeT ObITh KpaTHA YeThl-
PEM, TOJILKO eCJIX 3TO KBapaThl YETHBIX yucell. 1103To-
My YMCJIa M U N TOXKe Y€THEL [IycTb m = 2my un = 2n;,
ToIza

2 2 2
407 + (2mq)” + (2n1)° =481 - (2my) - (2n),
462 +4mi +4nf = 16&ymyny,

£+ mi+n? =4l miny.
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Paccysxzass aHaJIOTUYHO, MBI IIOHUMaeM, YTO XOTH
OBI OJUH 13 KBa/IPATOB I0JDKEH OBITh YETHBIM, 3HAYUT,
OH JIeJIUTCA Ha 4, II03TOMY CyMMa IBYX APYTUX KBal-
paToB NOJDKHA [[eJIUTHCA Ha 4, YTO BOSMOJKHO, TOJIBKO
eCJIM 9TO KBaJpaThl YETHBIX yunces. To ecTb ¥1 = 24,
myp =2my ¥ Ny = 2ny:

(28)* + (2my)* + (2n2)* = 4- (2£2) - (2my) - (2n2),
485 +4mj5 + 4n5 = 328,many,
05 +m5 +n5 = 8¢,myn,.
3aTeM TOYHO TaK >Ke 3aMeTHuM, 4YTO 4YHCJa 1?2,

my U Ny 005I3aHBI OBLITH YETHBLIMH, TO eCThb €5 = 24¥3,
my = 2ms U Ny = 2Nn3, U3 4ero I10Jy4YuM, 4TO

£2 +m3 +nj = 16£3m3ns.

U Tax pajiee.

TakuM 06pasoM, MBI IOHSUIM, YTO ecId Hary-
pajbHEIe YHcaa £, m U N yAOBJIeTBOPSIOT PaBEHCTBY
£2+m?+n? = 26mn, To OHU JleJIATCS Ha JII06YIO CTeIIeHb
IBOHKH, UTO HeBO3MOYKHO. [IPHIILIH K ITPOTHBOPEUHIO!
3HaAuUT, ypaBHEeHUe

2> + m? +n® = 2¢mn
He UMeeT pellleHWM B HaTypaJbHbIX UHCIIaX.
82. OTBeT. 99.
ITepBoe penrenne. [IpeobpasyeM ypaBHeHHE:

5y = 1000 — 2x,
5y =2-(500 - x).

ITpaBas yacThb [esIUTCA HA 2, SHAYUT, U JIeBas 4acThb 5y
IOJDKHA JeJIUThCS Ha 2. Ho uuciio 2 — mpocToe, 1 5 Ha 2
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He JIeJIUTCS. 3HA4YUT, Y IeJuTcd Ha 2. TakuMm o06pasoM,
y = 2k, r1e k — 1iestoe uuciio. Torga

5-2k=2-(500 - x),
5k =500 — x,
X =500 — 5k.

[Ipu 3TOM Hac MHTEPecyrT TOJBKO HaTypaslbHbIe
peleHus. 3HAYUT,

x =500 -5k > 0,
y=2k>0.

To ects 0 < k < 100. 3HauuT, 4MCIO0 kK MOXKeT IIpU-
HHMAaTBh JIIOOBIe I1eJIble 3HaueHUs oT 1 10 99. UToro 1mo-
Jy4daeM 99 pelieHUIA.

Bropoe pemnenue. Tak Kak 2x + 5y = 1000 mesut-
€S Ha 5, TO YUCJIO 2X [EeJIUTCS Ha 5, 3HAUUT, X JAeJIUTC
Ha 5. AHaJIOTUYHO [I0JIy4YaeM, uUTo y reauTcd Ha 2. To-
Imax = 5xp, y = 2y, Te X1 U y1 — HaTypaJIbHble YUCJIa,
U UCXO/THOE YpaBHEHUe IIepelullleTCs B BUe

2-(5x1) +5-(2y1) = 1000,
10x7 + 10y, = 1000,
X1+ Y1 = 100.
OueBHIHO, UTO 3TO YpaBHEHHe UMeeT B HaTypPaJbHBIX
YHCIaX POBHO 99 pellleHUit: X1 MeHseTcd oT 1 10 99, a

y1 porosHgeT ero mo 100. IToaToMy U MCXOIHOe ypas-
HeHMe UMeeT POBHO 99 pelleHUN.

83. OTBerT. 33 wu 143.

ITepBoe pemenue. IIycTh B KAKUX-TO kK MeIlIKax Je-
’KaJio TI0 22 TofjapKa, a B oCTaJdbHBIX (40 — k) — 110 n.
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Torma
k-22+ (40 - k) - n=1001.

Brrurem u3 o6enx yactel paBeHcTBa 880:
k-22—880+ (40 — k) - n = 1001 — 880;
-22-(40-k)+(40-k) -n=121;
(40 — k) - (n— 22) = 112,

VuuTthiBasi To, uTo 0 < 40 — k < 40, 11osiydaeMm, 4TO
eCThb TOJILKO JiBa CJIy4asi:

40-k |n-22| k| n
1 121 |39 | 143
11 11 |29 33

ITosTomy su60 n = 33, 6o n = 143.

Bropoe pemienue. Eciiv 661 B KaKI0M MeIIIKe ObI-
JIO TI0 22 IIojlapKa, TO Bcero 6n110 661 880 mOJApPKOB.
Ho nogapkos Ha 1001 — 880 = 121 GoJsblie. 3HAYHUT,
«JIMITHUN» 121 TIOZapOK HY>KHO PasyIO’KUTH IIOPOBHY
10 HEKOTOPBIM MeIlIKaM.

Tak kak 121 = 112, a Bcero mMemntkoB 40, To JTH60
B 11 memkax 6yzmeT 110 11 «JIAITHUX» II0IaPKOB, JIUO0
B OJTHOM MeIllKe 6yzeT 121 «JIMIITHUM» II0JapoK. B mep-
BOM cjay4ae n = 22 4+ 11 = 33, a BO BTOPOM CJIy4ae
n=22+121=143.

84. OTBeT. (1; 100), (4; 25), (25; 4) ;mau (100; 1).

Ilycte d = HOA(X; y). Torma x = ad, y = bd, t1e a
U b — B3aUMHO IIPOCTHIe YHcIIa. [Ipr aTOM

Xy _abd*

HOK(x; y) = Honx y) - d abd.




PENIEHUS 3AJAY

U ypaBHeHHE IPUHUMAET BU/JT

d +abd = 101.

JleBas 4aCTh JIeJIUTCI Ha d, a IpaBasi — IIPOCTOe UKC-
Ji0 101. ITostomy sm6o d = 1, mu60 d = 101. Ho eciiu
d = 101, To abd = 0, YTO HEBO3MO>KHO. OCTaéTCA CIIy-
4yaii d = 1, ipu KoTopoM ab = 100.

To ecTb HaM HY>KHO HaWTH KOJIMUECTBO Iap B3alM-

HO IIPOCTHIX UMCeJI X U Y, IPOH3Be/leHUe KOTOPHIX paB-

100
HO 100. 3HAUUT, X — 3TO AeauTesnb yuciaa 100, y = —

Y [IPH 9TOM OHHU B3aUMHO IIPOCTHL.
Tak KaK y uricia 100 = 22 - 52 ecTb poBHO

2+1)-(2+1)=9

Pa3IMYHBIX ,I[eJII/ITEJIeI;'I, TO HY’>KHO U3 [A€BATU IIap YU-
ceJr

(1;100), (2;50), (4;25),
(5;20), (10;10), (20;5),
(25;4), (50;2), (100; 1),

IIpOM3Be/ieHre KOTOPBIX paBHO 100, BBIOpaTh Te, Ife
YuCjIa B3aUMHO IIPOCTHI. ITO, OUeBUHO, TOJIBKO I1aphl
(1; 100), (4; 25), (25; 4) u (100; 1).

85.0tBeT.Xx =1, y=2nmz=1.
IIpeo6pasyeM HEMHOTO Hallle YpaBHEHUE:

4.(y*—z2—x2)=x*+x+6;
4y* — 47 —4xz = x>+ X +6;
4y2—4zz—4xz—x2:x+6;

4y* — (4z* +4xz +x*) = x +6;
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(2y)? — (22 +x)% = x + 6;
(2y+2z+x)(2y—2z—-x) =x+6.

IlpaBas 4acTb paBeHCTBA II0JIOKUTeJbHA, 3HAYUT, U
JIeBas IOJIOKUTe IbHA. IIpH 9TOM ITepBBIM MHOXKUTEJIb
60JIb111e HYJIS IIPU JIFOOBIX HaTypaIbHbIX 3HAaYEHUSX X,
YUz 3HaUUT, U2y — 2z —x > 0.

3aMeTHM, 4To
2y +22+x224+2+x=x+4.
[Mostomy, ecit 2y — 2z — X = 2, TO
2y +2z+x)(2y—2z—-x) > (x+4)-2=2x+8 > x+6.
ITosyuaercs, uTo
0<2y-2z-x<2.

ToecTb 2y — 2z —x = 1 1 ICXOJHOE YpaBHEHMe PaBHO-
CHJILHO CHCTEMe:

2y =2z-x=1,
2y+2Z+Xx=X+6.

W3 BTOpPOTO paBeHCTBA CIefyeT, uTo y+z = 3. U yuu-
TBIBasi TO, UTO Y U Z — HaTypaJIbHbIe UMCJIA, II0JIydaeM,
yToJubo y=1muz =2,mm60 y =2mz = 1.

B mepBOM ciyuae U3 paBeHCTBA 2y — 2z — X = 1 cJ1e-
IyeT,4To 2—4—Xx = 1. To eCcTh X = —3 — He HaTypaJIbLHOe
YUCIIO.

A BO BTOpPOM CiIydae U3 paBeHCTBa 2y —2Z —x =1
cienyeT,utro4 — 2 —x =1. Toectb x = 1.

B uTore mosriyyaeM, 4YTO y HMCXOJHOIO YpaBHEHUS
eCTh e[UHCTBEHHOe pellleHue: X =1, y=2uz = 1.
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86.0tBeT. M =4, n=21umm=6,n=33.
3amMeTHuM, 4TO JieBasi 4aCTh paBeHCTBa

3™ + 360 = n?

BCerga IesuTcd Ha 3. 3HAUUT, U IIpaBas yacTh paBeH-
CTBa JIeJIUTCA Ha 3. 9TO 03HAYAeT, UYTO YHCJIO N KPaTHO
TPéM.

IIycTb n = 3n4, Ie ny — HaTypaJbHOe Yucao. Torga

3™ +360 = 9n?.
OTKyJa CcJIefyeT, YTO BEPHO PaBEHCTBO
3™ = 9n? — 360.

B HEM mpaBasd 4acThb JeJUTCI Ha 9, 3HAUYUT, U JieBas
4acTh geautrca Ha 9. To ectb m 2> 2.

IIycte m = mq+2, te my — 1jeJioe HeoTpULaTeIbHOE
yucso. Torga
9-3™ 4360 = 9n.

OTKy[a cjienyet, 4To
3™ +40 = nj.

3ech JieBas 4aCThb HEUETHA IIpU JIF060M m. [loaToMy
YHCJIO n% JIOJIDKHO OBITH HEUETHBIM. 3HAYUT, K YUCJIO Nq
HEUYETHO.

3aMeTHM, UYTO KBa/[paT HeUSTHOTO YHCIa
(2k+1)? =4k®> +4k+1=4- (K> + k) +1

IaéT oCcTaToK 1 IIpH feseHUU Ha 4. 3HAUUT, U UYUCIIO
(3™ + 40) maéT ocratok 1 mmpu esieHuu Ha 4. To ecThb
ymcso 3™ naéT ocTaToK 1 IIpH JleJIeHWH Ha 4.
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3aMeTHM, 4TO
30=1=0-4+1; 31=3=0-4+3;
32=9=2.4+1; 33=27=6-4+3;
3=81=20-4+1;

To eCTh OCTAaTKHU IIPHU /IeJIEHUU Ha 4 y CTelleHed TPOUKHU
JepenyrTCs.

JleficTBUTENIBHO, ecau 3K = £ -4 + 1, TO
31 =3.(¢-4+41)=30-4+3.
U HaobopoT, eciu 3k=0.4+3,T0

31 =3.(£-443)=30-4+9=(30+2)-4+1.

IToaTomy, ecstt 3™ nmaéT ocTaTOK 1 IpU JIeJIeHUH
Ha 4, TO my — 3T0 YéTHOe uucio. [Iyctb my = 2my, To-
I7la Hallle ypaBHeHUe IprobpeTaeT BU

3%M2 4 40 = n?.
To ecThb
2 3%m = 40,

Y, pacKk/IaapIBas JIEBYI0 4acTh Ha MHOYKUTEIN , II0JIy-
yaeMm
(nqg —3™) - (nq +3™) = 40.

13amerum, uto 3/1eCb MOKHO OBLIIO 060UTHCE 6€e3 pas/IoKeHUs
Ha MHOXKUTes . 0603HauuB X = 3™2, MBI IIOJTyYaeM, 4TO KBapaT
yncsa ny Ha 40 60Jiblile, 4eM KBaJpaT HeUETHOTO Yncia X. [IoaToMy
YUCJI0 N1 TOXKe HEeUETHOe, a 3HAUUT, OHO OO0JIbIIIE, UeM X, XOTSI OBI
Ha 2. OTcro/ia rmosry4gaeM, 4To

x? +4O—n1 > (x+2)% =x% +4x +4.

U3 3TOTO CaeayeT, uTo X < 9. A YUHTHIBas, UTO X = 3™2, MOHUMaeM,
4TO JOCTaTOYHO ITepebpaTh TpH ciaydast: X = 1, x =3 ux = 9.

Taxo# mofxop Jydllle paboTaeT, YeM IIpeJJIO’KEHHBIN B pellle-
HUY, KOIT|a B IIpaBOM YaCTU CTOUT YUCJIO, Y KOTOPOIO B Pasbl 60JIb-
1I1e lesiATe e, yeM y yrcia 40.
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Kaskaplii 13 MHOKUTeJIeM — 3TO JeJIUTesb YHcila
40 = 23 .5, TO ecThb IIPUHUMAaeT OJHO U3 CIIeLYIOIHX
3HaueHwuit: 1, 2, 4, 5, 8, 10, 20 ruu 40. IIpruuéM I1epBbIi
MHO>KUTeJIb MeHBbIIle BTOPOro. I103ToMy HY>KHO Ilepe-
OpaTh TOJIBKO YeThIpe CIIyvast:

1-40=40; 2-20=40; 4-10=40; 5-8=40.

Ho cymMa (ng —3™2) +(ny +3™2) = 2n, 1oJoKHA OBITH
4éTHOU. [I03TOMY OCTaéTCA JIUIIL 1BA CIyYad:

nG — 3mz ‘ ny + 3mz ‘ ny ‘ 3me
2+ 20 20-2
2 20 11| ——=9
2 2
4+10 10-4
4 10 =7 | —— =3
2 2

B ntepBoM ciiy4dae ng = 11, my = 2. [TosTomy

n=3n; =33, m=my+2=2my+2=56.

Bo BTOpOM ciyuae ng = 7, my = 1. [loaToMy

n=3n; =21, m=mq+2=2my+2=4.

91. OTBer. 10.
070 (10 )35 10035 i ( 8)35 _ 35 —
8. (8)7=-8.647 Z _g.10" =
- -8-10- (10%)% = —80 - (100)8 Z1.(-8)8=
= 88 = (8%)% = 644 £ 10* = (10%)% = 100 £

Z (-8) = 64 = 10 (mod 27).
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92. OTBerT. 8.

3aMeTuM, UTO IIOC/IeIHSS ITUdpa YucaIa — 3TO Ipo-
CTO OCTATOK ITPH JIeJIEHWH 3TOT0 yrcia Ha 10.

IlepBoe peieHnue.

QU1 _ 9 (25)222 _ 5 . 39222 0. 9222 _ 9223 _
—23. (25 = 3. 3o 093944 _ 947 _
=22.(25)9=22‘32915022.29=211:

—2.(2%2=2.32222.22 =3,
Bropoe peurenue. 3aMeTUM, UTO

2% =16 = 6 (mod 10).

U pu sTOM
62 = 36 = 6 (mod 10).

JTO O3Ha4vaeT, 4YTo
62=6-62=6-6=36=6 (mod 10);
6*=6-6%=6-6=36=6 (mod 10);

6"=6-6""1=6-6=236=6(mod 10).
IToaTomy
Q1L _ 93 (24)277 D93.6277 093 62

=8-6 =48 = 8 (mod 10).

93. OTBeT. 8.
91234 _ o4 (25)246 _ 16 . 32246 151 5. (_1)246 = 5;
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71234 (72)617 49617 2 1 5617 _ 5. (52)308 5. 95308 1 1
—5.2150=5.2%. (25 =5.16.32% =
Z5.5.(<1)% = 25 = 3 (mod 11).

IToaTomy

21234 4 71234 — 5 . 3 — 8 (mod 11).

94. OTBerT. 07.

3aMeTuM, 4To ABe IoCaefHUe TUQPHI Yrcaa — 3TO
IIPOCTO OCTATOK IIPU JeJIeHUU 3TOoro yucsa Ha 100.

ITocMOTpUM IlepBble HECKOJIBKO CTeIleHel CeMEép-
KH:

7 =7,

7% = 49;

73 = 343 = 43 (mod 100);

74=7.73'2 7.43 = 301 = 1 (mod 100).
ITosTomy

777 = 7. (7H¥ = 7.1 = 7 (mod 100).
3HauwT, JBe IocIefHre UPpPLI uncaa 7’’’ — 1o 07.
95. OTBerT. Y uncja TaKOM ke 0CTaTOK IIPH IeJIeHUU

Ha 8, KaK y 4ucsa, 00pasoBaHHOIO TPEMs ero II0CJIe[-
HUMU [TUpaMu.

IIycTh a = anan-1 . . . azazaj ag, TOrga

a=1000-apan_1...a3+aza1agp =

=0-apan_1...a3+ aya1ay = a;a;ap (mod 8).
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JTO 03HAUAeT, YTO Y YHCJIa a TAKOH Ke 0CTATOK IIpU
[leJIeHWH Ha 8, KaK y YHcJIa dsdy dg, 06pa3oBaHHOTO Tpe-
Ms1 eT0 II0C/IeJHUMHU TP paMu.

96. OTBeT. Y uncia TaKOM »Ke OCTaTOK IIPU [TeJIeHUH
Ha 16, KaK y yncsa, 06pasoBaHHOIO YeThIPbMS ero I10-
CIeJHUMU [TUbpamMu.

HYCTI: a= anan-1...0a40a30a20a10ap, TOroa

a=10000- a,a,_1...a4 + azaza,ap =

=0 anan_1... 04+ a3dz;a1ap = azdza;dg (mod 16).

9TO 03HAYAET, UTO Y YKCJIA a TAKOH YKe 0CTATOK ITPH
neJIeHWH Ha 16, KaK y YKcIIa dydsd; dg, 06pa3oBaHHOTO
YEThIPHMSI €T0 IIOCIeTHUMU ITHPPaMH.

99. MBI 3HaeM, UTO y JIF0OOT0 YHcJIa TAKOU JKe 0CTa-
TOK IIpH JleJIEHUU Ha 9, KaK y ero cyMmsbl iiudp. Ho To-
I7ia U3 YCJI0BUS CJIe[yeT, YTO

2n

n (mod 9).

BeruTs 13 06eux yacTed CpaBHEHUS N, II0JIyYUM, YTO
n =0 (mod?9).

To ecTh YHCIIO N AesiuTCcd Ha 9.

100. OTBeT. Her.

[IpeAIIo0KUM, 4TO TaKOe YHCJI0 N CyIIeCTBYeT.
Ilycts cymma ero nudp paBHa S. Torma u3 ycaoBUS
CJIe[lyeT, UTO BepHO paBeHCTBO

n = 100S + 100.
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Ho MBI 3HaeM, 4TO I JIF060T0 YHUCIa
S =n (mod 3).
ITosTomy

n=100S+100=S+1=n+1 (mod 3).

Hon # n+1 (mod 3), Tak kak (n+ 1) — n = 1 He f1e-
JINTCA Ha 3.

[TpUIILTH K TPOTUBOPEUHI0. 3HAUUT, He CYIIeCTBYET
HaTypaJIbHOTO YHCJIa, KOTOpoe IIPU JleJIeHUU Ha CyM-
My CBOMIX ITUQP U B OCTaTKe, U B HEIIOJTHOM YaCTHOM
raét 100.

101.0OTBeT.a=6ub = 0.

Tak KaK JaHHOe YMCJIO h JesiuTcad Ha 99 = 9 - 11, To
OHO JesuTcda Ha 9 u Ha 11. 113 IpU3HAKOB [[eJIMMOCTU
Ha 9 1 Ha 11 ciienyeT, 4TO

né(1+2+3+4)-(2-1234+1)+a+b:

~10-2469+a+b= (1+0)- (2+4+6+9)+a+b=
=21+a+b=3+a+b (mod9).

NZ4-3+42-1+4-3+2-1+4-3+2-1+...
ce.+b—-4+3-2+1-a+4-3+2-1+...
oo +4-3+2-14+44-3+2-14+4-3+2-1=

=4-3+2-1)-(2-1234-1)+b-a=
—2.2467+b-a=2-(7-6+4-2)+b—a=
=2-3+b—-a=6+b-a

Tak Kak uncJIo n fesurcsd Ha 9 v Ha 11, To

3+a+b=0(mod9); 6+b—a=0(mod11).
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Ho a u b — iudpsl, 1oaToMy

3<3+a+b<21; -3<6+b—-—a<15.

3HauuT, 160 a+b = 6, 1m60 a+b = 15, 1 Ipu ITOM
anbo b — a = —6, 1160 b — a = 5. IlosiydaeTcs yeThIpe
cy4das.

Ho ecsix 3aMeTHUTBh, UTO CyMMa U pa3sHOCTh JIBYX I1e-
JIBIX YHCeJI BCeIlia UMeHT OJUHAaKOBYI0 YETHOCTD (Tak
KakK B CyMMe JTaloT 2b — 4éTHOE YHCJI0), TO BO3MOYKHBI
JIUITH IBa BapHaHTa:

a+b | b-a| a | b
6— (-6 6+ (-6
6 6 ( ):6 ( ):0
2 2
15-5 15+5
15 5 —— =5 =10
2 2

3[1ech MBI BOCII0JIb30BAaJIUCh TEM, UTO

a:(a+b);(b—a)’ b:(a+b)-|2r(b—a).

OcTasoch 3aMeTUTh, YTO BTOPOH CIydyaill HEBO3MO-
JKeH, TaK Kak [fudpa a He Mo>KeT 6bITh paBHa 10. B uto-
Te nonyqaeMl, ytoa=6ub =0.

107. 3ameTnM, uTo 24" = (24" = 16" 1

16 = 1 (mod 15).

1MoskH0 6510 GBI Cpa3y BOCIIOIL30BAThCA TPH3HAKOM JIeJTHMO-
cTH Ha 99 (cM. cTp. 182). Torma, mmocjie HECTIOKHBIX IIpeobpas3oBa-
HU, MBI TIOTYYHIH GBI, 9TO Ymcyio (al + 4b — 2) mesnutcs Ha 99.
IIpy 3TOM OHO SIBHO II0JIOJKUTEJIbHOE U MeHbIlle, yeM 198. 3HauurT,
al+4b—2 = 99.To ectb al +4b = 101. OTKyza mo/ayuaeM, uto b = 0
ua=6.
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3HauuT,
16" = 1" =1 (mod 15).

[ToaTomy pasHocTh (16" — 1) mesurcs Ha 15.

108. Tak kak 13 = 3 (mod 10), TO
13" = 3" (mod 10).
3HauuT,
13" 432 2371 32.3" = 3" 1 9.3" =
=10-3"=0-3" =0 (mod 10).

To ecTh y uncia (13" + 3™*2) Takoii ske 0CTaTOK IIPH
IesmeHud Ha 10, Kak ¥ y HYJIA. A 3HAYUT, OHO JeJIUTCI
Ha 10.

109. Tak Kak n 46THOe YU CJI0, TO OHO paBHO 2Kk, e
k —HaTtypasbHoe. Torna
7" = 72K = (7%)K = 49K = 1 = 1 (mod 12).
ITosToMy IIpU BCeX YETHBIX HaTYpPaJIbHBIX N PasHOCTb

(7" = 1) penurcsd Ha 12.

110. IlepBoe penreHue. Tak KaK n — HEUETHOE YMC-
JIO, TO OHO paBHO (2k +1), rme k — 11e10e HEOTPUIlATEIh-
Hoe. Torga

=5.25¢ = 5.4 (mod 7);
zn:22k+1:222k:24k'
3HauuT,

51 42nL5.4K 124k =7.4K = 0.4 = 0 (mod 7).
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To ecTb MPU BCeX HEUETHBIX HATYPaJbHBIX N YKCJIO
(5™ + 2™) mesuTes Ha 7.

Bropoe perreHue. 3aMeTHM, UTO
5" = (=2)" (mod 7).
A yuYHuTBIBast HEUETHOCTh YKCJIA N, IT0JIyUYaeM, UTO
(=2)" = -2" (mod 7).
IToaTomy
5"+2"=-2"+2" =0 (mod 7).

To ecTh IPH BCeX HEUETHBIX HATYPAIbHBIX N YHCJIO
(5™ + 2™) mesuTcst Ha 7.

111. Tak kak n+ 2 = (2n+2) — n, TO
n+2=-n(mod 2n + 2).

U yYUTHIBAst TO, UYTO N — HEUETHOE UKCJIO, ITOJIyUaeM,
YTO
(n+2)" = (-n)" = —n" (mod 2n + 2).

TaxuMm o6pasom,

N2+ (n+2)"=n"? —n" = n*(n? - 1) (mod 2n + 2).

3HA4MT, eCJIM MBI IIOKaXkeM, uTo n"(n? — 1) geauTcs
Ha (2n+ 2), To 1 (N2 + (n + 2)") memuTcs Ha (2n + 2).
Ho
n-1=(n-1)(n+1).

A Tak KaK YHCJI0 n — HEYETHOE, TO YKciIo (n — 1) — 9ét-
Hoe. [TosToMy mpousBefieHue (n—1)(n+1) geaurcd Ha
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2(n+1) = 2n+ 2. OTKy/a CIeayeT, UTO IIPU BCeX HEUET-
HBIX HaTypaJbHBIX N 4ucI0 (N2 + (n + 2)") meaurcs
Ha (2n+2).

123. Ecti HaTypaJIbHOe YHC/I0 MeHEIIIe pq U He B3a-
HMHO IIPOCTO C HUM, TO OHO JIMOO JIeJIUTCSA Ha p, JIU-
60 pmenuTca Ha ¢q. [Ipy 3TOM YHCes, KpaTHBIX p, BCe-

ro (q—1):

p, 2p, 3p, ..., (q—1)p.
A 4dmces, KpaTHBIX ¢, Bcero (p — 1):

q 2q, 3q, ..., (p-1)q.

I103TOMy KOJIMYeCTBO HaTypaJIbHBIX YMCes, MeHb-
IITUX pq ¥ B3aUMHO IIPOCTHIX C pq, BCETO

(Pa-1)-(@q-1)-(p-1) =
=pq-q-p+1=(p-1(q-1).

125. OTBeT. a) MO>KHO; 0) HeJIb3s1.

a) ITonpobyeM cfesaTh TaK, YTOOBI CYMMBI OBLIHU
MaJIeHbKUMHU IIPOCTBIMHU YK cIaMU. CllesiaeM B IIepBOM
U BTOPOM CTOJIOIIE CyMMEI 2 U 3:

1|1
12

ITlompobyeM chesaTb CyMMy B IIepBOM CTPOKe, paB-
HYIO 5:
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Ho Torza 15 1r060T0 UmcIa B ocaeiHeH sTueiike cyM-
Ma B IIOC/IeTHeH CTpOKe Gy/ieT paBHA CyMMe B IIOCJIE]I-
HeM CToJI011e. A OHU JIOJDKHBI OBITH PasIMYHBIMHU.

Torpa nmonpo6yeMm czieslaTb CYMMY B IIEPBOM CTPOKE,
pasHyIO 7:

1115
112

OcTasock moo6paTh TaKoe YUCIIOo X, YTO U (1 + 2 + X),
4 (5 + X) 0KasaJIHCh IIPOCTHIMU uncaaMU. HampuMmep,
UX MO>KHO ciesaTh 11 1 13:

1115
1128

U uTore CyMMBI I10 CTPOKaM U I10 CTOJIOIIaM paBHBI
IISTHU Pa3IMYHBIM IIPOCTBIM UMciaIaM — 2,3, 7,11 1 13. A
3HAYUT, TAOIUITY 2 X 3 MOYKHO 3aIl0JIHUTH TpeOyeMbIM
obpasoM.

6) Ecyiz mo1rpo60oBaTh IIOBTOPUTD PaCCy KIAeHUS U3
OpeIbIAyIero MyHKTa, TO II0UeMYy-TO HUUeTo He II0JIy-
yaetcd. /laBaiiTe IIOMMEM I10YEMY.

IIpe/III0I0KUM, YTO HaM y/IaJI0Ch PacCTaBUTh YUC-
Ja B Tabuuile Tpe6yeMbIM o6pasoM. Torga Kaskzmass U3
TIOJIYYUBIIINXCS CYMM OKayKeTcst 60JIbIIe, ueM 2 (TI0TOo-
MY YTO MBI CKJIaIbIBa€M TPU WJIH UeThIpe HaTypaslb-
HBIX umcia). [I03ToMy Bce COOTBETCTBYIOIHE CYMMBI
NOJDKHBI OBITh HEYETHBEIMH, TaK KaK OHU HPOCTHIE U
6oJiblile, yeM 2.

[JlaBaliTe IIOMMEM, UTO MBI y>Ke 3HaeM IIpO Hallly
Tabsmiry. C OGHOM CTOPOHBI, CYMMBI UHCeJI B KaXKI 0!
U3 TPEX CTPOK — HeUETHBHI. Torza cymMa 4rcesI BO Bcelt
TabJInIle — 3TO CyMMa TPEX HeUETHBIX UK Cesl, HeUETHOe
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4quciio. C APyrod CTOPOHBI, CYMMBI YHCeJI B KayKI0M U3
4eThIPEX CTOJIOI0B HeYéTHEI. Ho Torza cyMMa urces BO
BCeU TabJIuIle — 3TO CyMMa YeThIPEX HeUETHBIX YHCell,
4E€THOE YHCJIO.

To ecTbh, IIPEAIIOI0KUB, UYTO HaM YAAJIOCH 3aII0JI-
HUTD TabJIUITY, MBI IIPUIILIHA K BEIBOAY, UTO CyMMa BCeX
4quces B TabJHIlEe JOHKHA OBITH OTHOBPEMEHHO UET-
HOM U HEUETHOM. A 3TO HeBO3MO>KHO. 3HAUMT, TabJIu-
Iy 3 X 4 HeJIb341 3aII0JTHUTH TpebyeMbIM 00pa3oM.

126. OTBeT. 4.

IIycTh MBI BBIOpaAJIU N ABY3HAYHBIX COCTaBHBIX UU-
ceJI, yIOBJIETBOPSAIOIINX YCI0BHIO0. [IoOCMOTpUM Ha Hau-
MEeHBIIIUH IIPOCTOH [eJIUTesIb KakI0ro U3 HUX. ITO N
PasIMYHBIX IIPOCTHIX YMcesl (MHaye He JIIOObIe 1Ba U3
BBIOpAHHBIX UMCes 0yIyT B3aUMHO IIPOCTHI), U BCe OHU
MeHbIIIe 11 (MHa4e cocTaBHOE YHCJIO0 Oy/IeT He MeHBbIIIe,
yeM 112 = 121, u He 6y/IeT [BY3HAUHEIM).

PasJIMUYHBIX IIPOCTBHIX 4YHCeJ, KOTOpPbIe MEHBIIIe,
yeM 11, Bcero uetwipe — 2, 3, 5 u 7. IloaTomy n < 4.
[IpuBeném mpumMep id n = 4:

2-19=38, 3-17=51, 5-13=65 7-11=77.

HOI—)TOMY YeTbIpe — 3TO HaHuO0JbIIIee KOJHUUYECTBO
ABY3HAYHBIX COCTAaBHBIX YMCEJI, JIF0OBIE ABa H3 KOTO-
PBIX BBAUMHO IIPOCTHL.

127. OTBerT. 10.

11 Hadasia fraBaiTe IMOMMEM, II0UYeMY N He MOYKeT
OBITH OUEHB O0JILIITNM. e ICTBUTEIbHO, ECJIH N > 7, TO
B KaueCcTBe YUCJIa p MO>KHO OyzeT B3ITh uuciaa 3, 5u 7.
U Torma uuciaa (n— 7), (n—5) u (n — 3) J0/DKHBI OBITH
IPOCTBEIMU. HO 3TU TpU YUCiIa UAYT C «IIIarOM» 2, a MBI
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3HaeM (CcM. 3a7iauy 27 Ha cTp. 78), UTO eCTh TOJILKO OZfHa
TPOMKA IIPOCTHIX YKCeJI C TAKUM CBOUCTBOM — (3; 5; 7).
IlosatoMmy, ecit h — 7 > 3, Touncna (n—7), (n—-5) u
(n—3) He MOTYT OBITH IIPOCTHIMU O/THOBPEMEHHO. 3Ha-
yuT, n < 10.

IIycte n = 10. Torma B KayecTBe TAKOI'O IIPOCTOIO
Yucia p, 4To 2 < p < n, MOXKHO B3STh TOJILKO YHCiIa 3,
5u 7. Ho Torma (n — p) 6yzmeT 7, 5 1 3 COOTBETCTBEHHO.
A 3HauwT, Ipu n = 10 ycjI0BYe 3a1a¥U BBIIIOJHEHO.

B “TOTE MBI I0Ka3aJIH, 4TO IIPU n > 10 yCI0BHE BHI-
TI0JIHEHO OBITH He MOJKET, U IT0KasaJId, YTo IIpu n = 10
OHO BBIIIOJIHEHO. 3HAUUT, 10 — Hau60JIbIIIee HATypalb-
HOe n, /I KOTOPOT0 BEPHO Hallle YTBeP K eHUe.

128. OTBeT. 6.

s TE€OpeMBI O KOJIM4YeCTBe ,Z[EJII/ITeJIEI‘/JI MBI 3HaeM,
YTO KOJIMYECTBO rE[e.III/ITe.JI(EI‘/JI YHCia

_ ki ko k
n=p; P, oo Pt

paBHO (ki + 1)(ky + 1) ... (kp + 1). IIpu 3TOM UHCIIO N
Iemutcsa Ha 1001 = 7 - 11 - 13, a 3HAUUT, CpesU IIPO-
CTBIX [leJIUTeJIeH YKrcja n TOUHO ecTh 7, 11 u 13. IToaTo-
My m = 3.

Ho u3 yci10BUA 3a/jauu CIelyeT, UTO IIPOM3Be/leHIe
(k1 +1)(kp+1)...(km+1) = 1001, a 1001 Hesb34 pas-
JIOKUTH B IIPOU3BeJleHHe OO0JIbIIle YeM TPEX MHOXKHU-
TeJIel, OTJIMYHBIX OT eJUHUIIBL. A Ha TPU MHOXKUTEJIS
MO>KHO PasjI0KUTh JIUIIb eJUHCTBEHHBIM CII0COO0M —
1001 = 7-11-13. CremoBaTesbHO, m = 3, a uucaa Ky, ky
u ks, —3T0 6, 10 1 12 B HEKOTOPOM IIOpPSIIKeE.

HTaK, MBI IIOHSUIH, YTO YHcI0 n = pS - pi° - pl% e
(p1; p2; p3) — HEKOTOpas IIepecTaHOBKa TPOMKH UHCel
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(7; 11; 13). To ecTb n — 3TO OJTHO U3 CIAEAYIOIINX UUCEJL:
76 .1110.1312. 116.710.q312. 136.710  qq12.
76 . 1310 . 1112. 116 . 1310 . 712. 136 . 1110 . 712.
[TosToMy cyIIjecTByeT IIeCTh HaTypaJIbHBIX YK CeJI,

Jessaiuxed Ha 1001 1 uMeromux posHo 1001 pasiuy-
HBIH IeJIUTENb.

129. OTBeT. 2519.

IlycTh 4MCJIO N yAOBJIETBOPSET YCJI0BUIO. Torma
ymcso (n + 1) genuresa Ha 2, Ha 3, Ha 4, Ha 5, Ha 6, Ha 7,
Ha 8, Ha 9 1 Ha 10. YUUTEIBasA TO, KaKue PasIosKeHUs
Ha IPOCThIe MHOXKUTEJIH Y ITUX YUCEJL:

2=2, 3=3, 4=2°
5=-5, 6=2-3, 7=1,
8 =23, 9 =132 10=2-5,

MBI IIOHUMaeM, YT0 YHcI0 (n+ 1) TOKHO IeJTUThCS Ha
2%.3%2.5.7=2520.

HaumMmeHsI1iiee uncsio, KpaTHoe 2520, — 3T0 caMOo YHC-
J10 2520. IlosToMy HauMeHbIlIee sSHaUeHUe n+1 = 2520,
TO eCTh HauMeHbIllee n = 2519.

130. OTBeT. Hesib34.
Ilycth a = 2k + 1 — HeKOTOpOe HeuEéTHOoe uucJo. To-
Iaa
a> = (2k+1)? =4k?* + 4k +1 = 4k(k + 1) + 1.
3ameTuM, uTo k(k + 1) — Ipou3Be/leHUe IBYX COCE/I-
HUX ITeJIBIX YHCEJI, OJTHO 13 KOTOPHIX IOJIKHO GBITH YET-

HBIM. 3HA4UT, yuciao k(k + 1) meauTcs Ha 2. [loaToMy
uncio 4k(k + 1) geauTcs Ha 8.
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B uToOre MBI J0Ka3aIH, YTO KBaApaT HEUETHOIO YHC-
Jla BCer/ia IIpHU JleJleHUH Ha 8 1aéT ocTaTok 1. IToaTomy
CyMMa YeTHIPEX KBaApaTOB HEUETHHIX YMCeJs IIPU Je-
JIEHUU Ha 8 Oy/ieT faBaTh OCTATOK 4.

Ho uwucmo 2024 = 8 - 253 geanuTcd Ha 8, a 3HAYUT,
He MO>KeT OBITh IIPe/ICTaBJIEHO B BHU/IE CYMMBbI YeTHIPEX
KBa/[paTOB HEYETHBIX YK CEJL

131. OTBeT. He aBiisgeTcs.
3aMeTHuM, UTO0

499 4 G100 | 3200 _ (299)2 +2.99% 3100 (3100)2 _
_ (299 + 3100)2

IoaTomy uucio (4% + 61%0 + 3200) gpjistercs kBagpaTom
YHCIIa, 60JIBIIETO e/ HHULIBL, 8 3HAUKT, COCTABHBIM IHC-
JIOM.

132. OTBer. 1102.

Tak Kak cyMMa TpéX HaTypaJIbHBIX YHUCeJI YETHA, TO
OHU He MOI'YT OBITh BCe HEUETHBIMU. HO eIUHCTBEHHOe
YETHOeE IIPOCTOE YUCJIO — 3TO 2. 3HAUUT, OJHO U3 HAIIIUX
YyrceJs paBHO 2. IIyCTh, HaIIpuUMep, 1" = 2.

Torga yciaoBue IpUHUMAaET BUT:
p+q+2=50;
pq+2p +2q = 647.

To ecTb
p+q=48;
pq+2(p+q) = 647.
OTKyza mosiydaeM, 4To

pq =647 - 2(p+q) = 647 — 2 - 48 = 647 — 96 = 551.
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Ho Torma® pqr = 551 - 2 = 1102.

133. OTrBeT. m = n = 1000.

Ilyctb d = HO/Z(m; n). Torma m = ad, n = bd, t1ie a
¥ b — B3aUMHO IIPOCTEIE YHCJIA.

MEI 3HaeM, uTo (m? + n?) fgeJmTCcd Ha mn, I03TOMY
(a®+b?)-d? gemurcs Ha abd?. 3Hauwr, (a” +b?) genuTcs
Ha ab.

Ho uncia (a’+b?) 1 ab B3auMHO ITpocTsIe. leficTBH-
TeJIbHO, ec/TH ab e IUTcs Ha IIPOCTOe YUCTIO P, TO B CH-
JIy B3aHMHOH IIPOCTOTHI YHCesI a ¥ b JIMIITH OJTHO U3 HUX
memuTcs Ha p. [loaToMy cymMa (a® + b?) Ha p He JleJIUT-
csl.

[oatomy (a® + b?) MosKeT leTUTHCS Ha ab, TOJIBKO
ecau ab = 1. 3Hauut, a = b = 1. CiiefoBaTeJbHO, M = N.
A yyutbiBas To, uTo mn = 1000000, rmoyyaeM exmH-
CTBEHHYIO BO3SMOXXKHYIO ITapy —m = n = 1000.

134. OTBerT. 4.

Ec/iv HeCKOJIBKO I10C/IeloBaTeJIbHBIX UK CeJI JIesKaT
B OHOM JIeCITKe, TO OHU OTJIMYar0TCs JIUIIb II0CJIe[-
Hel UPPON U CyMMBI UX IUdp OyAyT TOXKe I10CIe/l0-
BaTeJbHBIMU YUCIaMU.

V3 ISITH TI0C/Ie0BaTebHBIX YHCeJ He MeHbIle
TPEX TOMAJET B OAHMH JECATOK, U CYMMBI HUX ITUOP
GyIyT ITOC/Ie0BaTeIbHBIMU UKCIaMH, a TPEX II0CIIe-
IOBaATEeJIbHBIX IIPOCTHIX YHCEJI He CYIIeCTBYeT. SHAUUT,
BCe IISITh YHCEJI He MOTYT 0Ka3aThCsI OTMEUEHHBIMH.

[Torpo6yeM IIpHUAyMaTh IIITh HOAPST UAYITUX Ha-

1Ec/mu pasmoskuTh Ha ITPOCTEIe MHOKHTEH YHCI0 551 = 19 - 29,
TO MO>KHO B SIBHOM BH/Ie YKa3aTh eJUHCTBEHHYI0 TPOHUKY IIPOCTBIX
4HceJ, yI,0BJIETBOPSIONIYIO YCJIOBHIO, — {2; 19; 29}.
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TypaJIbHBIX YHCeJI, Cpefu KOTOPBIX OyAeT deThIpe OT-
MeUeHHBIX. JIeTKO IIOHATh, UYTO Cpefu cyMM Iudp 6y-
IeT KaK MUHUMYM [IBe YETHBIE, XOTS ObI OJTHA U3 HUX
IOJDKHA 0KasaThbCs IIPOCTOM, a 3SHA4YWUT, paBHOU 2. Ile-
pebpaB HebOJIBIIKeE YHUCIA C CYMMOU 1P 2 — 3TO 2,
11, 20, 101, 110, 200, 3ameuaeM, UTO y IIATH uuces 199,
200, 201, 202 u 203 cymmbl tudp paBHEL 19, 2, 3,4 u 5.
[TosTomy umcia 199, 200, 201 1 203 0oTMEYEHEL.

B uTOre MBI I0Ka3aJIH, YTO BCe IIATh IIOAPS] UAY-
IIIUX HATypaIbHBIX YHCeJ OTMeUeHHBIMU OBITH HE MO-
T'yT, ¥ IPUBEJIN IIpUMeD, KOIZIa U3 IISITH YUCes YeThIpe
OyayT OTMeUYeHbl. 3HAUUT, YeThIpe — HauOO0JIbIllee BO3-
MO’KHO€e KOJIMYeCTBO OTMEeYeHHBIX UHCeJI CpefiH IISITH
TIOZIPS] UAYIITUX HaTypabHbIX.

135. PaccMOTpUM p UHCeI:

1, 11, 111, ..., 111...11.
—_—————

P eTUHUI]

[Ipe/IIoI0KUM, YTO HU OHO M3 HUX He JIeJTUTCS Ha p.
Toryma y KadKJoro W3 HUX €CTh KaKOU-TO HEHYJIeBOH
OCTaTOK IIPU JieJIeHUH Ha p. Ho TaKUX 0CTaTKOB BCETO
(p—1), a uncen p. 3HAYAT, eCTh IBA YHUCJIA C OTHTHAKO-
BBIMM OCTaTKaMH U UX PasHOCTH JIeJIUTCS Ha P.

Ecsu BEIYeCTh U3 60JIBITIETO YK CIIa MeHbIIIee, TO I10-
JIYYUTCS YHCJIO BHJIA

111...11000...00.

U 0HO JiesIUTCS Ha P.
[IpeAcTaBUM 3Ty Pa3HOCTD B BHUJIe

111...11- 10X,
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Tak KaK ITIpOCTOe YuCJIo p > 5, To 10X He mesmTcs Ha p.
3Hauwur, yncio 111...11 gesnurcea Ha p. 1 MBI IIOJTy Y-
JHl, UTO B JII060M CIIyuyae Cpefiy Yrcet

1, 11, 111, ..., 111...11
———

P eqUHUIL

€CTh YHCJIO, KOTOpOe IeJIUTCA Ha p.

136. OTBeT. 28.

IlycTh a ¥ b — HaTypasbHBIE YHCJIa, TAKHeE, UTO
2 _ 2 _
a“=4n+9, b° =9n+4.

Torma
9a*> =36n+81,  4b* =36n+16.

IToaTomy 9a® — 4b? = 65.

TakuMm o6pasoM, (3a — 2b)(3a + 2b) = 5 - 13. A Tak
KaK BTOPOM MHO>KUTeJIb I10JI0KUTEJIBHBIN U IIPOU3Be-
JleHHe II0JI0KUTeJIbHO, TO U IIePBLIA MHOXKUTEJIb I10-
JoxxutesieH. [Ipy 3TOM OH MeHBbIlle, YeM BTOPOH. Ilo-
9TOMY €CTb JIUIIE [Ba CIyYasi:

3a-2b ‘ 3a+2b ‘ Perrenue
1 65 6a=66 = a=11 = b=16
5 13 6a=18 = a=3 = b=2

Ecmudn+9=a?=121u9n+4 = b* = 256, T0

121-9 256-4
n= = =

= 28.
4 9

13aMeTHM, UTO B 9TOM Zj0Ka3aTeI5CTBE HAM He Ba’KHa IIPOCTOTa
yucsa p. locTaToYHO II0Tpe6oBaTh, YTOOBI HaTypaJbHOE YHCIIO0 P
6BL7I0 B3aMMHO IIPOCTO € 10, TO eCTh He cojiepsKaJo HUA 2, HA 5 B
PasJIo’KeHUH Ha IIPOCThIe MHOYKHUTEJIH.
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Ecmxedn+9=a>2=9u9n+4=»b*=4,ton=0.
Ho TI0 YCJIOBHIO YHCJIO N TOJPKHO GBITH HaTypaIbHBIM.
3HAUUT, 3TOT CJAyYaii HaM He IO/XO/IUT.

B uTore moJiy4aeM, 4To eCTh eJUHCTBEHHOe pellle-
HUe IIpU n = 28.

137. MaJjias TeopeMa PepMa yTBep>KIaeT, UTO
n?~! =1 (mod p).
IT03TOMY B KauecTBe YKCJIa M MOKHO B3Th nP~2, Tora
mn =nP~! =1 (mod p).

138. OTBeT. He MOXXeT.

+PoH. .+
IIpeAIIoNIOKHM, UTO q = P P2 Pr _ TIpo-

cToe yncso. Tak Kak B YHUC/IUTeJIe N CjlaraeMbIX, KaXk-
Jloe U3 KOTOPBIX, HAUWHAas CO BTOPOTO, 60JIbIIE, YeM 2,
TO ¢ > 2. 3HAUUT,  — HeUETHOE YucJyo. [Ipu aToM

nq=pi+p2+...+pn.

Ecyii n — 4éTHOe 4mCcIo, TO nq — 4éTHoe. Ho B cyMMe
(p1+p2+...+pp) IUIIb OHO YETHOE CIaTaeMoe p; = 2,
a ocTajbHBIE (n—1) claraeMbIX — HEUETHBIE YHCJIA. ITO
03HA4aeT, UTO B CyMMe (p1+ Pz +. . .+ Pn) IPUCYTCTBYET
HeYyéTHOe KOJIMUeCTBO HEeUETHBIX claraeMsbIX. To ecThb
3Ta CyMMa HeUETHa. ITO HeBO3MOYKHO, TIOTOMY UTO OHa
paBHa YETHOMY YUCIY Ng.

Ecsiut ske n — He4ETHOE YUCII0, TO NG — IIPOU3Be]ie-
HUe JIBYX HEUYETHBIX U II09TOMY SIBJISIETCS HEUETHBIM
ynciaoM. Tora B cymMe (py + P2 + ... + Pr) OJTHO YET-
Hoe cj1araeMoe U (n— 1) HeU8THBIX cJ1aTaeMBbIX, TO eCTh
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B Hel 4ETHOe KOJIMUeCTBO HEUETHLIX cjlaraeMbIX. 3Ha-
YUT, 9Ta CyMMa 4éTHa. Ho 3T0O HEBO3SMOJXKHO, IIOTOMY
YTO OHA paBHA HEUETHOMY UUCIIY Ng.

TaxuM 06pasoM, IIpu KaKOM-HUOYIE N > 1 cpefiHee

p1+p2+...+Dn
apI/I(l)MeTI/I‘IE‘CKOE He MO>XeT OKa3aThb-

Cs IIPOCTBIM YK CJIOM.

139. Iycte m = n® — n + 1. Torga
n-1=n*-m=n?(modm).
ITosTomy

n-1)2=m-1% (n-1k=

= (n-1)7%-(n®)* = (n-1)% . n* (mod m).

3HauuT,

n2k+l | (n- 1)k+2 o n2k+ (n- 1)2 . n2k =

=n®. (n+(n-1)?% =
=n*.(n+n*-2n+1) =
=n*k.(n®-n+1) =

=n?. m =0 (mod m).

I103TOMY ITPH JIFOGBIX HATYPATbHBEIX N U K UHCIIO
(n®*! + (n - 1)**?) pesurcaHa n? - n+ 1.

140. OTBeT. 251.

IIycTh BHIOPAHO HEKOTOPOe HaTypaJbHOe UHCJIO N.
Torma unucaa (n+2), (n+3), (n+5), (n + 7) B39Th yXKe
HeJIb3s, IOTOMY UTO OHU OT/JIMYAI0TCS 0T N Ha IIPOCThIe
qucia.
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To ecTb, €CJTH MBI B3SLIU YUCJIO N, TO U3 CJIEAYIOITHUX
CEeMH YHCeJI MBI MO>KEM BBIOGUPATH TOJIHKO CPETH YHCE
(n+1), (n+4), (n+6). Ho iro6ble 1Ba M3 HUX OTJIMUAIOTCS
Ha 2, 3 uiu 5. I109TOMy U3 3THUX TPEX UKCesI Mbl CMOKeM
B34Tb He 60JIbIIIe OHOTO.

B rTOTE MBI ITIOHSJIU, YTO eCJIH BhIOpaHO HEKOTOpOoe
YUCII0, TO U3 CJIEAYIOIINUX CEMU YK CesI Mbl CMO>KeM BBI-
6paTh He 60Jiee OLHOI0. ITO O3HAYAET, UTO U3 JIFOOBIX
BOCHBMH IIOAPS UAYIIUX YHCEJ MBI MOYKeM BEIOpaTh
He 60Jtee nByX. To ecTh U3 unces1 0T 1 10 8 BrIOpaIu He
OoJIbllle ABYX, U3 UHcesI OT 9 10 16 BrIOpasiu He 60JIb-
1I1e IBYX, ..., U3 uuceJs oT 985 10 992 Bribpasiv He 60JIb-
111e IBYX, U3 urces oT 993 1o 1000 BeI6paIu He 60JIbIIIE

IBYX.
100
Yucsa ot 1 1o 1000 pasbuBarTcsa Ha 3 = 125

BOCBMEPOK IIOAPA UAYIIIUX YHCeJI, B KaXKJ0H U3 KOTO-
PBIX MBI MO’KeM B3SITh He 6oJiee [BYX uncel. M ocTaércs
erré yrcsio 1001. iToro, MOXHO BEIOpaTh He 60j1ee yeM
2-125+41 = 251 yuco.

Ecsm >xe BIOpaTh umcaa 1, 5, 9, ..., 993, 997, 1001
(To ecThb Bce umcia Buja (4k + 1), rme k MmeHsieTcst oT 0
o 250), TO pasHOCTb MEXKIy JIOOBIMU ABYMS OyAeT
KpaTHa 4, a 3Ha4UT, He SBJIIETCS IIPOCTHIM YHCIOM.

B uTOTe MBI J0Ka3aJId, 4YTo 60JIbIle 251 yrcia BhI-
6paTh HeJlb3s, U IIpUBeJIu IpuMep 251 yrcia, KoTopble
BBIOpaTh MO’KHO. 3HAYUT, 251 — 3T0 HaubosIbIIlee KOJIU-
4eCcTBO UHces, KOTOpoe MO>KHO BbI6OpaTh U3 Habopa {1;
2;3;...; 1001} Tak, 4TO pa3HOCTH JIFOOBIX IBYX BhIOpaH-
HBIX UM CeJI He IBJISETCS IIPOCTHIM YK CIOM.

141. PaccmoTpum umciao (n! — 1). Ecau oHO mpo-
CTO€, TO MBI HalllJIM YKCJI0, KOTOPOe Y[ OBJIETBOPSIET
yca0BHI0. ECIIM )Ke 0HO COCTaBHOE, TO OHO JIeJTUTCS Ha
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KaKo0e-TO ITPOCTO€e YKCJIO p.

Ho n! genuTcsd Ha 2, mo3ToMy uucio (n! — 1) Ha 1
0TJIMYAaeTCs OT YMCJIa, KpaTHOTO BYM, a 3HAUUT, He Je-
JIUTCA Ha 2. AHAJIOTUYHO paccy’kfgaeM JraJblie: n! re-
JIUTCI Ha 3, moaToMy uucio (n! — 1) Ha 1 oTimuaeTcs
OT 4HMCJjIa, KPpaTHOTO TPEM, a 3SHAUUT, He IeJINTCA Ha 3 U
Tax faJee.

3HauuT, ynucio (n! — 1) He geauTcI HA 2, 3, ..., N, U
IIPHU 3TOM OHO JIeJIUTCA Ha IIPOCTOE YHCJIO p. SHAYUHT,
n < p < nl. Takum o6pasom, MeXy YrucaaMu n U n!
€CTBb I10 KpalHel Mepe OJHO IIPOCTOe UHCJIO.

142. OTBerT. CyIllecTByeT.

I[TocMoTpUM Ha MUJLJIMOH 4ywuces oT 1 zo 1000 000.
TaM [J0BOJIBHO MHOTO IIPOCTBIX yucesI. CJI0KHO II0CYU-
TaTh, CKOJIbKO UMEHHO, HO SBHO 00JIbIIIE JIeCITH — TaM
ecTh 2,3,5,7,11,13,17,19, 23, 29, 31, a aTo y>Ke 60JbIIIE
LeCATH.

I[ToroM IOCMOTPHUM Ha MWJLJIMOH 4YHWCENI OT 2 IO
1000 001. IToroM Ha MUJUIHMOH uuces oT 3 7o 1000 002.
U tak pganee. O603HAUNM Uepe3 Ny KOJIHUUECTBO IIPO-
CTBIX YHCeJI Cpefu MHIUIMOHA IIOC/Ief0BaTebHBIX
yrces oT k 10 (999999 999 + k):

MUWJIJIMOH YHCeJI ‘ KOJ/JIMYECTBO ITPOCTBIX
oT 1 10 1000000 ni
oT 2 1o 1000001 ny
oT 3 0 1000 002 ns
oT 4 1o 1000003 Ny
ot k 710 (999999999 + k) | Nk

JlaBaiiTe moriMeM, Ha CKOJIBKO MOIYT OTIMYAThLCSA
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3HaYeHWUsI COCeTHUX Nk U Nk+1. [IpU IIepexo/ie oT Habopa
ances {or k 10 (999 999 999+k) } k HaGopy {oT (k+1) 0
(1000000000 + k)} MBI yOHpaeM UmCiIo K ¥ To6aBsseM
uywmco (1000 000 000+k). KosrruecTBO IIPOCTHIX YKUCeI B
Habope IIPU 3TOM He MOKeT U3MEHHUTHCS GOJIBIIe UeM
Ha OJTUH — MBI YOPaJIH HOJIb WJIH OJTHO IIPOCTOE YHCJIO
¥ 106aBUJIH HOJIb MJIU OJTHO IIPOCTOE YHCJIO.

TaxuM 06pasom, 3HaUEHUE Niy; MOXKET OBITH paB-
HO (ng — 1), ng wm (ng + 1). lIpu atom n; > 10, a a7
HEeKOTOPOTo m, KaK MEI 3HaeM', n,, = 0.

Ho MBI I0Kasasy, 4To IIPU IIepexofie OT Ni K Ny,
OT Ny K N3, OT N3 K Ny, ..., OT Nyy—1 K Ny, 3HAaUEHHE Me-
HseTcs He 60sbIiIe yeM Ha 1. [ToaToMy, ecyid 9TO 3HaUe-
HUe U3SMEeHUJIOCH € ny > 10 1o ny, = 0, TO IIe-To MeXXay
HUMU 6BL7T0 Ny = 10.

TakuM 06pa3oM, CyIlecTBYIOT MUJUIMOH IIOCJIE[O-
BaTeJbLHBIX HATypaJIbHBIX YHCEJI, CPeH KOTOPBIX POB-
HO JIecsITh IPOCTHIX UMCcel.

143.01BEeT.p=2,q=11mnmuq =2, p = 11.

Tak Kak 5p + 1 mesurcsa Ha ¢, a 5q + 1 geurces Ha p,
TO IIPOU3BeJieHUe

(5p+1)(5q+1) =25pq+5p+5q+1

nIeauTcs Ha pq. Torga u umcio (5p +5q + 1) genutcd Ha
pq, a 3HA4UT, Sp +5q +1 > pq.

VciaoBus 3aaul CUMMETPUYHEL, I109TOMY MO>KHO
CYMUTATh, YTO, HAIIpUMep, q < p. Torma

pq<5p+5q+1<10p+1<1ip.

Otcrozia ciaenyet, uto ¢ < 11. IIoaTOMy g MOKeT OBITh
PaBHO TOJIBKO 2, 3, 5 UiIu 7.

1 Hamprmep, mprr m = 1000 000 001!+2 (cM. 3a7auy 26 Ha cTp. 76).
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IlycTh g = 2, TOTAA p — IIPOCTOH [esIUTesIb YHCIa
5q+1=5-2+1=11.
To ecTb p = 11. Y 1IpU 3TOM [efICTBUTEIILHO
Sp+1=5-11+1=56
JeJIUTCsI Ha q = 2.
ITycTh q = 3, TOrMA p — IPOCTOM JIeJIUTEIIb YUCIa

5q+1=5-3+1=16.

To ecTb p = 2 < ¢, a MBI paccMaTpUBaeM CJydaii, KOor-
frapzq.
ITycTh g = 5, TOTMA p — IIPOCTOM e/ IUTeJIb YUCiIa

5q+1=5-5+1=26.
VYUTEIBast TO, UTO p > (¢, ITojIydyaeM, 4To p = 13. Ho
S5p+1=5-13+1=66

He IeJIUTCA Ha q = 5.

ITycTh q = 7, TOTA p — IPOCTOM [TeJIUTEJIb YUCIa
5q+1=5-7+1=36.

Ho Bce 1mmpocThle feauTeau yuciia 36 — 3To yucsaa 2 U 3,
MeHbIIle 7, a MBI pacCMaTpUBaeM Cay4dai, Korga p = q.

B uTOre, IIpeAIloNoXKuB, YTO ¢ < P, MBI IIOJIyYHU-
JIA eIWHCTBEHHOe pelleHue: ¢ = 2 U p = 11. Eciu ke
q = p, TO eCTb elljé pelleHue: p = 2u q = 11.

144. OTBeT. m =5, n = 2.
IIycte n > 5, Torga n! mesnurces Ha 5. [ToaToMmy

m? =n!+5n+13 = 3 (mod 5).
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HOCMOTpI/IM, KaKue O0CTaTKU OLIBAIOT Y KBaapaToB

IIpU JeJIeHUHU Ha 5:

m m
002=0
1112=1

2 | 22=4

3 32=924
4 | 4a2=162

To ecThb OCTAaTOK ITPH JIeJIEHUH Ha 5 y KBajipaTa He Mo-

JKeT OBITH paBeH 3.

3uauurt, n < 5. [lepe6epéM Bce BO3MOKHEIE 3HaUe-

HUS N.
ITycts n =1, Torma

m*=1'+5-1+13=1+5+13 =18

— He KBajpar.
IIycTe n = 2, TOoTma

m?>=21+5-2+13=2+10+13 = 25 = 52,

IIycTb n = 3, Torma

m*>=31+5-3+13=6+15+13 =34

— He KBajipar.
ITycTs n = 4, Torga

m?>=41+5-4+13=24+20+13 =57

— He KBajpar.

IMosTyYMJIu e TMHCTBEHHOE PereHre m = 5, n = 2.
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145. OTBerT. 25 niau 49.

Tak Kak B yCJI0BUH
ky - k3 - kg - kg >l’l2

burypupyet ko, TO feUTesIel y UKCiIa N He MeHbIIle
IeBdATH. To ecTb m > 9.

C Opyroil CTOPOHBI, MBI 3HaeM, YTO [eJIUTEIN
pasbuBarTCI Ha Iapbl, IIPOHU3BeJeHUS B KOTOPBIX
PaBHBEI N, II03TOMY

k1km = kzkm—l = kgkm_z =...= 1N

To ecTh
ky - k3 - km-g - km-1 = n%,

HO
kz-kg-kg-kg>n2.

ITosToMy m — 2 < 8, TaK KaK HHa4e
n*=ky ks km-a - km-1 > ky ks ks ko > n?,

YTO HEeBO3MOJKHO. B utore mosiygaem, uto 9 < m < 10.
ITosaTomy m = 9.

13 TeopeMbI 0 KOJIHYeCTBe le/IATe el MbI IIOHHMa-
eM, UTO y YMCJIa MOXKeT OLITh POBHO JIeBSITh JleJIHTe-
Jlelf, Korga oHO uMeeT BUA n = p® wim n = p’q%, e p
¥ q — pasJau4YHEIe IPOCcTHIe uncia. Torga n® = p?* wm
n® = p%q¢%, a smaumT, Ko/mMUecTBO feMTeTel UKCIa nd
paBHO 24+1=25mmu (6 +1) - (6+1) = 49.

146. OTBeT. 1806.

HYCTB YHCJIO N YOOBJIETBOPSAET 3TOMY YCJIOBHIO. Tak
KaK HaTypa/JIbHO€ YK CJIO N TOYHO Oe/JIUTCA Ha 1, To 0HO
OOJDKHO AEeJIUTHECA U Ha IIPOCTOE YHCIIO 2. Tak KakK n
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IeJINTCA Ha 2, TO OHO JOJDKHO JeJINTHCI U Ha IIPOCToe
YuCio 3.

Utak, MBI y>Ke 3HaeM, UTO YMCJIO N JeJIUTCI Ha
2 -3 = 6. Ho Torma oHO /e IUTCA U Ha IIPOCTOe YUCJIO 7.
To ecTh YMCJIO N TOYHO JesuTCcI HA 2 - 3 - 7 = 42. Ho
TOIJIa OHO JeJUTCA U Ha IpocToe uucio 43. IloaToMy
YUCJIO N feauTca Ha 2 - 3 - 7 - 43 = 1806.

TaxuMm o6pasoM, HaUMeHbIIIEe N, YA0BJIETBOPSIO-
Illee YCJIOBUIO (eCH, KOHEUHO, TaKOe YKCJIO BOOOIIe
CylllecTByeT), He MeHblIlle, ueM 1806. IIpoBepum, I101-
XOUT JIK caMo uuciIo 1806.

BeinuitieM Bce neuTesid yncsaa 1806 =2 -3 -7 - 43:
1, 2, 3, 6, 7, 14, 21, 42, 43, 86,
129, 258, 301, 602, 903, 1806.

VBeJIUUUM KaK/IbIM U3 HUX Ha eTUHUITY:
2,3,4,7, 8, 15, 22, 43, 44, 87,
130, 259, 302, 603, 904, 1807.

U BBIKMHEM Te, KOTOPBIE HE ABJIAIOTCA IIPOCTBIMU!

4 =22 8 =23, 15=3-5,
22 =211, 44 = 2% . 11, 87 =329,
130=2-5-13, 259=7-39, 302 = 2 - 151,

603 = 3% - 67, 904 = 23.113, 1807 =13 -139.

W ocTasuck TOJIBKO IIPOCTHIe unciaa 2, 3, 7 1 43, Ha
KoTopsle uucao 1806 meautcsa. To eCTh LelICTBUTEJIb-
HO, eCJIH p — IIPOCTOe YMCI0 U Yuca0 1806 mesuTcs Ha
(p—1), To OHO AETUTCA U HA P.
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147. PacCMOTPHM OCTaTKH IIPU JeIeHUH YHCeI dy,
as, ..., a;1 Ha 11. Bce aTH 4umcIa IIPOCTHIE, ¥ BCe OHU
6ouibIrie 11, IT03TOMY HU OJTHO U3 HUX He e IUTCcsI Ha 11.
A 3HAYUT, y KayKJ[0TO U3 HUX MOKET OBITH OWH U3 Jle-
CATU BO3SMO>KHBIX OCTAaTKOB — 1, 2, ..., 10. Ho y Hac 11
YJIEHOB IIPOTPEeCCUH.

3HAYUT, IIPU HEKOTOPBIX M > N [[Ba WieHa dp, U dy
IIPOTPEeCcCHUH JarT OJUHAKOBbIE OCTATKHU IIPH JleJIeHUH
Ha 11. [ToaToMy UX pasHOCTE JesuTcsa Ha 11.

Ho pasHOCTD 3THUX YWIEHOB UMEET BH/]I
am — ap = (M —nd,

e d — pasHOCTh IIporpeccu. IIpu 3ToM (M — n) MeHb-
e 11 v He MOXKeT festuThcd Ha 11. [TosToMy d feurcs
Ha 11.

PaccMoTpuM Telepb OCTaTKH IIPU JeJIeHHUH YHCeJ
ai, az, ..., a7 Ha 7. Bce 3TU 4ucia IIpoCThle, U BCe OHU
6oJbIrie 11, IT03TOMY HH O/THO U3 HUX He J[eJIUTCS Ha 7.
A 3HAUUT, y KQKA0T0 U3 HUX MOKeT ObITh OJJUH U3 Ille-
CTHU BO3MOJKHBIX OCTAaTKOB -1, 2, ..., 6. Ho y Hac 3gech 7
YJIEHOB IIPOTPECCUH.

3HauuT, IIpU HEKOTOpPBIX K > £ IBa ayx U a; U3
IIePBHIX CEMU YJIEHOB IIPOTPECCUU al0T OJUHAKOBbIE
OCTaTKU IIpU fAejleHUU Ha 7. [IosToMy X pPasHOCTb
JleJuTcd Ha 7.

Ho pasHOCTB 3TUX YIEHOB UMEEeT BH/L
ax —a, = (k- ¥o)d.

ITpu atom (k — £) MeHbIIIe 7 U He MOYKeT AeJTUThCSI Ha 7.
[Toatomy d menutcs Ha 7.

AHaJIOTUYHO paccy’kziasi, II0OJyYUM, YTO PasHOCTh
IIPOTPeCcCUM JleUTcd Ha 5, Ha 3 ¥ Ha 2. [IoaToMy OHa

293



Bopuc TpywuH

294

IeJTUTCS Ha
11-7-5-3-2=2310.

TakuM 06pa3oM, MBI JjoKasajH', 9To ecau 11 mpo-
CTBIX uMceJ 00pas3yloT apuPMeTHIECKYI0 IIPOTPECCHUIO,
BCe WIeHbl KOTOPOU 6oJbIle 11, TO pa3HOCTH IIporpec-
cuu neautcd Ha 2310.

148. IIpeII0I0’KUM, UTO UX KOHEUHOe KOJIMYeCTBO.
ITycTe

p1:3; p2:7: p3:11: p4:19y ey pn

— BCe IIPOCTEIE, JAI0IIIHe OCTAaTOK 3 IIPpH JIeJIEHUH Ha 4.

PaccMoTpHUM UHCIIO

N =4pzp3ps...pn+3.

OHO 1aéT 0CTaTOK 3 IIPU JleJIeHUU Ha 4 U 60JIbI1Ie JIF000-
r'0 U3 IPOCTHIX YHCEJI, JAIIUX OCTATOK 3 IPH JeJIeHUHU
Ha 4. 3Ha4YuT, OHO COCTAaBHOE.

KpoMe TOro, 0HO HEUETHOE U He TeJIUTCA HU Ha Of-
HO U3 IIPOCTHIX P2, P3, P4, ---, Pn- Ha p1 = 3 OHO TOXKe He
LeJIUTCSL, IIOTOMY YTO 4p2P3P4 - .. Pn HE [EJIUTCI Ha 3.
ITosTOMY BCe ero IIpOCThIE eJIUTEeINU — HEUETHBIE UHC-
Jia, Jarlye 0CTaToK 1 IIpu JejieHnu Ha 4.

1BasKHO OTMETHTE, UTO MBI JIUIITH J0KA3a/IH TO, YTO eCJIH TaKas
TI0C/Ie0BaTeJIBLHOCTh eCTh, TO Pa3sHOCTh IIPOTPeCCHH [OJDKHA Jie-
JUTHCA Ha 2310. 13 Hallrero fokasaTe/IbCTBa HUKAK He CIe[yeT, YTO
TaKas I10CJIe/0BaTeJIbHOCTD CYIlleCTBYeT.

Ho Takas miporpeccus JelCTBUTeJIbLHO ecThb. Hammpumep,

110437, 124297, 138157, 152017, 165877, 179737,
193597, 207457, 221317, 235177, 249037.

BoJiee ToTO, Ja’ke CIIeYIOLIIUMI UjIeH IIPOrpeccuu — 262 897 — ToxKe
6yZieT IIPOCTHIM YHUCJIOM.
BujHO, 4TO pasHOCTH 3TOU IIporpeccuu paBHa 13860 = 2310 - 6.



PENIEHUS 3AJAY

Ho npousBefieHHne JIF060r0 KOJIMUECTBA YUCEJI, J1a-
IOIIUX OCTATOK 1 IIpH [leJieHUH Ha 4, OyIeT YKUCI0M, /ia-
IOIUM OCTaTOK 1 mImpu fmesieHUU Ha 4. A yunciao N nIpu
JesleHUU Ha 4 1aét ocTaTok 3. [IpUiiy K IIpoTUBOpe-
Yuro!

3HAUHT, CYIIecTByeT 6ECKOHEYHO MHOTO ITPOCTBIX
YmCeJI, TAI0IUX 0CTAaTOK 3 TIPH JleJIeHUH Ha 4.

149. OTBer. (1; 3; 1) u (5; 6; 5).
3amuieM JaHHOe PaBEHCTBO B BU/IE

m!'=4-k!'+2-nl.

IlycTh ¢ — 6osbliiee us yrcen k un. Torja k < € u
n < ¢, 103TOMYy
m! <6-4,

M IIpU 3TOM m > ¢, TaK KaK U3 yCJIO0BUS CJIeyeT, YTO
m! > k!lum! > nl.

Taxum 06pa30M, MEI II0JIy4aeM, 4TO
6-80>m! > (£+1)L.

Torma
6-01>(L+1)- 2.

To ectb £+ 1 < 6. IIoaToMy ¢ < 5. 3TO 03Ha4aeT, 4YTO
m!' <6-£8 <6-5=6.

ITosTomy m < 6.
C mpyrow CTOPOHHEI,

m=4-kl+2-nl>4+2=6=3L
ITosTomy m > 3.
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OcraJsocs nepebparh Bce 3HaYeHUs m OT 3 110 6.

IIycte m = 3, Torga 1mojay4aem, 4To
4-k!'+2-n!'=6.

Toectbk=n=1.

IIycTe m = 4, Torfa 1ojay4aem, 4To
4-kl+2-nl =24
Ho torma k < 3un < 4. [TosToMmy
4-kl+2-nl<4-21+2-31=20 < 24.

3HAYUT, ITOT C/Iydall HEBO3MOYKEH.

IIycte m = 5, Torfa 1mojay4aem, 4To
4-kl+2-n!=120.
HoTtormak <5umn < 5. Ecommk =n=4,To0
4-k!+2-nl=6-4!=144 # 120.

[ToaToMy XOTS OBI OZJHO U3 YHCeJI K ¥ n He IIPEBOCXOAUT
Tpéx u

4-kl+2-nl<4-41+2-3'=108 < 120.
IIycTte m = 6, TOTAa I10JIy4aeM, YTo
4-k!'+2-nl=1720.
Ho torma k < 6 un < 6. [ToaToMy
4.-k'+2-nl<4-51+2-51=6-5!="720.
3HA4UT, paBEHCTBO BO3MOKHO, TOJILKO ec/i k = n = 5.
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B mTOTE ITOJTyYaeM, UTo eCTh TOJIHLKO JIBE TPOUKU pe-
menuii - (1; 3; 1) u (5; 6; 5).

150. OTBeT. He MOIyT.
IlycTh HAIIIEICI MHOTOYJIEH

P(X) = anx™ + an_1 X1+ ..+ aux + ao,

VIOBJIETBOPSIFOIIIHUH YCIOBHIO.

Torma sHaueHme P(0) = ag AODKHO OBITH HEKOTO-
PBIM IIPOCTHIM YHCJIOM p. I103TOMY @y = p. [TocMOTpUM
3Ha4YeHUs MHOTouwIeHa P(x) IIpu x paBHOM p, 2p, 3p,

4p, ...:
P(kp) = an(kp)" + an_1(kp)" ' + ...+ a1 (kp) + p.

[TosyuaeM, 4TO IIPH JIF060M HaTypaJIbHOM K 3HaUeHHe
P(kp) xpaTHO p.

Ho 110 yCcJI0BHIO BCe 3TH 3HaUYEeHUS JOJDKHEL OBITH
IIPOCTBIMU. 3HAYUT, IIPU JI0O0M HaTypajlbHOM K 3Ha-
yenue P(kp) = p. ITo 03HAUAET, UYTO Y ypaBHEHUS N-i
CTelleHU

P(x)-p=0

6eCKOHEeUHO MHOTO KOpHEeH.

[IpUIILIA K IPOTUBOPEUHIO, & 3HAYUT, He MOTYT BCe
sHaueHus P(0), P(1), P(2), ... okasaTbCI MIPOCTHIMHU
YHCIaMHU.
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OduupnansHbIn

E WHTEepHeT-mMarasuH
b n3paTenbCcTBa «3KCMo»

Xouelwb cTaTh
aBTOPOM «3KCMO»?

M3paTenbcTBO «3KCMO» — yHUBEpPCasibHOE
napartenscteo N21 B Poccuu, aBnsietca
O[HUM W3 NIMAEPOB KHWXXHOMO pbiHKa EBponbl.

DKCMO ®eksmoru &

eksmo



BOPUC TPYLUWH NOYTK 25 NET NPENOAAET MATEMATUKY
WIKONbHUKAM WU CTYALEHTAM, ABJIAETCA COABTOPOM
YYEGHWUKOB N0 ANFEBPE W Y)XKE 7 NET BEAET 0AHOMMEHHbIN
YOUTUBE-KAHAJI 110 OKONOLIKONbHON MATEMATHKE.

B cBoux Buaeoponnkax bopuc nokasbiBaeT KpacoTy marve-
MaTUKM U Y4UT He 60ATLCA CNOXHbIX 3aaa4. U xotA Gonb-
LIMHCTBO POJIMKOB PacCYMTaHbl HA WUKONbHUKOB U CTyAeH-
TOB, OHN NPUBNEKAOT U B3POCAbIX, KOTOpPble OCO3HaMMW,
4YTO XOTAT Ha4yaTb pa3bupaTbcA B MaTeMaTUKe.

Camble MHTepecHble uaen M NOAXoAbl U3 BMAEOPOJINKOB
bopuca pocTynHbI M B KHUrax, 0iHYy U3 KOTOPbIX Bbl fepXXuTe
B pykax!

Bropaa KHUra aBTopa nnaBHo norpyxaet yutatena B TEO-
PUH YACEN m no3BonAeT 0CBOMTb a3bl 3TOr0 UHTEPECHOrD
paspena mateMaTuku 6e3 Kakux-nubo npeaBapuMTenbHbIX
3HaHUW. 3a4a4YM HA TEOPMI0 YMCeN YacTo BCTPE4aHTCA Ha
MaTemaTu4eckux onumnuagax u aaxe B ElJ. Bol npongere
yBneKatesibHbIA NYyTb C CaMbIX a30B: NOWMeTe 0TKyAa B3A-
NINCb CBOWCTBA YMHOXEHMA M novyemMy paboraeT anroputm
AeneHun B cTonbuk, a 3aBepimTe TeopemMoi Jinepa. o ao-
pore ocBouTe anroputm EBKNnAaa, ocHoOBHYH Teopemy apud-
METHKM, NMMHelHble An0daHTOBbI ypaBHEHUA U apupMeTUKY
0CTaTKOB.

NMPUATHOT0 MATEMATUYECKOIO NYTELLIECTBUA!

ISBN 978-5-04-1796 EOMBOPA
H3[ATENLCTED
BOMBOPA — nuaep Ha phIHKE MONE3HLIX W BAOXHOBARAIOWMX KHWT.
Mei 1106MM KHATM W CO3AAEM 1X, 4TOGLI Bbl MOTTIY TBOPWUTH, OTKPLIBATE
97785041"796 mup, npobosatk HoBoe, pacTu. BuiTe cyactnuebiMu. Beith Ha Bonke.






